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INTRODUCTION 


Expository books on the theory of Lie groups generally confine 
themselves to the local aspect of the theory. This limitation wa.s 
probably necessary as long as general topology was not yet sufficiently 
well elaborated to provide a solid base for a theory in the large. These 
days are now passed, and we have thought that it would be useful to 
have a systematic treatment of the theory from a global point of view. 
The present volume introduces the main basic principles which govern 
the theory of Lie groups. 

A Lie group is at the same time a group, a topological space and a 
manifold: it has therefore three kinds of “structures,” which are 
interrelated with each other. The elementary properties of abstract 
groups are by now sufficiently well known to the general mathematical 
public to make it unnecessary for such a book as this one to contain a 
purely group-theoretic chapter. The theory of topological groups, 
however, has been included and is treated in Chapter II. The great¬ 
est part of this chapter is concerned with the theory of covering spaces 
and groups, which is developed independently from the theory of 
paths. Chapter III is concerned with the theory of (analytic) mani¬ 
folds (independently of the notion of group). Our definition of a 
manifold is inspired by the definition of a Riemann surface given by 
H. Weyl in his book “Die Idee der Riemannschen Flache”; it has, 
compared with the definition by overlapping system of coordinates, the 
advantage of being intrinsic. The theory of involutive systems of 
differential equations on a manifold is treated not only from the local 
point of view but also in the large. In order to achieve this, a defini¬ 
tion of the submanifolds of a manifold is given according to which a 
submanifold is not necessarily a topological subspace of the manifold 
in which it is imbedded. 

The notions of topological group and manifold are combined 
together in Chapter IV to give the notions of analytic group and Lie 
group. An analytic group is a topological group which is given a 
priori as a manifold; a Lie group (at least when it is connected) is a 
topological group which can be endowed with a structure of manifold 
in such a way that it becomes an analytic group. It is shown that, if 
this is possible, the manifold-structure in question is uniquely deter¬ 
mined, so that connected Lie groups and analytic groups are in reality 
the same things defined in different ways. We shall see however in 

the second volume that the difference becomes a real one when complex 
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analytic groups are considered instead of the real ones which are 
treated here. 

Chapter V contains an exposition of the theory of exterior differen¬ 
tial forms of Cartan which plays an essential role in the general 
theory of Lie groups, as well in its topological as in its differential 
geometric aspects. This theory leads in particular to the construction 
of the invariant integral on a Lie group. In spite of the fact that this 
invariant integration can be defined on arbitrary locally compact 
groups, we have thought that it is more in the spirit of a treatise on Lie 
groups to derive it from the existence of left invariant differential 
forms. 

Chapter VI is concerned with the general properties of compact 
Lie groups. The fundamental fact is of course contained in the state¬ 
ment of Peter-Weyl’s theorem which guarantees the existence of 
faithful linear representations. We have also included a proof of 
the generalization by Tannaka of the Pontrjagin duality theorem. A 
slight modification of the original proof of Tannaka shows that a 
compact Lie group may be considered as the set of real points of an 
algebraic variety in a complex affine space, the whole variety being 
itself a Lie group on which complex coordinates can be introduced. 

The second volume of this book, now in preparation, will be mainly 
concerned with the theory and classification of semi-simple Lie Groups. 

In preparing this book, I have received many valuable suggestions 
from several of my friends, in particular from Warren Ambrose, 
Gerhardt Hochschild, Deane Montgomery and Hsiao Fu Tuan. I was 
helped in reading the proofs by John Coleman and Norman Hamilton. 

I have also received precious advice from Professor H. Weyl and 
Professor S. Lefschetz. To all of them I am glad to express here my 
deep gratitude. 


C. C. 
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Some Notations Used in This Book 

I. We denote by <f> the empty set, by jaj the set composed of the 
single element a. 

If / is a niapping of a set A into a set B, and if X is a sub-set of B, 

we denote by / (X) the set of the elements aeA such that/(a)«X. If g 
is a mapping of B into a third set C, we denote hy g of the mapping 
which assigns to every aeA the element gif{a)). 

W e use the signs w, ^ to represent respectively the intersection 
and the union of sets. If Ea is a collection of sets, the index a running 
over a set A, we denote by U««a Ea the union of all sets Ea and by 
their intersection. We denote by 6,; the Kronecker symbol, 
equal to 1 if i = j and to 0 U i ^ j. 

II. If (? is a group, we call “neutral element” the element € of G 
such that €(T = <r for every aeG. 

We say that a sub-group // of G is “distinguished” if the conditions 
ceG, nH imply 

If (T = (a,,) represents a matrix, the symbol Q = |^ stands for the 

determinant of the matrix; bpa stands for the trace of the matrix. 

If 2Ii, 9^ are vector spaces over the same field K, we call product 
of and 9^, and denote by 9)2 X 91, the set of the pairs (e, f) with 
ecSD?, this set being turned in a vector space by the conventions 

(e,f)-h(e', V) = (e-he^f + f') 

o(e, f) = (ae, af) for a^K. 

III. Topology. We call topological spaces only the spaces in which 
Hausdorf separation axiom is satisfied. 

A neighbourhood of a point p in space 35 is understood to be a set 
N such that there exists an open set U such that p^U Q N; N need 
not be open itself. 

The adherence A of a set A in a topological space is the set of 
those poiiUs p such that every neighbourhood of p meets A. Every 
point of A is said to be adherent to A. We shall make use of the 
possibility of defining the topology in a space by the operation A —> A 
of adherence (cf. Alexandroff-Hopf, Topologie, Kap. 1). 

Intervals. If a and h are real numbers such that a ^ b, we denote 
by ]“» H the open interval of extremities a and b. We set ]a, b] — 
]a, {6|, [a, h[ = ]o, bly^ {a\, [a, 6] = ]a, b[\^ (a) {6}. 



CHAPTER I 


The Classical Linear Groups 

Summary. Chapter I introduces the classical linear groups whose study 
is one of the main objects of Lie group theory. The unitary and orthogonal 
groups are defined in §1, together with a series of other groups. Their funda¬ 
mental property of being compact is established. 

Section II is concerned with the study of the exponential of a matrix. 
The property for a matrix of being orthogonal or unitary is defined by a 
system of non-linear relationships between its coefficients; the exponential 
mapping gives a parametric representation of the set of unitary (or orthogonal) 
matrices by matrices whose coefficients satisfy linear relations (Cf. Proposi¬ 
tion 5, §11, p. 8). The reader may observe that the spaces M*'', M^, 
which are introduced on p. 8 all contain PA' — XY whenever they 
contain X and Y. Although we could have given heie an elementary expla¬ 
nation of this fact, we have not done so, on account of the fact that the 
full importance of this result can only be grasped much later (in Chapter IV). 
In the cases of the orthogonal and unitary group, the linearization can also 
be accomplished by the Cayley parametrization (which we have not intro¬ 
duced); however, the exponential mapping is more advantageous from our 
point of view because it preserves some properties of the ordinary exponential 
function (Cf. Proposition 3, §IV, p. 13). 

Sections III and IV are preliminary to the result which will be proved 
in Section V (Proposition 1, p. 14). Hermitian matrices are defined in 
terms of the unitary geometry in a complex vector space (unitary geometry 
is defined by the notion of hermitian product of two vectors, just as euclidean 
geometry can be defined in terms of the scalar product). Proposition 2, §III, 
p. 10 shows that the unitary matrices are the isometric transformations of 
a unitary geometry. 

The proposition which asserts that the full linear group can be decomposed 
topologically into the product of the unitary group and the space of positive 
definite hermitian matrices (Proposition 1, §V, p. 14) is the prototype of the 
theorems which allow us to derive topological properties of general Lie groups 
from the properties of compact groups. A similar decomposition is given 
for the complex orthogonal group (Proposition 2, §V, p. 15). 

Sections VI and VII are preliminary to the definition of the symplectic 
groups. The symplectic group is defined to be the group of isometric trans¬ 
formations of a symplectic geometry (Definition 1, §Vn, p. 20). In §IX, we 
construct a representation of Sp{n) by complex matrices of degree 2n. The 
consideration of the conditions which the matrices of this representation 
must satisfy leads to the introduction of a new group, the complex symplectic 
group Spin, C). It can be seen easily that Spin, C) stands in the same rela¬ 
tion to Spin) as GLin, C) to f/(n) or as 0(n, C) to 0(n), A proposition 
of the type of Proposition 1, §\^ p. 14 could be derived without much diffi¬ 
culty for 5p(n, C). However, we have not found it necessary to state this 
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proposition, which is contained as a special case of a theorem proved later 
(Corollary to Theorem 5, Chapter VI, §XII, p. 211). 

§1. THE Full Linear Group and Some of Its Subgroups 

The n-dimensional complex cartesian space may be considered 
as a vector space of dimension n over the field C of complex numbers. 
Let Qi be the element of O'* whose f-th coordinate is 1 and whose other 
coordinates are 0. The elements Ci, • • • , e„ form a base of C" 
over C. 

A linear endomorphism a of C" is determined when the elements 
aej = 2’L,a;,e/ are given. There corresponds to this endomorphism 
a matrix (Oi,) of degree n; we shall denote this matrix by the same 
letter ot as the endomorphism itself. Conversely, to any matrix of 
degree n with complex coefficients, there corresponds an endomorphism 
of C^ 

Let a and jS be two eijdomorphisms of C'^, and let (an) and {bn) 
be the corresponding matrices. Then a o /5 is again an endomorphism, 
whose matrix {cn) is the product of the matrices (a,/) and {bn); i.e. 

( 1 ) Cij = 

We shall denote by £nin(C) the set of all matrices of degree ?i with 
coefficients in C. If (a,;)e2fTr„(C), we set bi+(,-i)n = an and we associate 
with the matrix (a,v) the point of coordinates 6i, • • • ,6„tinC'*. We 
obtain in this way a one-to-one correspondence between snXnCC) and 
O'*'. Since O'** is a topological space, we can define a topology in 
2nfl„(C) by the requirement that our correspondence shall be a homeo- 
morphism between t(Iln(C) and 

Let S be any topological space, and let be a mapping of (S into 
If ie®, let a,j(0 be the coefficients of the matrix ^(0- It is 
clear that <p will be continuous if and only if each function a,;(() is 
continuous. 

It follows immediately from this remark and from the formulas 
(1) that the product err of two matrices tr, t is a continuous function 
of the pair {a, t), considered as a point of the space 2fE„(C) X £nin(C0. 

If a = {an), we shall denote by *<x the iranspose of a, i.e. the matrix 
(a',), with a'y = a,,-. We shall denote by a -the complex conjugate 
of a, i.e. the matrix 5 = (di>). It is clear that the mappings a 
a —> a are homeomorphisms of order 2 of SHlnCC) with itself. If a and 
/3 are any two matrices, we have 
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A matrix <r will be called regular if it has an inverse, i.e., if there 
exists a matrix such that = a“V = e, where € is the unit 
matrix of degree n. A necessary and sufficient condition for a matrix a 

to be regular is that its determinant Q be 0. 

If an endomorphism <r of C" maps C" onto itself (and not onto 
some subspace of lower dimension), the corresponding matrix <r is 
regular and a has a reciprocal endomorphism 
If (T is a regular matrix, we have 

1(^-1) = (V)-1 = (-FT) 

If <7 and r are regular matrices, ar is also regular and we have 

It follows that the regular matrices form a group with respect 
to the operation of muiU^ffication. 

Definition 1. group of all regular matrices of degree n with 

complex coefficients is called the gener al linear gro uv. We shall denote 
it by GL{t^ . . 

Since the determinant of a matrix is obviously a continuous func¬ 
tion of the matrix, C) is an open subset of £nZ„(C). We may 

consider the elements of GL(n, C) as points of a topological space, 
which is a subspace of sninfC). 

If O’ = (a</) is a regular matrix, the coefficients ha of are given 
by expressions of the form 

where the At/s are polynomials in the coefficients of tr. It follows 
that the mapping a <t~^ of GL{n, C) onto itself is continuous. Since 
this mapping coincides with its reciprocal mapping, it is a homeo- 
morphism of order 2 of GL(n, C) with itself. 

The mappings o- —> and o- —> V are homeomorphisms of GL{n, C) 
with itself. The first but not the second is also an automorphism of 
the group GL{n, C). 

If ae(jL(n, C), we shall denote by a* the matrix defined by the 
formula 

(7* = V-i 

We have 

(ar)* = (7*T* (<7*)-i - 

Hence, the mapping <7 —> a* is a homeomorphism and an automorphism 
of order 2 of GL(n, C). 
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Definition 2. A matrix a is said to be orthogonal if <r = ^ = <r*. 
The set of all orthogonal matrices of degree n will be denoted by 0{n). 
If only <x = c*,<T is said to be complex orthogonal; the set of these matrices 
will be denoted by 0{n, C). If only a = <r*,<T is said to be unitary. The 
set of all unitary matrices unit be denoted by U(n). 

Since the mappings <t 9 and <r —> o-* are continuous, the sets 
0(n), 0{n, C) and U(n) are closed subsets of GL{n, C). Because 
these mappings are automorphisms, 0{n), 0(n, C) and U(n) are sub¬ 
groups of GL{n, C). We have clearly 

0(n) = 0{n, C) ^ U{n). 

Definition 3. We shall say that the matrix <r is real if its coefficients 
are real, i.e. if a = 9. The set of all real matrices of degree n will be 
denoted by The set ^dniR) ^ GL{n, C) will be denoted by 

GL{n, R). 

Therefore, we have also 

0(n) =GL{n, R)'^0(n, C) 

The determinant of the product of two matrices being the product 
of the determinants of these matrices, it follows that the matrices of 
determinant 1 form a subgroup of GL{n, C). 

Definition 4. The group of all matrices of determinant 1 in GL{n, C) 
is called the special linear group. This group is denoted by SL(n, C). 
We set SL{n, R) = SL(n, C)^GL{n, R); SO{n) = SL(n, C) ^O(n); 
SU{n) = SL{n, C) ^ U{n). 

It is clear that SL{n, C), SL{n, R), 50(n), SU{n) are subgroups 
and closed subsets of GL{n, C). They may be considered as subspaces 
of GL{n, C). 

Theorem 1. The spaces U{n), 0(n), SU{n) and SOin) are compact. 

Since 0(n), SU{n) and jSO(n) are closed subsets of U{n), it is 
sufficient to prove that U{n) is compact. A matrix tr is unitary if 
and only if Vff = €, where e is the unit matrix (in fact, this condition 
implies that a is regular and that <t* = ^). If o- = (a*,), the equation 
*a9 = € is equivalent to the conditions 

2>a;id/i = Sik 

Since the left sides of these equations are continuous functions 
of <r, U{n) is not only a closed subset of GL{n, C) but also of £ni„(C)- 
Moreover, the conditions l^jaada = 1 imply |oi,| ^ 1(1 ^ i, j ^ n). 
It follows that the coefficients of a matrix <TBU{n) are bounded. If we 
take into account the homeomorphism established between 911,(0) 
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and C"*, we see that U{n) is homeomorphic to a closed bounded subset 
of C"*. Theorem 1 is thereby proved. 


§11. The Exponential of a Matrix 


Let a be any matrix of degree n, and let m be an upper bound 
for the absolute values of the coefficients x, 7 (a) of a. Let be 

the coefficients of ^ p < oo; we set a® = e = the unit matrix). 
We assert that ^ (n/i)'’. This is true for p == 0. Assume 

that our inequality holds for some integer p ^ 0; then 




which proves that the inequality holds for p + 1. 

It follows that each of the series <■’(“) converges uni- 

r • 

formly on the set of all a such that |xi;(o[)l ^ n. In other words, the 

• 2 y 

+ ri + • • • is always convergent, and 


• . “ I “ I 

senes « + T ^ 


pi 


uniformly so when a remains in a bounded region of the set 2nTn(r'). 
Definition 1. We denote by exp a the surn of the series 2* a’*. 

r • 

The function exp a is thus defined and continuous on 9Tlrt(C) and 
maps 9)in(C) into itself. 

Proposition 1. If <r is a regular matrix of degree n, then 


exp = <^(exp 

In fact, we have (raV* = and hence exp (ffaff"*) = 

2- 1 {aaa-^y = 2?<r ^ 

Proposition 2, // Xi, • • • , are the characteristic roots of a, each 
occurring a number of times equal to its multiplicity, the characteristic 

roote of exp a are exp Xi, • • * , exp X„. 

We shall prove this by induction on n. It is obvious for n = 1, 
because then a is a complex number. Now, assume that n > 1 and 
that the proposition holds for matrices of degree n — 1. 

Let Xi be a characteristic root of a; then there is an element a # 0 
in C" such that aa = Xia. Let ei be the point whose coordinates are 
1, 0, • • • , 0. Because a 0, there exists a regular matrix (r such 
that aa « ei. Then (ra<r"*ei = Xei; in other words. 



6 


THE CLASSICAL LINEAR GROUPS 


(Chap. I 



where the indicate complex numbers and <5 is a matrix of degree 
n — 1. We have 



and therefore 


exp (craa'*) = 



If X 2 , • • * , Xn are the characteristic roots of d, those of a, which 
are the same as those of aa<T~^, are Xi, X 2 , • • • , Xn. The proposition 
being true for matrices of degree n — 1, it follows that the character¬ 
istic roots of exp d are exp X 2 , • * * , exp Xn, and those of exp (o-aa”') 
are exp Xi, exp X 2 , • • • , exp Xn. But these are also the character¬ 
istic roots of (T(exp a)<r"‘ (Cf. Proposition 1) and hence of exp a. 
Proposition 2 is thereby proved. 

Corollary 1. The determinant of the matrix exp a is exp Sp a. 

This follows at once from the facts that the trace and the deter¬ 
minant of a matrix are respectively the sum and the product of the 
characteristic roots. 

Corollary 2,\.'The exponential of any matrix is a regular matrix. 

Proposition 3. If a and /3 are permutable matrices (i.e. if a/? = /3a) 
then exp (a + /3) = (exp a) (exp 0). 

Since a and /3 are permutable, we can expand (a H- /3)*’ by the 
binomial formula: 

^j(a + ^) - 2o 





§111 the exponential of a matrix 

Therefore, for any integer P, we have 
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yiP 

^0 


(g + 

p! 



where Rp is the sum Xik.i) a^/k\ extended over all combinations 

{k, 1) such that max (A:, 1) > P, k I ^ 2P. The number of these 
combinations of indices is P(P + 1). On the other hand, if n is an 
upper bound for the coefficients of a and /3, the absolute value of any 
coefficient of a‘‘/k\^^/l\ is at most ninny/k\{nny/l\ ^ (n/io)*VPl, 
where no is some number > 0. It follows that the coefficients of Rp are 
smaller than P(P + l)(nMo)^'’/Pl in absolute value and that Rp tends 
to 0 as P increase^indefinitely. The formula to be proved is an 
immediate cojjserfuence of this fact. 

CoroBfl^r If t is a real variable and a a fixed matrix, the mapping 
t —> exp ta is a continuous homomorphism of the additive group of real 
numbers into GL(n, C). 

If a is any matrix, we have clearly 

exp (* 0 :) = *(exp a); exp a = exp a 


It follows from the Corollary to Proposition 3 that we have also 


exp (”«) = (exp a) L 

Proposition 4. There exists a neighbourhood U of 0 in £nZn(C) which 
is mapped topologically onto a neighbourhood of « in GL{n, C) by the 
mapping a exp a. 

We represent a matrix aeaTln(C) by the point of O’*' whose coordi¬ 
nates are the coefficients xnia) of a (these coefficients being arranged 
in some fixed order). From the uniform convergence of the series 
Sjfa^/P! it follows that the coefficients ynia) of exp a are integral 
analytic functions P»;(* • • ,x:kt{ot), • • •) nf the coefficients of a. It 
is clear that the terms of degrees < 2 in the Maclaurin expansion of 
Piii' ■ * ,Xki, ' ’ •) are 6*/ + Xu. It follows immediately that the 
Jacobian of the n* functions Fa with respect to their arguments is 
equal to 1 when Xki = 0(1 ^ A:, / ^ n). By the theorem on implicit 
functions, we know that the mapping of C”* into itself which assigns 
to the point of coordinates x,v the point of coordinates PiX' * * , xti, 
• • •) maps topologically some neighbourhood of the origin onto a 
neighbourhood of the point of coordinates ya = 5,;. Proposition 4 
follows immediately. 
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De^ition 2. .4 matrix a is said to be skew symmetric if *a a = 0, 

skew hermitian if 'a + a = 0. 

We shall denote by M’ the set of skew symmetric matrices, by 
.1/*'' the set of skew hermitian matrices, by the set of matrices of 
trace 0 and by 3/* the set of real matrices. 

Lemma 1. We can find a neighbourhood U of 0 in 91T„(C) which 
satisfies the following conditions: 1) it is mapped topologically onto a 
neighbourhood of e in GL{n, C) by the mapping a —»exp a; 2) the trace 
of any a^U is smaller than 27r in absolute value; 3) the condition atU 
implies ^atU, ‘aST, azU. 

Let Ti be a neighbourhood of 0 which satisfies the first and second 
conditions; we denote by — fi the set of matrices —a with aSf/i, 
and we define similarly '(/i, U\. The set U = Ui^ {—U\) ^ 

Ui satisfies the conditions of Lemma 1. 

Proposition 6. Let U be a neighbourhood of 0 in £fn:„(C) which 
satisfies the conditions of Lemma 1. The sets M^^U, 

^ ^ U, il/« ^ U, il/« ^ ^ U, ^ ^ U, ^ 

r\ j\^[» [r mapped topologically under the mapping a —* 
exp a onto neighbourhoods of « in the following groups: SL{n, C), C/(n), 
iSL'(n), GL{n, R), SL{n, R), 0(n), SO(n), 0(n, C). 

We know that the mapping a —♦ exp a maps every subset of U 
topologically. If aZM^, we have exp aZ SL(n,C) by Corollary 1 
to Proposition 2 above. If azM*, we have ‘(exp a) = exp (‘a) = 
exp ( —a) = (exp a)~', which proves that exp a is complex orthogonal. 
In a similar way, we prove that, if aZM*^, then exp a is unitary. 
Conversely, if exp aS SL(n, C), aZU, the conditions exp (Sp a) = 1, 
\Sp a\ < 27r imply Sp a = 0, whence orSA/^. If exp azO{n, C), aZU, we 
have ‘a£(7, ~azU and exp (‘a) = exp ( — a), whence ‘a = — a and 
azM\ In a similar way, we see that if azU and exp a is unitary, then 
aZM*'^. If a is real, exp a is also real; conversely, if aZU is such that 
exp a is real, we have exp a = exp a whence a = a. Proposition 5 
follows immediately from the.se facts. 

The sets M^, IiR\ il/«, AP A/® AP, A/« ^ A/'\ ^ A/® 

A/*^, A/* may all be considered as vector spaces over the field R 
of real numbers; as such, their dimensions are 2n* — 2, n“, n* — 1, 

— 1, n{n — l)/2, n(n — l)/2 and n{n — 1) respectively. We have 
therefore proved: 

Proposition 6. In each of the groups GLin, C), SL(n, C), U{n), 
SU{n), GL(n, R), SL{n, R), 0(n), SO{n), 0(n, C) there exists a neigh¬ 
bourhood of the neutral element which is homeomorphic to an open set 
in a real cartesian space of suitable dimension. These dimensions are: 
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2n^ for GL{n, C), 2n~ — 2 for SL{n, C), for U{n), — 1 for SU(n), 

for GL{n, H), n- — 1 for SL{n, H), n{n — l)/2 forDlnf ami SO(n), 
n{n — 1) for 0{n, C). 


§III. HERMITIAN Product 

As we have already observed, the space C'‘ may be considered as 
a vector space of dimension n over C, with the base |ei, • • • , 6^1 
introduced in §1, p. 2. In this section, we shall use the notation 
02 (instead of 2a) for the product of a vector a by a number 2; this 
notation will be preferable when we come to quaternions. 

Definition 1 . Let a = and b = SjCtUi he vectors in O'*. We 
define their hermitian product a • b 

a ■ b = LiZiUi 

We define the length of a to be the number ||a|| = (a • a)* = ( 272 , 2 ,■)^ 
We see immediately that ||a|| ^ 0, and that ||a|| =0 implies a = 0. 
The number a • b is, for a fixed, a linear function of b; i.e. 

a • (biui H- b2U2) = (a • bi)ui + (a ■ b2)w2 

However, if b is fixed, a • b is not a linear function of a, for we have 


whence 


b • a = (a • b) 

(ai 2 i + 0222) • b = (ai • b) 2 i + (02 • b )22 




_ t 

Definition 2. A vector a is called a unit vector t/ ||a =1. Two I 
vectors a and b are said to be othogonal i/ a • b = 0 . A set of vectors ( 
is said to be orthonormal if every vector of the set is a unit vector and any < 
two different vectors of the set are orthogonal. 

Proposition 1. Let Oi, • • • , a„, 6 e m linearly independent vectors. ^" 
Then there exists an orthonormal set jbi, • • • ,bml such that, for each k 
m), the sets joi, • • • , a*} and {bi, • • • , b*) span the same 
subspace of C”. 

We proceed by induction on m. Proposition 4 holds for m = 1 ; 
in fact, we have ai 0, and we may define bi to be ail|ai||“*. Assume 
that m > 1 and that Proposition 1 holds for systems of m — 1 vec¬ 
tors. Then, we can find vectors bi, • • • , b«_i such that, for every 
A: $ — 1 , the sets (ai, • • • , atj and {bi, • * * , b*) span the 

same subspace of C^ Now let us consider the vector c = am — 
2jri‘bi(b* - am). Because am is linearly independent of ai, • • ■ , 
am-i, c does not lie in the space spanned by ai, • • • , am_i. We 
define bm to be cUcH"*. Obviously, ||bm|| = 1 and (using the orthogo- 
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nality of bi, • • • , b„_i), 

bm • bft = (a^ ■ bi — ■ bi)||c||“* = 0 

which shows that b„ is orthogonal to bi, • • • , bm-i. Then (bi, 
• • • , b„,j is an orthonormal set which spans the same space as 
{ai, ■ • , a„l : Proposition 1 is proved for systems of m vectors. 

Corollary 1. Any vector subspace of C" has an orthonormal base. 
Corollary 2. Any unit vector a of C'‘ belongs to an orthonormal base 
ofC\ 

In fact, a may be taken as the first element of a base of O'*. If we 
apply to this base the construction of the proof of Proposition 1, we 
obtain an orthonormal base of C’‘ whose first element is a. 

We shall now consider the matrices of degree n as endomorphisms 
of O'*, in the way which was explained in §1. 

Proposition 2. A necessary and sufficient condition that a matrix <t 
be unitary is that Ho-all = ||a|| for all asC". This condition implies 
that <ra • ffb = a • b for any two vectors a and b in O’". 

First, let a = (o,/) be any matrix. We have ae,- = Sye/ay,-, whence 
dji — (ae,) • 6;. We have also ^aey = Sjejay,-, whence an — e< • (*aey) 
and (ae,) • e, = e, ■ ('ae,). It follows easily that 

(1) (aa) • b = a ■ ('ab) 

for any two vectors a = SyCiG,- and b = 2,6,6,. 

If (7 is a unitary matrix, we have (ra • <rb = a • ('?<rb) = a • b, 
and, in particular, \\<ra\\^ = ||a||S whence |lffa|| = ||a||. 

Conversely, assuming that this condition is satisfied for every a, 
we have 

(tra + <rb) • (ca + ffb) = (a + b) • (a -f* b) 

whence 

aa • <rb + (xb • aa = a • b + b • a. 

Replacing b by \/—1 b, we have also 

aa • ab *— ab • aa a • b — b • a 

whence aa ■ ab = a • b = a • '^ab. We have therefore a • (b — '^ab) 

= 0 for every a, whence b = '?ab (we may for instance take a = 
b — '^ab). The formula b = '^ab being true for every b, 'ffa is the unit 
matrix, which proves that a is unitary. 

Because the set (ei> ••*,©»» I is orthonormal, it follows that 
the set jaei, * * * , ae„) is orthonormal for every unitary a. Con- 
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versely, let (ai, • • • , a«) be any orthonormal set; then there exists 
a matrix a = (oi;) such that <re» = ai(l ^ i $ n). Since 

ffe» • ffCk = 2;a„a,fc = a^ • a* = 5,^ 

we see that u is unitary. In particular, we obtain 

Proposition 3. If a is a unit vector, there exists a unitary matrix c 
such that aei = a. 

We shall say that a vector a = X.-CiJi is real if its coordinates Xi, 
^ 2 , • • • , Xn are real. If a and b are real vectors, the number a • b 
is also real. 

Proposition 4. A matrix <r is orthogonal if and only if the two 
following conditions are satisfied: 1) aa • ab = a • b for any two real 
vectors a and b; 2) t/ a is any real vector, aa is also real. 

These conditions are certainly satisfied if a is orthogonal, since 
in that case <t is unitary and real. Conversely, let us assume that 
the conditions are satisfied. Let a = SiCiii and b = be any 

two complex vectors. Since ei, • • * , are real vectors, we have 

ffa • ffb = X^jXiyiiaei ■ aei) = Zo-X|t/y(ei ■ e,) = a • b 

and hence <r is unitary. Since a is also real, it is orthogonal. 

The process of orthonormalisation which was used in proving 
Proposition 1, if applied to a system of real vectors, leads to real 
vectors. Hence: 

Corollary 2a to Proposition 1. Any real unit vedpr^belongs to an 
orthonormal base of composed of real vectors. 

In the same way that we proved Proposition 3, we derive: 

Proposition 3a. If a is a real unit vector, there exists an orthogonal 
matrix <t such that aei = a. 

§IV. HERMITIAN MATRICES 

Definition 1. A matrix cx is called hermitian if = a. 

The reader will observe that the mapping a *5 is not an auto¬ 
morphism of GL{n, C) and that the hermitian matrices do not form a 
subgroup of GL(n, C). 

Proposition 1. A matrix a is hermitian if and only if aa • b = a • ab 
for any two vectors a and b in C'^. ' 

In fact, if a is hermitian, the result follows immediately from 
Formula (1), §III, p. 10. Conversely, if the condition is satisfied, 
and if b is any vector in C”, we have a • ab = a • ‘ab for all asC", 
whence ab = ‘ab and a = ‘a. 
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Proposition 2. If a is a hermitian matrix and c is unitary, 
is again hermitian. Moreover, there exists a unitary matrix <ro such 
that ® diagonal matrix. If a is real, aa may be assumed to be 

orthogonal. 

The first part of the proposition follows at once from the fact that 

*{aa(T~^) — = (r*Q;‘(r = = aa(r~^. 

We shall prove the second part by induction on the degree n 
of the matrix a. It is obvious for n = 1. Assume that n > 1 and 
that our assertion holds for matrices of degree n — 1. 

Let Xi be a characteristic root of a. Then there exists a vector 
ai 7^ 0 in C" such that aai = Xiai; multiplying ai by a number 
we may assume that ||ai|| = 1. Hence, there exists a unitary matrix ci 
such that ai&i = Cl (Proposition 3, §III, p. 11). Set ai = o-iatrL'; 
then tti is hermitian and moreover we have aiQi = Xiei. Suppose that 
aiCi = (1 ^ t ^ n). We have Cu = Xi, o/i = 0 (2 ^ j ^ n); 

since ai is hermitian, we have a,, = d/». It follows that Xi is real and 
that aij = 0 (2 $ J ^ n). Knowing that Xj is real, we see that, if 
a is real, we may assume ai to be real (the coordinates of ai have to 
satisfy a system of linear equations with real coefficients); we may 
therefore assume in this case that ai is orthogonal (Proposition 3a, 

§111. P-11). 

The matrix ai has the form 



where di is a hermitian raatrix of degree n — 1 and is real if a is real. 
By our induction assumption, there exists a unitary matrix ^2 of 
degree n ~ 1 such that ^ 2 dior 2 “^ is a diagonal matrix; if a is real, at 
may be assumed to be orthogonal. We denote by era the matrix 

/I 0. 

0^2 — I . a’2 I 


0 
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which is obviously unitary. If cro = <t 2 (Ti, <to is also a unitary matrix 
and is orthogonal if a is real. Since is a diagonal matrix, we 

see that Proposition 2 holds for matrices of degree n. Moreover, our 
proof contains the following result: 

Proposition 3. The characteristic roots of a hermitian matrix are 
real numbers. 

We shall say that a vector a is an eigenvector of a matrix a if a is a 
unit vector and if aa = Xa, where X is a number; X is necessarily a 
characteristic root of a. We shall say that a belongs to the root X. 
If a is a diagonal matrix, th fi_ye ctors Ci, ■ • ■ , e,^ are ei genvectors 
of a, and conversely. If a is an eigenvector of a, and if a is any regular 
matrix, era is an eigenvector of <raa“‘. Hence, an equivalent formula¬ 
tion of Proposition 2^the following: 

Propositionl4?^w/ a is a hermitian matrix, the space C" has an 
ortkonormal base composed of eigenv ectors of a. 

Definition 2. A hermitian matrix a Ts called positive {semi-definiie) 
if its characteristic roots are all ^0; if none of these roots is equal to 0, 
a is called positive definite. 

If a is a hermitian matrix, exp a is also hermitian, because we have 

*(exp a) exp ‘a = exp a = (exp a). Moreover, each characteristic 
root of exp a is of the form exp X, where X is a characteristic root of a, 
and hence real (Proposition 2, §11, p. 5). It follows that exp a is a 
positive definite hermitian matrix. 

Conversely, let /3 be any positive definite hermitian matrix. We 
know that there exists a unitary matrix a such that, if we set a< = <7e< 
(1 ^ f ^ n), we have j3a, = with ta real >0(1 ^ ^ n). We set 
\i = log (1 ^ ^ n) and define a matrix a by aa,- == X^a, (1 ^ f ^ n). 
We have a~^a(Tei = X^e^, which shows that <T~^aff is a real diagonal 
matrix, hence hermitian; then a = a{c~^a(T)a~^ is hermitian. More¬ 
over, we have (exp a)ai = (exp Xi)a, = M.a,(l ^ f ^ n), whence 
exp a = 0 . 

We assert furthermore that the representation of (S as the exponen¬ 
tial of a hermitian matrix is unique. In fact, let a' be any hermitian 
matrix such that exp a' = /3. Let a' = SiaiX, be any eigenvector of 
a', belonging to a characteristic root X' of a'. Then we have ^a' 
= (exp a')A' = (exp X')a' = 2,a,(M,.ri), which proves that = 0 if 
tii 7 ^ exp X'. Let to be an index such that x,, 9 ^ 0; then we have 
Hit = exp y = exp Xi,, whence X' = X,, since X' and X,j are both real. 
On the other hand, we have aa' = 2ai(x, log nd = X'a' = a'&'. 
Since a' produces the same effect as a on each of its eigenvectors, it 
follows from Proposition 4 that a = a\ We have proved: 
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Proposition 6. The mapping a —»exp a maps in a univalent way 
the set of all hermitian matrices onto the set of all positive definite hermitian 
matrices. 

This mapping is clearly continuous. We shall prove that it is 
topological. In fact, let (/3i, * * • ,/3p, • * • ) be a sequence of positive 
definite hermitian matrices which converges to a positive definite 
hermitian matrix /3. The characteristic polynomial of converges 
to the characteristic polynomial of it follows that the characteristic 
roots m.p, * • • , Ain.p of (arranged in a suitable order) converge to 
the characteristic roots ' ’ * , of |3. Since tn > 0 (I ^ i ^ n), 

the numbers log m».p remain bounded when p increases indefinitely. 
It follows that, if ap is the hermitian matrix such that exp Up = 0 p, 
the characteristic roots of ap remain bounded. For each p, there 
exists a unitary matrix <Tp such that <rpap<T~^ — 5p is a diagonal 
matrix, whose diagonal coefficients are the characteristic roots of ap; 
hence the coefficients of 6p remain bounded as p increases indefinitely. 
Since o-p is unitary, any coefficient of o-p is in absolute value. 
Therefore the coefficients of ap remain bounded and the sequence 
(ai, • • • , ttp, • • • ) belongs to a bounded i.e. compact, subset of 
snin(C). It follows that we can extract from the sequence (ai, • • • , 
ap, • • • ) a subsequence which converges to a matrix a. Since 
'ap = Sp, we have also 'a = a and a is hermitian. The exponential 
mapping being continuous, exp a is the limit of a subsequence extracted 
from { 01 , ■ ■ • , 0p, • ■ ■ ), whence exp a = 0. But we know that 
the representation of 0 as the exponential of a hermitian matrix is 
unique; therefore all convergent subsequences of the sequence (ai, 

• • ■ , ap, • • • ) have the same limit a. It follows immediately that 
limp_ , ap = a. This proves that the mapping a —► exp a is topological. 

A hermitian matrix a = (a,/) is obviously determined by the 
knowledge of the coefficients an (which must be real) and a^ for 
i < j (which may be arbitrary complex numbers). Hence the set 
of all hermitian matrices is homeomorphic to R’* X i.e. also 

to J?”*. We have proved 

Proposition 6. The set of all hermitian matrices of degree n and the 
set of all positive definite hermitian matrices of degree n are both homeo- 
morpkic to The mapping a exp a is a homeomorpkism of the 

first of these sets onto the second. 

§v. Representation of GL(n,C) as a Product Space 

Proposition 1. Any regular matrix r may be written in one and only 
one way as the product r = ca of a unitary matrix a and a positive 
definite hermitian matrix a. 
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We consider r as a linear endomorphism of the vector space C'‘. 
If a is any vector in C", we have (Cf. Formula (1), §III, p. 10) 

a • CrT)a = ra • ra = Cfr)a • a ^ 0 

By Proposition 1, §IV, p. 11, it follows that the matrix ai = 'fr is 
hermitian. Moreover, if a is an eigenvector of ai, corresponding to a 
characteristic root fi, we have n{si * a) = ra • ra, whence ju ^ 0. 
Since ‘fr is regular, it is a positive definite hermitian matrix. 

By Proposition 2, §IV, p. 12, there exists a unitary matrix v such 
that vaiv~^ is a diagonal matrix 5i. Since the coefficients of the 
diagonal of are real positive numbers, there exists a real diagonal 
matrix 5 such that 5- = 5i; moreover, the diagonal coefficients of 5 
may be taken to be positive. It follows that a = is a positive 
definite hermitian matrix and that = ai. 

We set <T = Ta“h whence a* = r*(Q!“*)* = ‘r““a = We have 

^ ai = ‘rf, whence a is unitary, and we have 

r = <Ta. 

Suppose now that <riai = <r 20 ii, with ci and <T 2 unitary, ai and a 2 
positive definite hermitian. We set <r 3 — trjVi; then <T3 is unitary 
and we have asai = eta. It follows that aa = ‘aa = *5i‘?3 = 
and al = ajffjVaai = a\. By Proposition 5, §IV, p. 14, we have 
ai = exp /3i, aa = exp 02 , where 0\ and 02 are hermitian matrices, and 
consequently exp 20i = a? = = exp 202. By Proposition 5, §IV, 

p. 14, it follows that 20i = 202, 0i = 02 and oi = o-a. Hence as 
is the unit matrix and ai — o-a, which completes the proof of Proposition 
1 . 

Remark. It follows easily from Proposition 1 that a regular matrix t 
can also be written in one and only one way in the form r = aa, where 
<r is unitary and a positive definite hermitian. 

Proposition complex orthogonal matrix p may he written in 

one and only one way in the form <j (exp — 1 /3) where a is a real 
orthogonal matrix and where 0 is a real skew symmetric matrix. 

By Proposition 1, we have p = act, where a is unitary and ct her¬ 
mitian positive definite. The orthogonality condition ‘pp = < gives 
= a“h We know that a can be represented in the form exp 0i, 
with a hermitian 0i; hence a~^ = exp { — 0i) is again hermitian. The 
matrix *a, and therefore also ‘<r<r, is unitary. Since *a = exp {*0i) is 
hermitian, the uniqueness assertion in the remark which follows Pro¬ 
position 1 gives W = 6, ‘a = a“‘. Since *aa = €, a~^9 - e we have 
a = 9, which proves that a is real orthogonal. 

The equality *a = a~^ gives exp = exp {—0i). Making use 
of Proposition 5, §IV, p. 14, we see that ‘/3i = —/3i, i.e., 0i is skew 
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symmetric. Since also we have = —/3i. If we set 

= \/— 1 /3, /3 is real skew symmetric. 

Conversely, any real orthogonal matrix is also unitary, and, if /3 
is real skew symmetric, \/— 1 /3 is hermitian and exp *%/ — 1 is positive 
hermitian. Hence the uniqueness assertion of Proposition 2 follows 
from Proposition 1. 

The factors <r, a of the decomposition of r given in Proposition 1 are 
continuous functions of r. In fact, let (ri, * ■ • , • • •) be a 

sequence of regular matrices which converges to a regular matrix r, 
and suppose that Tp = <Tpap, <Tp€U(n), Op positive hermitian. Because 
U{n) is compact, the sequence (<ri, * ' * , o-p, • • •) has a subsequence 
which converges to a limit <T€U{n). The corresponding matrices 
ttp = <rjVp clearly converge to the limit a = <r“‘r. Since the set of 
positive hermitian matrices is obviously closed, a is positive hermitian. 
Since a and t are regular, a is positive definite. But there exists only 
one decomposition of r in the product of a unitary matrix and a 
positive definite hermitian matrix. It follows that all convergent 
subsequences of the sequence ((Ti, • • • , (Tp, • • •) have the same limit 
tr, which proves that limp_ ^<Sp — a and limp_ ^ oLp — a. Our assertion 
is thereby proved. It follows easily that the matrices <j and P of 
Proposition 2 are continuous functions of the complex orthogonal 
matrix p. 

The set of all positive definite hermitian matrices of degree n is 
homeomorphic to R"*' (Proposition 5, §IV, p. 14). The set of all 
skew symmetric real matrices of degree n is obviously homeomorphic to 

Hence we obtain the following results: 

Proposition 3. The space GL{n, C) is homeomorphic to the topological 
product of the spaces Uin) and R’^\ The space 0{n, C) is homeomorphic 
to the product of the spaces 0{n) and 

§VI. Quaternions 

The algebra Q of quaternions is an algebra of dimension 4 over 
the field R of real numbers, with a base composed of 4 elements 
Cdy e\, 62,63 whose multiplication table is given by the following formulas: 

(1) 6o6< = 6»eo — ei\ e] = —60; 6 * 6 / == *- 6 /e< = 6 i 

(1 ^ i, j, ^ 3; the mapping 1 ^ f, 2 ^ 3 —+ k is assumed to be an 

even permutation of the set |1, 2, 3}). Therefore, a quaternion q 
may be expressed in the form with real coefficients oo, ai, a?, as- 

Addition and multiplication are defined by the usual distributivity 
law’s and the formulas ( 1 ). 
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From these formulas we see at once that cq is the unit element of Q. 
Moreover, it is easy to check that (c,c,)cjfc ^ Ci(e,-Cfc) (0 ^ i, j, A: ^ 3); 
hence Q is an associative but not commutative algebra. 

= QoCo + is a quaternion, we denote by the quaternion 

= OoCo — 

and call the conjugate of q. 

We have qq^ = q*q = (2ja-)eo. The number ^lar is a non negative 
real number which can be equal to 0 only if ^ = 0. This number is 
called the norm of q; it is denoted by N{q). 

If g' is another quaternion, it is easy to see that 

(aq + hqy = ag‘ + 6(g')‘; (gg')‘ = (q')Y 

(g‘)‘ = q. 

We express these facts by saying that the conjugation g—is an 
involutory anti-automorphism of the algebra Q. We have 

N{qq’)eQ = gg'(gg')‘ = Q{N{q')eo)q^ = N {q')ecN {q)eo 

whence 

N{qq') = N{q)Niq') 

From the existence of the norm, we deduce that Q is a division algebra, 
i.e. that every quaternion g 0 has an inverse g~‘ such that gg“* 
= g-^g = eo, namely g”' = (A^(g))“*g‘. 

Let Cl be the set of quaternions of the form GoCo + OiCi (with Oo, 
aiZR). The sums and products of elements of Ci are in Cii if geCi 
and azR, then aqeCi. Hence Cj is a subalgebra of Q. If wc assign 
to every element OoCo + OiCiSCi the complex number oo + Oi 
we clearly obtain an isomorphism of Ci with the field C of complex 
numbers. 

Since Q contains a field isomorphic with C, it can be considered 
as a vector space over C. To be more specific, we shall make the 
following definition: if gcQ and a; = a© + tii \/ — 1 sC, qx will represent 
the quaternion g(aoeo -f We have 

(g + q')x = gx -h g'x; g(x + x') = gx -f gx'; 

g(xx') = (gx)x' = (gx^x 

and these formulas show that Q may be considered as a vector space 
over C (we write the multiplier x to the right of g for convenience). 
Any quaternion g = SjotC, may be written in the form 

g = eo(ao + Cl V — I) + “ ^*3 V^) 

It follows immediately that Q is of dimension 2 over C. 
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To every quaternion q there is associated a mapping TqOiQ into 
itself, defined by the formula Tq{q') = qq'. We have Tq{q\ + q^) = 
Tq{q[) + ^ 9 ( 92 ); furthermore, we have clearly (qq')x = q{q'x) (where 
xsC); it follows that T^{q’x) = T^{q')x, which shows that T, is an 
endomorphism of Q, considered as a vector space over C. As such T g 
can be represented by a matrix of degree 2, whose coefficients are defined 

by the formulas 

Tgfeo) = et^xn + ^ 2 X 21 

T g(e 2 ) — eoXi2 + 62 X 22 

In particular, we have 

- (; f) v-i) 

whence 

On the other hand, we have Tg,,. = Tg. o Tg,. It follows that the 
mapping 9 -> T, is a representation of the algebra Q by matrices of 

degree 2 with coefficient in C. 

Finally, we observe that 

(2) (eox -f 62 ?/)* = eox — e2y 

whence T\ = 

^ * 

§vt>'5YMPLECTic Geometry 

Let Q be the algebra of quaternions; n being some integer > 0, 
we denote by Q" the product of n sets identical with Q. An element 
(ai, • ■ • , an)eQ'' (a*eQ. I ^ i ^ n) will be called a (quaternionic) 
vector; di, • * ' , will be called the coordinates of this vector. The 
addition of vectors is defined by the addition of the corresponding 
coordinates; if a = (ai, • ■ • , a„) is a vector and qzQ, we denote by 

a? the vector (a 19 , • • • , a„?). The vectors obviously form an addi¬ 
tive group with respect to addition. Moreover, w'e have 

(ai + Si2)q = aig -h a^g; a(gi q^) = agi + ag2 

a(gi 92 ) = (agi)g2 

where a, ai, as are vectors and q, qi, ?s are quaternions. (We could 
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also define the left multiplication {q, a) —> 5 a; however, we shall not 
use this type of multiplication.) 

If a = (oi, • ■ • , a„) and b = {bi, ■ ■ • , 6 „) are vectors, we shall 
define their symplectic product a • b to be the quaternion 

a • b = 

This product has properties which are similar to those of the hermitian 
product introduced in §III. We have 

(ai + aj) ■ b = ai • b + a 2 ■ b; 
a • (bi + b 2 ) = a • bi + a • b 2 ; a • (bg) = (a • b)^ 

(a^) ■ b = 5 '(a ■ b) 

We have a-a = = ||allco, where ||a|| is a real number ^0 

which is called the length of a.^ This length is always 5^0 if a 0. 

A vector subspace of Q" is a subset 9?? such that the conditions 
a69)?, bs9)2 and qeQ imply a + be3)i and a^eaJi. If ai, ■ ■ ■ , a^ are a 
finite number of vectors, the set of all vectors of the form ai^i + ■ * * 
+ &hQh{qi, ’ • • , Q) is a vector subspace of Q” which is said to be 
spanned by ai, ■ • • , a*. If moreover the condition S^a.^i = 0 implies 
q^ = • . • = g;, = 0 , we say that ai, • • • , a^, are linearly independent. 

In particular, the space Q'* itself is spanned by the n linearly 
independent vectors Cl, • • • , Cn, where e< is the vector whose j-coordi- 
nate is 

Exactly as in the usual case, it can be proved that: 

1 ) every vector subspace 912 of Q" can be spanned by a finite 
set of linearly independent vectors; such a set is called a base of the 
space 9D2; 

2 ) all bases of SQ 2 have the same number of elements, called the 
dimension of 2 ) 2 ; 

3) if 2)2' is a vector subspace of 2)2, the equality dim 2)2' = dim 2)2 
implies 2 ) 2 ' = 2 ) 2 . 

An endomorphism of Q” is a mapping <r of Q'‘ into itself such that 

(r(a + b) = <7a + o-b; <^(^ 9 ) = 

for any a, beQ" and 96 Q. Such a mapping is obviously entirely 
determined when the vectors 

are given. Hence, the linear endomorphisms of Q” are in a one-to-one 
correspondence with the matrices (qt,) with coefficients in Q. We 
shall denote by the same letter the endomorphism itself and the 
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corresponding matrix. If o- = (qa) and r = (r,y) are two of these 
matrices, we denote (as usual) by ct the matrix (s</) with 

Sij — ^^^iQikrki 

and then we have <7t — u o t, i.e. ((rr)a = o-fra) for every vector a. 

If a is any matrix, either there exists a vector a 9 ^ 0 such that 
<ra = 0 , or a has an inverse matrix (i.e. o-(7“‘ = <r~'<r = e, where € 
is the diagonal matrix of degree n whose diagonal coefficients are all 
equal to eo). In fact, if the condition a 5 *^ 0 implies oa 9 ^ 0, a is an 
isomorphism of Q" with a subspace 9)2 of Q”; hence dim 9J2 =: dim Q", 
whence 50? = Q”. It follows that <r has a reciprocal mapping, which is 
obviously also an endomorphism 

The set of all matrices of degree n with coefficients in Q will be 
denoted by 9Tl«(Q). 

A matrix <j-eSfn:,»(Q) is said to be symplcctic if llaall = ||a|| for every 
aeQ'‘. Exactly as in §III, p. 9, we can prove the following facts: 

1 ) if a is symplectic, then <ra ■ ah = a • b for any two vectors a, b 
in Q'‘; 

2 ) a necessary and sufficient condition for a to be symplectic is 
that V‘ • ff = €, where e is the unit matrix defined above. 

Therefore, if a is symplectic, the condition <Ta = 0 implies a = 0; 
a has an inverse, which is obviously ‘a*. We have also <r • 'o-* — €, 
which shows that <t~^ is also symplectic. 

It follows easily that the symplectic matrices form a group. 

Definition 1. We define the symplectic group for the dimension n 
{denoted by Sp{n)) as the group of all matrices a62ni,»(Q) such that 

aa • <yb = a • b 


holds for any two vectors a and b in Q’^. 

Definition 2. A vector a is called a unit vector if the length of a is 1. 
The vectors a and b are said to be orthogonal i/ a • b = 0. The set of 
vectors {ai, • • • , a^) is said to be orthonormal if we have a,- • ay = SaCo. 
For instance, the n basic vectors Cl, ‘ ' ' , en form an orthonormal 

set. 

Proposition 1. Let a^ &m be m linearly independent vectors 

in Q". There exists an orthonormal set {bi, • ■ , b«} such that, for 
each k (I ^ k ^ m), the set of vectors Ibi, • • ■ , b*} spans the same 

subspace as {ai, ♦ • * , ajcj. 

The proof is entirely similar to the proof of Proposition 1, §IIL 
p. 9. 


fh- ^ ' 
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On the basis of Proposition 1, we can obtain the following result 
by an argument similar to one used in §III: 

Proposition 2. If a is any unit vector in Q", there exists a sym~ 
pleclic matrix c such that aOi = a. 

§VIIL Tto Linear Symplectic Groups 

Let us again consider the vector space which was introduced in 
the previous section. If a = (fli, • • • , aJsQ'', we may represent 
Oi in the form a,- = caXi + e 2 Xn+i, where Ji and Jn+i are complex numbers 
(1^1^ n; Cf. §VI, p. 16). We assign to a the vector a' of 
whose coordinates are Xi, • • • , • • • , xsn. This correspondence 

preserves addition. Moreover, if a corresponds to the vector a'sC^”, 
then a(ueo + vci) corresponds to the vector a'(u + v \/—1) (where 
u and V are real numbers), because we have 

ai{ueo + vci) = ai{u + v \/ — l) = CoXi(u + v \/—\) _ 

+ C2X„+i(u + V V-l) 

It follows immediately that there corresponds to every endomorphism 
(T of Q'* an endomorphism <r' of C-" such that 

aa —> ff'a' if a —> a' 

Moreover, to the product ct of two endomorphisms a and t of Q'‘ 
there corresponds the product o-V' of the corresponding endomorphisms 
of C2". 

The correspondence <r —»gives an isomorphism of Sp{n) with a 
subgroup of GL{2n, C). The latter group will be called the linear 
symplectic group. The set of elements of the linear symplectic group, 
being a subset of GL{2n, C), may be considered as the set of points 
of a subspace of GL{2n, C). Hence, we may introduce in iSp(n) a 
topology such that the mapping a —♦ is a homeomorphism. When 
we speak of Sp{n) as a topological space, we shall always have this 
topology in mind. 

We shall now determine algebraically the linear symplectic group. 
Let (T = {qij) be any matrix in Sp{n), and let a' = (rki) {I ^ k, I ^ 2n) 
be the corresponding matrix in GL{2n, C). If a' = (xi, • * • , X 2 n) 
is any vector in a'a' is the vector (xi, * • * , X 2 n) with 

(1) X* = Z!2irkixt 

Suppose that a' is the vector which corresponds to a vector aeQ". 
Let b be another vector in Q"*, and let b' = (yi, • • • , y 2 n) be the 
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corresponding vector in Then, we have, by an easy computation, 

a ■ b = eo2j”x,-yi + e 22 'l.i(x,yi+n “ ^x+nVi) 

— €oi^ ' b ) e2"ical(^t2/t+« ^i+nyi) 

Moreover, we have tr'b' = (yi, • * * , y 2 n), with 

(2) h = '^ih'^ktyi 

Since aa ■ cb = a • b, we see that the linear substitutions (1) and (2), 
performed on the variables x and y, leave unchanged the quantities 
and The first property shows that tr' 

belongs to V{2n) \ we shall express the second by saying that a' leaves 

invariant the bilinear form 2”(x,yi+Ti “ ^i+ny*)* 

Conversely, let c be a unitary matrix which leaves invariant the 

expression 2?(x.y.+-. “ Xi^.yi). We may assign to a' a mapping a of 
into itself such that aV corresponds to tra if a' corresponds to a 
(under the correspondence which was established above between 
vectors of Q'* and of C^”). We have a(a + b) = <ra + ah and aa • ah 
= a ■ b (where a and b are arbitrary vectors in Q'*)- This does not 
yet prove that a is an endomorphism of Q'‘; we still have to show that 
(o-a)y = ff(ay), where q is any quaternion. It will be sufficient to prove 
that b • {{aa.)q - a(ag)) = 0 for any beQ". We have 

(ac) • ((aa)y - <r(ay)) = ((ac) • (<ra))g - (ac) • <r(a 9 ) = (c ■ a)g 

— (c • ag) = 0 

which proves our assertion. We have proved 

Proposition 1. The linear sympleciic group is the group of all 
unitary matrices in GL{2n, C) which leave invariant the bilinear form 

21”(x,'yi-fn ^Ti+nyi)- 

This group is obviously a closed subset of GL{2n, C). Hence: 
Theorem la. The space Sp{n) is compact. 

Let us now consider the set Sp(n, C) of matrices (r'eaUz.fC) which 
are not necessarily unitary, but which leave invariant the bilinear form 

- !«.„!/.). Now, the matrix J of the coefficients of this 

bilinear form is 



where is the unit matrix of degree n. Thus our condition may be 
expressed by the equality 

( 3 ) 


‘a'Jc' = J 



§vini 


THE LINEAR SYMPLECTIC GROUPS 


23 


Since the determinant of J is 5 ^ 0, it follows immediately that any 
matrix a'zSpin, C) is regular. Moreover, the product of two matrices 
of Spin, C) and the inverse of a matrix of Spin, C) again belong to 
Spin, C). Hence Spifi, C) is a subgroup of GLi2n, C). 

Definition 1. The subgroup of (/L(2n, C) composed of the ynalriccs 
<j' which satisfy condition (3) is called the complex symplectic group and 
is denoted by Spin, C). 

We have seen in §II that the matrices of a suitable neighbour¬ 
hood of e in GLi2n, C) can be represented in the form exp A", with 
A’'$DTl 2 „(C). We shall now investigate under which condition we have 
exp XzSpin, C). 

The condition VVo-' = J may be written in the form V' = 

Since J(exp = exp ( —JAV“') and exp 'A” = '(exp X), we 

see that we shall certainly have exp XtSpin, C) if ‘A = —JXJ~\ or 
JX + ‘AJ — 0. Conversely, let [/ be a neighbourhood of 0 in 9 E 2 n(C) 
which satisfies the conditions of Lemma 1, §11, p. 8 , and let Ui be 
the neighbourhood U ^ If we observe that and 

that '7 = —J, we see that U\ also satisfies the conditions of the lemma, 
and that furthermore JU\J~' = U\. It is clear that the conditions 
XeU\, exp XeSpin, C) imply JX 4- 'A7 = 0. 

The matrices A for which JX + 'A/ = 0 form a vector subspace 
3 of Snt 2 n(C). If we write A in the form 



where Ai, A 2 , A 3 , A 4 arc matrices of degree n, the condition JX + ‘AJ 
= 0 gives 

A4 = -‘Ai A3 = 'A3 A2 = ‘As 

It follows that 3 is of dimension n- + 2nin + l)/2 = 2n^ + ^ over 
C; 3 may also be considered as a vector space of dimension 2 ( 2 ^ 1 ^ -j- Ji) 
over R. 

The matrices X^Ci for which exp XeSpin) are the matrices of 3 
which satisfy the supplementary condition ‘A + A = 0. They form 
a vector space of dimension 2 n‘ + n over the field of real numbers. 
'I'herefore we have proved 

Proposition 2. In each of the groups Spin), Spin, C) there exists a 
neighbourhood of the neutral element which is homeomorphic with an 
open subset of a cartesian space of suitable dimension. These dimen¬ 
sions are 2n^ + n for Spin) and 2(2n^ + n) for Spin, C). 
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Now, let V = be any matrix in 3R„(Q): set 


= j/'feo + y;;'e, y<]\ y<f>eR) 

— ^ y\}^ a/ — 4 - ^ / ^\ 


\/-l) + e^iy^J^ - y[f \/-\). 


(1 ^ i,j $ n) 


Let X — (Xii) (1 ^ j ^ 2n) be the corresponding matrix in £ni: 2 „(C). 
If a — (^Ti, * • • , X 2 n) is the vector in which corresponds to the 

vector a — (ai, ■ * * , On) in then Xa.' is the vector which cor¬ 
responds to Fa. Set Fa = (a,, • • • , d.), Aa' = (x,, • • • , £ 2 .); 
we have 


Gi — eoXi -f e2X„+i di = eoXi -f- C2X„+,- 

^ d,- = 2"_,y,|a/ 

It follows by an easy computation that 


Xii = 


y\r + ylP V~1; x.^^i 

Xn+i.j — y\j^ 


-yuW-\\ 


= —,/2) _ 
Vi) 


•*«+».«+; — ya y^i 


vir 


_y-i 

V-i (1 


^ i,j ^ n) 


It follows immediately from these formulas that, if a matrix Xem 2 n{C) 
satisfies the conditions ‘XJ JX = 0, *A + A = 0, it is the cor¬ 
responding matrix of a matrix F€31Tn(Q) which satisfies the condition 
‘F -h F‘ = 0. 


The mapping which assigns to every matrix in JlflnCQ) the cor¬ 
responding matrix in 3Tl2n(C) is an isomorphism of the ring 9TT„(Q) 
with a subring of 91Z2r,(C). On the other hand, this mapping may be 
used to define a topology in £fTln(Q) (we require our mapping to be a 
homeomorphism). If F^snZnfQ) and if X is the corresponding matrix 


in 3TZ2«(C), the 


convergence 

v' 


vergence of the series 2* ^ F". We set exp F = 2* —, F^ Let 

p. pi 


be the set of matrices FeOR^CQ) such that ‘F 4- F‘ = 0; it follows 
from what we have said that the mapping Y —»exp F maps some 
neighbourhood of 0 in ?) topologically onto a neighbourhood of the neutral 
element in Sp{n). 



CHAPTER II 


Topological Groups 

Summary. Chapter II is concerned with the properties of groups which 
result from the existence in these groups of a topology. Section I contains 
the dehnition of a topological group, of a topological subgroup and of products 
of topological groups. It turns out that, in many cases, the study of a topo¬ 
logical group in a neighbourhood of the neutral element will give valuable 
information on the whole group (Cf. for instance Proposition 5, §III, p. 35; 
Theorem 1, §IV, p. 35; Theorem 3, §\TI, p. 49 and Proposition 2, Chapter 
IV, §XIV, p. 134). In view of this, it is important to characterize locally 
the topological structure of a topological group: this is accomplished in §11. 

If § is a closed subgroup of a topological group the cosets modulo § 
form a topological space (^/§. The spaces which can be obtained in this 
way are called homogeneous spaces. The definition of such spaces is the object 
of §III. One of the reasons of the importance of homogeneous spaces is 
that they provide the most general representations of groups as transitive 
groups of transformations (satisfying certain topological conditions). In 
particular, the spheres are homogeneous spaces relative to the linear groups 
which were introduced in Chapter I. A good part of the knowledge we have 
of the topology of these groups is derived from this fact (Cf. Proposition 3, 
§IV, p. 33 and Proposition 5, §X, p. 59). 

If ® happens to be a distinguished subgroup of then (5)/§ is not only 
a space, but also a topological group. These factor groups are also considered 
in Section III. 

Section IV is concerned with the connectedness properties of topological 
groups. The essential fact there is contained in the statement of Theorem 1, 
p. 35 which allows us in many cases to pass from the local to the global in 
the study of a topological group. 

If @ is a connected group, the elements of a neighbourhood V of the neutral 
element form a set of generators of Following the idea of studying a 
group locally, it is natural to inquire whether it is possible to construct all 
relations between these generators when the law of composition of the group 
is known only in V. Section V introduces the study of this question and 
correlates it with the notion of local isomorphism of topological groups. 
Examples are given which show that, in general, the answer to our question 
is negative. 

A more profound study of the problem requires the development of a num¬ 
ber of purely topological considerations centering around the notion of cover¬ 
ing space. Sections VI, VII, VTII and IX are concerned with the elaboration of 
this notion and its applications to group theory. Following an idea of 
H. Cartan, we have departed from the usual method of using closed curves 
in order to define simple-connectedness. VVe feel that the notion of covering 
space (as introduced in Definition 3, §VI, p. 40) is the essential notion; 
roughly speaking, we define a simply connected space as a space which cannot 
be covered any more (Definition 1, §VII, p. 44). It seems to us that the 
main property of simply connected spaces is what we call the principle of 
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monoclromy (Theorem 2, §^TI, p. 46). Theorem 3, §Vn, p. 49 states 
the main property of simply connected groups; it is again a principle of e.xten- 
sion from the local to the global. It should be noted that the proof of Theorem 
3 gives a typical example of the method of application of the principle of 
monodromy. 

In §VHI, we define the notion of Poincar6 group for spaces which admit a 
simply connected covering space. The Poincar4 group is the group of auto¬ 
morphisms of the simply connected covering space, playing therefore a role 
similar to that played by the Galois group of an algebraic extension. It is 
shown that the Poincar4 group of a topological group is always abelian and may 
be identified with a subgroup of the center of the simply connected covering 
group. In section IX, we prove the exi.stence of simply connected covering 
spaces for a large class of spaces. 

In section X, we determine the Poincard groups of some of the classical 
groups. The method consists in using the fact that the groups in question 
operate on spheres. Proposition 5 then yields an algorithm which allows us to 
proceed to an inductive determination of the Poincar4 groups. However, the 
case of SO{n) cannot easily be completely settled by this method. Although 
it is possible to prove by purely topological methods (making use of the notion 
of the second honiotopy group of Hurewicz) that the Poincar4 group of SO(n) 
is of order 2 for n ? 3, we have prefered to follow an algebraic approach by 
actually constructing the simply connected covering group of •SO(n). This is 
accomplished in Section XI by making use of the algebra of Clifford numbers. 

The algebraic properties (center and ideals) of Clifford numbers are 
established by an elegant method which was communicated orally to me by V. 
Bargmann. We then define the spinor group (Definition 1, p. 65) and we 
prove that this group is the simply connected covering group of SO(n). 

§1. Definition of a Topological Group 

A topological group ® is the composite object formed by a group G 
and a topological space which satisfy the following conditions: 1) the 
set of points of 55 is the same as the set of elements of G; 2) the mapping 
(o-, t) o/ 55 X 55 into 55 is continuous. The group G is called 

the underlying group of the topological group and the space 55 is called 
its underlying space. 

Any notion which is either group-theoretical (such as being abelian, 
for example), or topological (such as being connected, or compact, etc.) 
has a meaning when applied to a topological group. 

It is clear that the mapping t —> of a topological group @ onto 
itself is a homeomorphism and that the mapping (a, t) —+ ar of © X ® 
onto @ is continuous. Conversely, these two conditions together 
imply condition 2) above. 

Examples of topological groups 

1) The additive group of real numbers is the underlying group of a 
topological group, whose imderl^ung space is the usual space of real 
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numbers R] in fact, the difference x — y is a. continuous function of the 
pair (x, y) of real numbers. 

2) The group GL{n, C), with the topology which has been defined 
on it in §1, Chapt. I, p. 2, gives a topological group, which we shall 
denote also by GL{n, C). 

3) Let G be any group, and let 53 be the discrete topological space 
whose set of points is the set of elements of G. The group G and the 
space 53 together make up a topological group. Such a group is called 
discrete. 

We shall now indicate how we can construct new topological 
groups, starting with those which we have already defined. 

Subgroups of a topological group 

Let // be a subgroup of a topological group ®. The set of elements 
of H is also the set of points of a subspace of and this subspace 
forms with H a topological group $, which will be called a topological 
subgroup of 

For instance, the groups GL{n, R), 0{n), 0{n, C), U{n), SL{n, C), 
SL{n, R)^ SO{n)j SC{n) (which were defined in §1, Chapt. I) are the 
underlying groups of topological subgroups of GL{n, C). The groups 
*Sp(n), Sp(n, C) (which were defined in §vn, Chapt. I) are the under- 
groups of topological subgroups of GL(2n, C). 

Products of topological groups 

Let (®o) be a family of topological groups, a running over some set 
of indices. Let G« and 53* be the underlying group and the underlying 
space of The direct product G - UaGa is a group, and the product 
53 = n«53« is a space. The group G and the space 55 have the same 
set of elements. The mapping {<r, r) of 53 X 53 into 55 is 

continuous. In fact, the a-coordinate of aT~' is if a* and t* are 
the a-coordinates of a and t; is a continuous function of the pair 
{<ra, Ta), which is itself a continuous function of the pair (a, r). There¬ 
fore, every coordinate of aT~^ is a continuous function of the pair (a, t), 
which proves our assertion. 

It follows that the group G and the space 53 give rise to a topological 
group which is called the product of the groups and which is 
denoted by 

For instance, the additive group of elements of is the underlying 
group of a topological group which is the product of n groups identical 
with R and whose underlying space is the usual cartesian space R'^. 
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§11. Local Characterization of a Topological Group 

Let (j be a group. To every element tzG there are associated two 
mappings of G onto itself, namely the left translation Tr, defined by 
TrO* = T(7 for every aeG, and the right translation T*, defined byT*cr 
= ar. We have 

= Tr, O Tr,; T*r, = T* o t:, 

Moreover, Tr~i is the reciprocal mapping of Tr, and T*-i is the recip¬ 
rocal mapping of Tr . 

If G is the underlying group of a topological group the mappings 
Tr, Tj are continuous mappings of @ onto itself and so are their 
reciprocal mappings. Hence Tr and Tr are homeomorphisms of @ 
with itself. 

It follows that, if \ve know the complete family V of neighbour¬ 
hoods of the neutral element e, we can obtain the complete family of 
neighbourhoods of any point <ro by applying either of the operations 
To, or T*, to the sets of *0. This means that the topology of ® is 
entirely determined when the family V is given. 

But, of course, this family V cannot be given arbitrarily; it has to 
satisfy certain conditions: 

I. The intersection of any two sets of U lies in U. 

II. The intersection of all sets of U is the set {ej. 

III. Any set containing a set of *0 lies in U. 

IV. If 7SU, there exists a set ViSU such that ViVi Q Y. This 
follows at once from the continuity of the function ar at (e, e). 

V. The family of sets V such that F"*e'U coincides with *0. This 
follows at once from the continuity of the function at €. 

VI. If o-oSG, the family of sets mth VeV, coincides with V. 

This last property can be proved in the following way: the set of all 

neighbourhoods of <to coincides with the family of sets of the form aoV 
(VeU); therefore, every set of the form Vo-ofFeU) can also be written 
in the form <jqV’, V'eV, and conversely. 

We shall now prove that, if we have in a group G a family *0 of 
subsets which satisfies conditions I, II, III, I.V, V, VI, we can introduce 
in G a topology which makes G a topological group and for which *0 

is the family of neighbourhoods of €. 

Let ^ be the family of subsets U of G which satisfy the following 
condition: if <tzU, then U contains some set of the form o-UfFeU). It 
is clear that any union of sets of Tl belongs to "U and that GsTl, 

It follows immediately from I that the intersection of two sets of Tl 
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belongs to "U. Let V be any set in U, and let U be the set of elements 
aeG which have the following property: there exists a set T'lSU such 
that o-Vi Q V. We shall prove that re%. In fact, a.-jsumo that 
(teU, (tVI Q V, UiSU. Let be a set of U such that U 2 U 2 Q V\', if 
x£U 2 , we have tV^ Q V, whence teU, <tV 2 Q U, which proves our 
assertion. If we observe that the sets of ^11 are permuted among 
themselves by any left translation T„, we see that any set of the form 
ffV, VeV, contains a set such that <jeU. Let ao, (r, be two distinct 
elements of G; we can find a set FiSU such that does not belong 
to Vi. By IV and V, there exists a set V such that Q Vi; it 

follows easily that V ^ = 0 , whence a^V ^ aiV = 0 . We can 

find sets Uo, Ui in ‘U such that aoEUo, ciEUi, Uo <tqV, Ui Q <tiV, 
whence Ui = 0 . It follows that we can define a topology in G 
in which 01 is the family of open sets. It is clear that the family of 
neighbourhoods cf a point oeG in this topology is the family of sets 

o-y, VeU). 

It remains to prove that the mapping (<r, t) at"' is continuous. 
Let (< 7 o, To) be a point of G X G, and let ao^^'y be a neighbourhood of 
ffoTo' (i.e. yeu). Let Vi be a set in V such that Liyi Q y; by VI, 
the set r^'yi may be written in the form y 2 T^f‘(y 2 S'U). We have 

(o-oy 2 )(y 7 Vo)"' = aoy 2 r 7 ‘yi c ^^o^F'yiyi c o'oT^^y, which proves our 
assertion. 

A subset V' of the complete set of neighbourhoods U of a point p 
in a topological space is said to be a fundamental system of neighbour¬ 
hoods of p if every set of V contains some set of V'. To the conditions 
I, II, III, IV, V, VI for the set of neighbourhoods of e in a topological 
group, there correspond the following conditions for a fundamental 
system of neighbourhoods of c 

V. If ViSTJ', y 2 S'U^ there exists a set yaSD' such that V 3 Vi ^ y 2 . 

II'. The intersection of all sets of U' is the set |e). 

IV'. // y£*U', there exists a set yi£‘U' such that ViVi V. 

V'. If ysTJ', there exists a set yi£*U' such that Q V. 

VI'. If y£*U', ffoZG, there exists a set ViSU' such that Q V. 

§111. HOMOGENEOUS SPACES. FACTOR GROUPS 

Let ® be a topological group, and let ^ be a closed subgroup of 
We say that two elements a, r are congruent modulo § if the left 
cosets <r§, coincide. This is obviously an equivalence relation 
among elements of and the corresponding equivalence classes are 
the left cosets modulo 
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To every pS§ we associate the corresponding right translation T* 
of 6). A necessary and sufficient condition for a and r to belong to the 
same coset modulo is that there should exist a peg) such that TpO- — t. 
The operations T* form a group of homeomorphisms of onto itself. 
Moreover we observe that the set of all pairs (tr, r) for which 
there exists a pSvg such that T*(t = t is a closed subset of © X 
since it is the reciprocal image of g) under the continuous mapping 
{a, t) (T“V. 

More generally, let be a topological space, and let H be a group 
of homeomorphisms of 3$ onto itself. The group H defines an equiv¬ 
alence relation in 35, two points p and q being considered as equivalent 
if there exists an element rjzH such that rtp = q. Assume that the 
subset 7 of 3$ X 35 which is composed of the pairs (p, q) such that p 
is equivalent with q is closed in 35 X 35. Then, we shall define a 
topology in the set K of equivalence classes. Let U be the family of 
those sub.sets 0 oi K for which the set Uxso X is open in 35. It is 
clear that any union or finite inter-section of sets in U belongs to U, and 
that /CsTJ, <i)SV. Let U be any open subset of 35: then the set of classes 
X which have an element in common with U belongs to U. In fact, let 
0 be this set, and let p be a point of Ua-eo X. Ihe point p belongs 
to a class X which has a point q in common with U ; there exists an 
element rjefl such that p ~ vq- The set Tj(f') is open, contains p and 
is contained in Ua-so X, which proves that the latter set is open. Let 
Xi, X 2 be two distinct equivalence classes, and let o; be a point of Xi 
{i = 1, 2). Then (oi, a^) does not belong to y; since y is closed, there 

exists open sets Ui, I '2 in 35 such that {ai.a^zt \ X f 2 , 7 (I 1 X L 2 ) 
= 0. Let Oi be the set of equivalence classes which have at least 
one point in common with C'i (i = 1, 2); we have O.et), A'.sOi (i = 1,2) 

and Oi ^ O 2 = <i>- It follows that we can define a topology in K 
in which V is the family of open sets. Let w be the mapping which 
assigns to every peS3 its equivalence class; it is clear that w is a con¬ 
tinuous and interior mapping of ^ onto K, 

Returning to the consideration of the group & and of its closed 
subgroup g), we see that we can define a topology in the set of all 
cosets modulo Let be the topological space obtained in this 
way. The space is called the factor space of ® by Any space 
which may be obtained in this way by means of a topological group © 
and a closed subgroup of © is called a homogeneous space. 

The mapping which assigns to every aS© its coset modulo § is 
called the natural mapping of © onto ©/g>. shall denote this 

mapping by w. 
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If X = and rS®, t<t^ is a coset modulo § which we denote 

by TX. This shows that any element Te(y defines a mapping of OV-S 
onto itself; in other words, the group @ operates on 

If 7/£®/f), there always exists a re© such that tx = y; therefore, 
G) operates transitively on @/$. A necessary ajid sufficient condition 
for the equality tx == x to hold is thatractr^, whence rScr^a”*. There¬ 
fore, if X = w((t), the group of elements r which leave x invariant is 

Now, we prove that the mapping {a, x) —»(tx of © X (©/§) onto 

©/§ is continuous. Let U be an open subset of and let Ui 

be the set of pairs (<t, x) such that <rx£(/. We have to prove that I \ is 

-1 

open; let (o-q, xo) be a point of Ui, and let V be the open subset u> (U) 
of (y. If To is any point such that w(to) = xo, V is a neighbourhood of 
ffoTs; therefore, there exist open sets Ui, such that (ToSLi, to£V%, 
V 1 V 2 Q V. Let U 2 be the set since w is an interior mapping, 

V 2 is open in ©/§. Therefore Vi X U 2 is open in 0 X (4i/§): 
moreover, we have (o-o, Xo)£Ti X U' 2 , Vi X U'z Q Ui, which proves 
that (/i is a neighbourhood of (oo, xo). It follows that Ui is open. 

In particular, if we fix (t, the mapping x —* v’»(x) = <tx of G)/5 
onto itself is continuous; is the reciprocal mapping of and is 
also continuous. It follows that, for every fixed a, <p„ is a homeo- 
morphism of Gi/§ onto itself. 

Let / be a mapping of into some set A'. If the value of f{a) 
depends only upon the coset of a, we can define a mapping fi 
of into X such that / =/i o w: we set /i(<r§) =/(a). Sup¬ 
pose that X is a topological space. Then, if / is continuous, fi is 

-1 

also continuous. In fact, let Y be any open subset of X; the set /i (U) 

-1 -1 

coincides with w(/ (T)). Since / is continuous, / (K) is open, and 

-i 

therefore also /i(T), which proves that fi is continuous. If / is 

an interior mapping, so is /i; in fact, if U is an open subset of 03/^, 

-1 

fi{U) coincides with /(« {U)) which is open because d> is continuous 
and / is interior. 

Proposition 1. If § and ©/$ are compact, the group © is compact. 
In fact, let be a family of closed subsets of © which has the finite 
intersection property (i.e. every finite sub family of 4> has a non-empty 
intersection). We have to prove that the intersection of all sets of <I> 
is not empty. We may assume without loss of generality that the 
Intersection of a finite number of sets of 4* belongs to Let ^ be 
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the family of the sets o){F), for ^ is a family of subsets of 
and has the finite intersection property. Since ©/§ is compact, it 
contains a point x which is adherent to all sets of 

Let ( be any neighbourhood of the neutral element c in and let 
CTo be an element of G such that w(o'o) = x. Then o3(L(to) is a neigh¬ 
bourhood of X, and therefore meets all the sets oi{F), Fe^’, it follows 
that, if Fz^, we have F^ (Vo^ 0, or U^^F ^ Let 4’i 

be the family of sets U-^F ^ ao.'p, F running over all sets in ^ and U 
over all neighbourhoods of e. Then has again the finite intersec¬ 
tion property. In fact, if Fi, • ■ ■ , F^^^ and L i, ‘ , f/m are 

neighbourhoods of e, the set flJ^i contains L ^F ^ ao^ 

(where C = Ci and F = ^*). and the latter set is not empty 

because Fb^ and T is a neighbourhood of t. Butco^ is homeomorphic 
to and therefore compact. Consequently, there exists a point 
which is adherent to all sets of 4>i, and, a fortiori, to all sets L'-'F. 
If we keep F fixed and let C run over all neighbourhoods of c, C/"' 
also runs over all neighbourhoods of €, and it follows that is adherent 
to F. Since F is closed, we have ffiSF] Proposition 1 is thereby proved. 


Spheres as homogeneous spaces 

Let us consider the group ® = 0(n), with n ^ 2. Those matrices 
aS© which are of the form 



obviously form a closed subgroup § of The matrices a which 
occur in the matrices are clearly the matrices of 0{n - 1); it 
follows immediately that § is isomorphic (as a topological group) 

with 0{n — 1). 

Let us now consider the real matrices of degree n as endomorphisms 
of the vector space R", in w'hich we select the base (ei, , ©n) 

composed of those vectors whose coordinates consist of n - 1 zeros 

and a 1. If is any element in 0(n), we set a(<r) = <Te„. Since a 
is orthogonal, a(ff) is a unit vector. If then ffe„ = Cn. Con¬ 
versely, if <ren = e„, and if tr = (x„), we have xy„ - 5/n(l ^ «)• 

Since c is orthogonal, w'e have 2 ”_ixL = 1; since Xnn = 1, it follows 
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that — 0 for i < n, whence Therefore, a necessary and 

sufficient condition for the equality a(ff) = a(£r') to hold is that 
ff'eo-fj. The element afa) depends only upon the coset x of a modulo 

we may therefore set a((r) = a(r). 

The set of unit vectors a.eR’^ is the unit sphere S'*-' of dimension 
n — 1. Hence, we have an obviously continuous mapping x—>a(x) 
of ©/§ into S’*''. Moreover, this mapping is univalent. Proposition 
3a, §III, Chapt. I, p. 11 shows that every ae5'‘“' is the image of some 
element xe®/§ under our mapping. Since 0) .s> is compact {being a 
continuous image of 0(w)), the mapping x a(x) is topological. 

We may identify 0{n — 1) with the subgroup v^, and get the follow¬ 
ing result; 

Proposition 2. The factor space of 0{n) by 0{n - 1) is homco- 
morphic with 5"“^ if n ^ 2. 

We observe next that, if there always exists an element 

(re50(n) such that cen = a. In fact, let us select an element <riZO{n) 

with the required property; if tn = - 1, we replaces, by a = (Ticto, with 

/-I 0.0 

/ 0 1 . 0 


\ 0 0 . 1 

We have ffe50(n), ffe„ = a. Therefore, we have 

Proposition 2a. If 2, the factor space of SO{n) by SO{n — 1) 
IS homeomorphic with 5'*“*. 

If we observe that the set of unit vectors of C" is homeomorphic with 
we obtain, by entirely similar arguments. 

Proposition 3. The factor spaces of U{n) by U{n — 1) arul of SU(n) 
by SU{n — 1) are homeomorphic with 5^"“^/or n ^ 2. 

Finally, let us consider the group 5p(n), with n > 1. The elements 
of Sp{n) are matrices of degree n with coefficients in the division 
algebra Q of quaternions. Let us introduce the vector space Q'* over 
Q, as we did in Chapter I, §VII, p. 18. Those elements <jzSp{n) 
which leave the basic element e„ = (0, • ■ ■ , 0, 1) invariant are the 
matrices of the form (1) with 5iSp{n — 1). They form a subgroup 
of Sp(n) which we may identify with jSp(n — 1). 

We have defined (Chapt. I, §VIII, p. 21) a one-to-one cor¬ 
respondence between Q" and this correspondence allows us to 
introduce in Q'* a topology, and the operations of Sp{n) are continuous 
mappings of Q” (with this topology) onto itself. The images of e„ 
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uikUt these operations are all the unit vectors of Q'*, as follows from 
Proposition 2, §VII, Chapt. I, p. 21. On the other hand, Formula 
(2), Chapt. I, p. 22 shows that the unit vectors of are 

those which correspond to the unit vectors of C-'*; they are the ele¬ 
ments of a set which is li()meomori)hic with Hence: 

Proposition 4. The factor space of Sp{n) by Spin — 1) is homeo- 
morphic with the sphere 6’^'*“', if n ^ 2. 

Factor groups 

Let us now consider the case where § is a closed distinguished sub¬ 
group of 01. Let G and // be the underlying groups of 01 and then 
the factor gnaip (7/7/ is a group who.se set of elements is the set of 
points of the space 01/$; the natural mapping w of 01 onto 01/$ is a 
homomorpliism of G onto G/H. \Vc shall see that the group G/H, 
togetiier with the space 0)/$, gives a topological group. Let Xo and 
ijo be elements of G/H] we set Zo = .ToJ/o* aiitl ''e denote by U an open 

subset of 01/$ contaitiing 2o. Let tro, to be elements of G such that 

-1 

w(£ro) = .To, w(to) = i/o; then cj ((.') is an open set in ® and contains 
ctot"'. It follows that there exist open sets Vi, W in such that 

o-oeUi, ToSUo, C w((/). The sets = w(Fi), L'j = ^(^ 2 ) 

are open in 01/$, and tlie conditions xsUi, ysU 2 imply xy^^sU, which 
proves that the mapping {x, y) —of (01/$) X (01/$) onto C^/$ 
is continuous. 

The topological group whicli we have defined is called the factor 

yroup of © by $; it is denoted by 01/$. 

For instance, let H be the subgroup of /?" composed of the points 
witii integral coordinates. The group // is obviously a closed discrete 
s\ibgroup of li’^. The factor group R^/II is called the n-dimensional 
torus and is denoted by T". The group T* is also denoted by T; it is 
homeomorphic to tlie circumference of a circle in It is easy to 
see that T'* is isomorphic (as a topological group) with the product of n 
times the group T. 

Let be a continuous homomorphism of a topological group Cl into 
some other topological group Cli. The kernel of this homomorphism 
(i.e. the set $ of elements of Cl which are mapped upon the neutral 
element by is a distinguislied subgroup of Cl, and is closed because 
if is continuous. The element depends only upon the coset ff$ 
of <r modulo $, and hence y dehnes a continuous homomorphism tpi ot 
Cl/$ into &i. The homomorphism is univalent, but it should lx- 
observed that v?i is not necessarily a homeomorphism. 
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Proposition 6. Let ip be a homomorphism of a topological group 03 
into a topological group 0)i. If ip is continuous at the neutral element 
t of G3, it is continuous everywhere. 

Let ao be any element of and let ip(cf)V\ be a neighbourhood of 
^(<ro) in 03i (Fi being a neighbourhood of the neutral element in (^i). 
By assumption, there exists a neighbourhood F of e in 03 such that 
ip{V) C Fi, whence (^(<roF) Q v’(<^o)Fi, which proves that ^ is con¬ 
tinuous at (To. 

§IV. COMPONENTS OF A TOPOLOGICAL GROUP 

Proposition 1. The component of the neutral element € in a topolog¬ 
ical group 03 is a closed distinguished subgroup of 03. 

In fact, let K be this component, and let t be an element in K. 
The right translation associated with t“* being a homeomorphism of 
03 onto itself, the set A't“* is connected and contains tt“‘ = e; it follows 
that At'* Q a, whence Q A, which shows that A is a subgroup 

of C3. Now, let p be any element in 03; the mapping a is a 

homeomorphism of 03 onto itself. It follows that pKp~^ is connected; 
since eSpAp^*, we have pAp*** C '^’bich proves that A is distinguished. 

The factor group 03/A is called the group of components of 03; its 
elements are the cosets of A, which are also the components of 03. If 
the group 03 is locally connected (i.e., if there exists a connected 
neighbourhood F of «), the group 03/A is discrete. In fact, the image 
of F under the natural mapping of 03 onto 03/A is a point (because 
F A) and is a neighbourhood of the neutral element in 03/A 
(because the natural mapping is interior). 

Theorem 1. In a connected topological group, any neighborhood of 
the neutral element is a set of generators of the group. 

In fact, let F be a neighbourhood of the neutral element in a con¬ 
nected group and let H be the subgroup generated by the elements 
of F. If fftH, we have also VaZH; therefore H is an open set. But, 
any open subgroup H of a topological group 03 is also closed, for every 
coset modulo H is an open set, and H is the complement in 03 of the 
union of the cosets different from H. It follows that the set H is 
open and closed in (53; 03 being connected, and H being not empty, we 
have // = 03. 

Remark, More generally, we have the following result: Let be a 
topological group, and assume that F is a connected neighbourhood 
of the neutral element € in 03. Let TF be any neighbourhood of e; 
then, any element <reF may be written in the form ciaz ' ’ ' ffm, with 
(TitW (1 ^ ^ m) and cktz • * • ff<eF (1 ^ ^ m). To prove this 
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result, we may assume without loss of generality that W — W ^ 
and that TT C U (if these conditions were not satisfied, we would 
replace W by a smaller neighbourhood). Let E be the set of elements 
of V which may be written in the form indicated above. It is clear 
that, if <tS.E, we have also <tW ^ V Q E; therefore E is relatively open 
in V. Let ao be a point of V which is adherent to E; then coW has a 
point <j in common with E. We have (ToSaW"* = cW, whence ao^Ej 
which proves that E is also relatively closed in V. Since eZE and V 
is connected, we have E ^ V, which proves our assertion. 

Proposition 2. Let & be a topological group, and let ^ be a closed 
subgroup of (3. If the group § and the factor space are connected, 

then & is connected. 

In fact, assume that ® = U V, where U and V are ilon empty 
open sets. The natural mapping of ® onto maps U and V onto 
open subsets Ui and Vi of and we have 

follows that Ui ^ Vi contains at least one element of &/This 
means that meets both U and V. We have <xi^ = ^ XI) 

w ^ ^)- On the other hand, <r\^ is homeomorphic with and 

hence connected. It follows that U and V have at least one point in 
common in <ti^. Proposition 2 is thereby proved. 

Lemma 1. The sphere S^{n ^ 1) is connected. 

5 ” is the subset of defined by the equation 


■ H- ^l+i - 1 

Let E be the set composed of the points of S" for which x„+i ^ 0. If 

we map the point (xi, • • • , x.+O^i: upon the point (xi, • - ■ , x„)eJ2", 
we clearly obtain a homeomorphism of E with the set composed 
of the points (xi, ■ • - , x.) such that ^ 1. The set B" is 

obviously connected; hence E is connected. Similarly, the lower 
hemisphere E' of S", defined by the condition x„+i ^ 0 is connected. 
Since n > 1, the set E ^ E' is not empty. It follows that S is 

Lemma 2. The groups 50(1), U{1). SU{1), Sp{l) are connected. 
The groups 50(1), 5t/(l) contain only their neutral elements The 
group (7(1) is the multiplicative group of complex numbers ^ absolute 
value 1; it is homeomorphic to 5‘, and hence connecte . e ^oup 
5p(l) is the multiplicative group of quaternions of norm. 1. A 
quaternion of norm 1 may be written in the form a«eo + a,e. + a,e, 
+ Ojea, \vith sLoa? = 1- I* follows easily that Sp(l) is homeomorphic 

with 5®, and hence connected. 
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Proposition 3. The groups 50(«), U{n), SU{n), Sp{n) are all con¬ 
nected for n 1. 

This is proved by induction on n, making use of Proposition 2, 
Lemmas 1 and 2 and of Propositions 2a, 3, 4, §III, p. 33. 

On the other hand, the group 0{n) has exactly two connected com¬ 
ponents. In fact, it contains a matrix of determinant —1, namely 



Since the determinant is a continuous function which does not vanish 
on 0(n), 0(n) cannot be connected. On the other hand, 0(w) con¬ 
tains jSO(n) as a distinguished subgroup of index 2. Hence it has 
exactly two connected components, one of which is iSO(n), and the 
other the set of orthogonal matrices of determinant —1. 

§V. Local Isomorphism. Examples 

Let ® be a connected topological group, and let € be the neutral 
element of ©. We know that any neighbourhood V of € is a set of 
generators of @ (Theorem 1, §IV, p. 35). We shall now inquire 
about the relations between these generators. 

Let us assume that we have an analytic apparatus which permits 
the computation of products ar only in the case where a, r and err lie 
in V (we shall see later that this situation arises in many cases). 
Then, to each pair (tr, r) of elements of V such that ar sP, there 
corresponds a relation err = p between our generators of ®. The 
question is: are all the relations which hold between elements of V 
consequences of relations of the type we have just described? 

We shall see in a moment that the answer to this question is 
negative in general. Before doing that, we shall first formulate our 
problem in a different, but equivalent, way. 

Definition 1. Let (^i 6e two topological groups. A local isomor¬ 
phism of ® into ©1 is a homeomorphism f of some neighbourhood V 
of the neutral element e of ^ onto a neighbourhood Vi of the neutral 
element of Vi which has the following properties: 

1) the conditions atV, teV, (ttSV imply fiar) = fi<r)f{T); 

2) the conditions aeV, tSV, /(ffT)ePi imply areP. 

In terms of this notion, our original question may be formulated 
as follows: / being a local isomorphism of ® with ®i, is it always pos- 
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sible to extend the domain of definition of / to all of © in such a way 
that / becomes an isomorphism of the underlying group of ® with the 
underlying group of @i? 

We shall give two examples which show that this extension is not 
always possible: 

1) Let ip be the mapping which assigns to every real number x its 
residue class ^(x) modulo 1 ; let / be the contraction of <p to the interval 
1 — i-, + i[- ft is clear that / is a local isomorphism of R into T. But 
/ cannot be extended to an isomorphism of R with T’, because these 
groups are not isomorphic. 

2) Let us consider the group *Sp(l), i.e. the multiplicative group 
of the quaternions q = aeo + bei + c (?2 + des such that 

d‘ = \. To every such quaternion q there is associated a linear 
mapping T, of Q (the algebra of quaternions) onto itself, defined by 
the formula 7\(r) = qrq-^{nQ). We have 


r,(r‘) = qr'q-^ = 

because q' — q~^> ft follows that 7 q maps onto itself the set P of 
pure quaternions (a pure quaternion is a quaternion of the form 
a-jcj _|_ xjca + XaCs); in fact, the pure quaternions p are characterized 

by the condition pt = —p. If 


TqixiCi + X2C2 + XsCa) = x{ei + X2e2 + xjea 

x[ = 2/_ia,y(g)X; 


we have 

(1) 

Let 6{q) denote the matrix (0,7(9)). T qq- — TqO Tq> whence 

e{qq') = ^( 9 )^( 9 ')- Hence the mapping 9 -* e{q) is a representation 

of jSp(l) by matrices of degree 3. ^ ^ 

If r, r' are any two quaternions, we have T q{rr') — Tq{r)Tq{r). 

Since the coefficient of eo in the expression of (Sjxiei)( 2 :; 2 /iei) is - 
we see that the linear substitution ( 1 ), performed on the variables 
X and y, leaves invariant the expression Zjx.yi. In other words, the 

matrix 0 ( 9 ) is orthogonal. 

We know that 5p(l) is connected (Lemma 2, §n , p. ^b). me 
mapping 9 0 ( 9 ) being clearly continuous, it follows that 0 ( 9 ) belong 

to the connected component of the neutral element in C)( ), ° 

50(3). We shall now prove that 0(5p(l)) is the whole group 50(3). 

An easy computation shows that 

/I 0 0 

0(Cos Xeo + Sin Xei) = ( 0 Cos 2X - Sin 2X 

\0 Sin 2X Cos 2X 
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It follows that 5(tSp(l)) contains the group g\ of all rotations around 
the Xi-axis; similarly, we would see that ^(Sp(l)) contains the group 
of rotations around the :r 2 -axis. Our assertion will therefore be proved 
if we show that g^ and g^ generate iSO(3). I^et r be any rotation, and 
let Ml be the extremity of the unit vector of origin 0 carried by the 
xi-axis. We can find an operation Si of gi such that Si{rMi) is a 
point of the riXa-plane; this point being at unit distance from the 
origin, we can find an operation S 2 egi such that SaSirMi = Mi; it 
follows that S 2 SirS^i, which shows that r is in the group generated by 
gi and g^. 

Let us now determine the kernel of the representation q —> 0 ( 9 ). 
If d{q) is the unit matrix, q must commute with every pure quaternion, 
in particular with ei, e^, € 3 . We see at once that this condition implies 
6 = c = d = 0, whence a = ± 1 . It follows that the kernel of our 
representation consists of the two quaternions co, —eo. 

Let y be a compact neighbourhood of co in 5p(l) such that -eo does 
not belong to VVV~^; then B maps V in a continuous univalent way. 
Since V is compact, the contraction of 0 to V is a homeomorphism of V 
with some subset of 50(3). We shall prove that 0(V) is a neighbour¬ 
hood of the neutral element in 50(3). Let W be an open neigh¬ 
bourhood of Co in 5p(l) such that Vi (] V. The complement A of 
yiw(-Co)yi in 5p(l) is compact. Let U run over all compact 
rieighbourhoods of the unit matrix in 50(3); if the family of sets 

0 (O’) ^ A had the finite intersection property, there would exist a 
point qeA such that 0 ( 9 )sO for every O, whence 6 {q) — E (the unit 
matrix), and this is impossible. Since any finite intersection of sets 

of the form 0 (O) A is again of the same form, it follows that there 

-I 

exists a neighbourhood O of £* in 50(3) such that 0 (O) ^ A = <^ 

-1 ’ 

whence 0 (O) C ^ ^ (-eo)^. Since O = 0( 0 (O)) and 0(7) 
= 0 ((-eo)y), it follows that 0(7) ) U, which proves our assertion. 

Let / be the contraction of 0 to 7. If gs7, q'eV, fiqq')ef{V), there 
exists an element r in 7 such that f{qq’) = /(r), i.e. qq'r-^ = ± cq. Since 
—Co does not belong to 777“*, we have qq'r~^ 7 ^ —co, whence 99 ' = 
rE7. It follows that/is a local isomorphism of 5p(l) into 50(3). 

Suppose now that it would be possible to extend / to an isomorphism 
0 of 5p(l) with 50(3); since 0 and 0' are both homomorphisms and 
coincide on 7 which is a set of generators of 5p(l), we would have 
0 = 0 ', which is impossible, since 0 (-eo) is the unit matrix. 

Let H be the subgroup of 5p(l) which is composed of the elements 
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BOf —^o. There corresponds to 0 a continuous univalent homomor¬ 
phism 6 i of Sp{l)/H onto iSO(3). Since Sp{\)/H is compact, 6 i is 
also a homeomorphism. Hence, we have proved 

Proposition 1. The group 50(3) is isomorphic (as a topological 
group) with the factor group of 5p(l) by the subgroup composed of the 
elements eo and — Co- 

A necessary and sufficient condition for the equality d(q) = d(q') 
to hold is that q = ±q\ If we represent g = aeo + bei 4- cez + dez 
by the point (a, b, c, d)e5^, we see that 50(3) is homeomorphic to the 
space obtained by identifying the pairs of antipodal points on 5^ 
i.e. to the three dimensional projective space. 

§VI. Notion of Covering Space 

Definition 1. .4 topological space is said to be locally connected if 

any neighbourhood of any point p of the space contains a connected 
neighbourhood of the point. 

Proposition 1. In a locally connected space, every component of an 
open set is an open set. 

In fact, let X be a component of an open set U. If p&K, C/ is a 
neighbourhood of p, and therefore U contains a connected neighbour¬ 
hood V of p. Since K is a component and V ^ K 9^ <t>, we have 
V Q K, and p is interior to K. Proposition 1 is thereby proved. 

Remark. It follows immediately that any neighbourhood of a 
point p in a locally connected space contains an open connected neigh¬ 
bourhood of the point. 

Definition 2. Let f be a continuous mapping of a space 3$ into a 
space S3. A subset E of Hi is said to be evenly covered by ® {ivith respect 

_i -1 

to f) if f (E) is not empty and every component of f (E) is mapped 
topologically onto E by the mapping f. 

It is clear that any set which is evenly covered is ipso facto connected. 

Definition 3. Let m be a topological space. A covering space 
(S, /) of S3 is a pair formed by a connected and locally connected space SJ 
and a continuous mapping f of ^ onto 33 which has the following prop¬ 
erty: each point of 33 has a neighbourhood which is evenly covered by S 
{urith respect to f). 

It is clear that a space cannot have a covering space unless it is 
connected and locally connected. Conversely, if 35 is a connected 
and locally connected space, 33 admits at least one covering space, 
viz. (33, e), where e is the identity mapping. 

If (S, /) is a covering space of 33, / is an interior mapping. In fact, 
let U be an open set of ©, and let p = /(p) (with pBU) be any point of 
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f(V). The point p has a neighbourhood V which is evenly covered 

-1 

by Let V be the component of p in / (F); then V ^ U k rela¬ 
tively open in V. Since / maps V topologically onto V, the set 
f{V U) is relatively open in V, and is therefore a neighbourhood 
of p. Since/(F'^ 0) f{U), f{U) is a neighbourhood of p, which 

proves our assertion. 

Lemma. 1 . Let / 6 c a continuous mapping of a locally connected 
space 3$ into a space 35. Let pbe a point of 35, and let V be a neighbour- 

-i 

hood of p = f{p) in 35. The component V of p in f (F) is a neigh¬ 
bourhood of p in 

-1 

The set F contains an open set U such that pe U. We have pS / ( (7); 

-i -1 

let U be the component of p in / (U). The set f {U) is open because 
/is continuous; C7 is open by Proposition 1 . Since Q F, Lemma 1 is 
proved. 

Lemma 1 shows that, if (S, /) is a covering space of 35, / is a local 
homeomorphism, i.e. every point of S has a neighbourhood which is 
mapped topologically by /. This condition, however, is not sufficient 
to make (S, /) a covering space of 35, as will be shown by the following 
example. Let f\ be the mapping of R into T which assigns to every 
xtR its residue class modulo 1; it is easy to verify that (i?, /i) is a 
covering space of T. Let U be the mapping of R' into which is 
defined by fzixy y) ~ (/i{a:), /i(y)); here again, it is easy to see that 
(722, /j) is a covering space of Let now S be the space obtained 
by removing one point from 72®; S is connected and locally connected. 
If / is the contraction of /j to S, / is a local homeomorphism and maps 
35 onto T®; nevertheless, (®, /) is not a covering space of T®. 

Lemma 2. Let f be a continuous mapping of a space $ into a 
space 35. If E is a subset of 35 which is evenly covered by 35 {with respect 

to /), then every connected subset F of E is also evenly covered. The 

-1 -1 

components of f {F) are the intersections of the components of f {E) with 

j\f). 

-1 

Let S, be the components of / {E), v running over some set of 

-1 

indices. Set P, = E,^ f {F). Then / maps P, topologically onto 
F, which proves that P, is connected. Conversely, any connected 

-I -i 

subset of / (F) is contained in some component E, of / {E): Lemma 2 
is proved. 
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Lemma 3. Assume that (S, /) is a covering space of the space S3. 
If p ts any point of 33, every neighbourhood of p contains an open con- 
nectcd neighbourhood which is evenly covered by S. 

Lemma 3 follows immediately from Lemma 2 and Proposition 1. 
Lemma 4 . Let f\ be a continuous mapping of a locally connected 
space 33i into a connected space 33. Assume that every point pe33 has a 
neighbourhood which is evenly covered by 33i {with respect to f\). Let 
33 he a component of 33 1 , and lei f be the contraction of f\ to S. Then 
($, /) is a covering space of 33, and S is open in Si. 

We first prove that /(S) = 33. Let p be a point of 33, and let 
P be a neighbourhood of p which is evenly covered by Si. Let V, be 

-I 

the components of /i(F), v running over a set of indices N. If a 
set Vy meets S, it is entirely contained in S, whence 

^^fiiV) = U.S.V.P. 

where N' is the set of indices v such that P» ^ S It follows 

that, if V meets /(S), we have V Q /(S); in particular, if p is adherent 
to /(S), then p is interior to /(S). It follows immediately that /(S) 
is open and closed in 33, whence /(S) = 33, since 33 is connected. 

-i ^ 

The components of f {V) are the sets for vzN\ because each V, 

-1 -1 

is a maximal connected subset of /i(P), and, a fortiori, of f (P). 
It follows that (33, /) is a covering space of 35. The fact that ® is 
open follows immediately from Lemma 1. 

Lemma 6. Assume that (S, /) is a covering space of the space 33. 
Let a be a connected and locally connected subspace of 35. If X is any 

component of f (X), S is relatively open in f {X); if g is the contraction 
of f to X, (X, g) is a covering space of X. 

Let p be a point of X, and let P be an open neighbourhood of p 
which is evenly covered by S (Cf. Lemma 3). Since X is locally 
connected, we can find a connected neighbourhood X of p with respect 

to X such that X C V- The components X, of / (X) are the inter- 

-1 

sections of / (X) with the components P, of / (P) (Cf. Lemma 2). 

If py is the point of X, which is mapped on p by./, p, is interior to P, 

and Xy is therefore a neighbourhood of p» with respect to / (J). It 

-1 

follows easily that / {X) is locally connected, and that every point of 
X has a neighbourhood w’hich is evenly covered by / (X) with respect 
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to the contraction of / to / (X). Lemma 5 then follows from Lemma 4. 

In Definition 3, we have required the space 5 to be locally con¬ 
nected. The following lemma describes the situation which we obtain 
if we omit this condition. 

Lemma 6 . Lei "^bea connected and locally connected space. Assiane 
that a space S has a continuous mapping f onto 55 such that every point 
of 55 has a neighbourhood which is evenly covered by 55 with respect to f. 
Let 5C be the family of subsets of 55 which can be represented as unions of 
coynponents of open sets of S. Then X can be taken to be the family 
of open sets of a space '-B' which has the same points as 55. The space S' 
is locally connected. Every point of 55 has a neighbourhood which is 
evenly covered by S' with respect to f. 

It is clear that any union of sets of X is in X and that every open 
set of S is in X. It follows that, p\ and pz being any two points of S 
distinct from each other, there exist sets Ri and R 2 in X such that 
Pi^Rh pitRz, R\ ^ R2 = <t>- 

Now, let Ri and R 2 be any sets in 5C which have a point p in com¬ 
mon. It follows immediately from Lemma 2 that p = f{p) has an 
open connected neighbourhood Vz in 55 which is evenly covered by S 
with respect to /. On the other hand, we can find open subsets f/, of 

S such that the component of p in IJi is contained in Ri (f = 1 , 2 ). 

-1 

Let R be the component of p in t7i ^ f/a / (Uz)- Then R belongs 

to X, contains p and is contained in Ri^Rz. This proves that 

R\ ^ Ri^X', the first assertion of Lemma 6 follows immediately from 

-1 

this. Let Rz be the component of p in / {Vz)', then R is also the 
component of p in Ui'^Ui^Rz- Hy assumption, / maps Rz 
(considered as a subspace of $) topologically onto Vz. Hence Rz 
is locally connected and therefore R is relatively open in Rz- Taking 
Ry = ^ 2 . we see that the topologies induced by S and S' on the set 
Rz coincide with each other, and this proves that S' is locally con¬ 
nected. Furthermore, it is clear that Vz is evenly covered by S' with 
respect to /. Lemma 6 is now completely proved. 

§vn. Simply Connected Spaces. The Principle 

OF Monodromy 

In conformity with the general notion of isomorphism, we shall say 
that two covering spaces ($ 1 , /i) and (552, fi) of the same space 55 
are isomorphic if there exists a homeomorphism ip of with 552 such 
that /i = /2 o 
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Definition 1. .4 space 53 is said to be simply connected if it is con¬ 

nected and locally connected and if every covering space of 53 is isomorphic 
to the trivial covering space (53, e), where e is the identity mapping. 

The word “everj'’,” used in connection with the class of all covering 
spaces of a space 53, might arouse the suspicions of a trained logician, 
because the notion of “all” covering spaces involves in particular the 
notion of all sets with a given cardinal number. We shall avoid this 
difficulty by showing that, 53 being given, we can construct by legiti¬ 
mate logical processes a set C of covering spaces of 53 such that any 
given covering space can be proved to be isomorphic to one of these. 
We may then restrict the meaning of the “every” of Definition 1 
to only those covering spaces which are elements of C. 

Let po be a point of 53. We construct the set 2 composed of all finite 
sequences S = (po, L'o, pi, V\y • • • , p«, Un, Pr»+i) composed alterna¬ 
tively of points Pi and of open sets Ui and which satisfy the following 
conditions: 1 ) the first term of 5 is po; 2 ) both p,- and p,+i belong to 
t/i (0 ^ ^ n); 3) the last term of jS is a point. Let (®, /) be a 

covering space of 53; we shall prove that the cardinal number of S 
is at most equal to the cardinal number of 2. Let 2' be the subset 
of 2 composed of the sequences S = (po, ( o, px, Ui, ' ' ’ , Pm 
p„+i) which have the property that each Ui is evenly covered by 53 
with respect to /. Let po be a fixed point of 53 such that /(po) = po. 
If jSe 2 ', we define p* (1 ^ A: ^ n -f- 1) by induction on k in the follow¬ 
ing way: p* being already defined, we denote by Uk the component 

-1 ^ _ 
of pk in / {Uk), and we denote by pt+i the point of Uk which is 

mapped upon p*+i by / {Uk contains one and only one point with this 
property because Uk is evenly cov'ered). We denote the point 
by <^(5); v 5 is a mapping of 2' into 55. We shall prove that this 
mapping is onto Let p be a point of ©; the point p =^f{p) belongs 
to at least one open set U which is evenly covered by ^ (Lemma 3, 

§VI, p. 42), and the component P of p in / (O is open (Proposition 1, 
§VI, p. 40). If U meets ^^(2'), it is entirely contained in v>(2')- 
In fact, assume that ^(S) = 9 is a point of U, with S = (po, Uo, pi, 
Ui, ■ • • , Pn, Un, p.+i)e2'- Then p„+i =/(g) is in U and, r being 
any point of U, the sequence S, = (po, Lo, Pi, L'l, • • * , pn, Un, 
Pn+i, U, r) belongs to 2'; the point f = ip{Sr) belongs to U, and 
y(?) = r, which proves our assertion. It follows that every point of ® 
which is adherent to v>( 2 ') is interior to ^( 2 ^; therefore, (^( 2 ') is open 
and closed in whence ^(2') = S. We conclude that the cardinal 
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number of ® is at most equal to the cardinal number of and, 
a fortiori, of 2. 

We can legitimately speak of the set of all topological spaces 
whose points are elements of 2 (such a space is determined by giving 
a subset A of 2 and a family of subsets of A). We may therefore 
construct the set of all pairs composed of a space S whose points 
belong to 2 and of a mapping of © into ©. Finally, we may single 
out among these pairs those which are covering spaces of ©; we 
obtain in this way a constructible set C of covering spaces of ©. It 
follows from what we have said that any given covering space of © is 
isomorphic to a member of the set C. 

The following lemma is sometimes useful to prove that a space is 
simply connected: 

Lemma 1. Let (©, /) be a covering space of a space ©. If © 
contains an open set A which is mapped in a univalent way onto © by 
f, then f is a homeomorphism of © with ©. 

Since / is continuous and interior, the contraction of / to ^ is a 
homeomorphism of A with ©. Therefore, we have only to prove 
that A = ©; this in turn will be established if we show that A is 
closed in ©. Let p be a point of © which is adherent to A, and let 
F be a neighbourhood of f{p) which is evenly covered by ©. We 

denote by V the component of p in / (F); both V and the set V' = A 

P / (F) are mapped topologically onto F by /. On the other hand, 
F is a neighbourhood of p (Lemma 1, §VI, p. 41) and therefore 
meets j4; it^follows that FSince F' is connected, we 
have V' 9; since / maps F in a univalent way,' we have V' = F, 
PbA; Lemma 1 is thereby proved. 

Proposition 1. If ©| and ©2 are simply connected spaces, the space 
55i X ©2 is likewise simply connected. 

It is clear that ©1 X ©2 is connected and locally connected. Let 

(SB, /) be a covering space of ©1 X © 2 ; by a horizontal fiber we shall 

-1 

mean a component of a set of the form / (©1 X {i; 2 }), with some 

y 2 £© 2 , byat;era'caiyi5cr, acomponentofasetoftheforra /({yi) X © 2 ), 
with some viS©!. It follows immediately from Lemma 5, §Vr, p. 42 
that / maps every horizontal fiber topologically onto ©1 (and every 
vertical fiber topologically onto © 2 ). Let ©? be a fixed vertical fiber. 
We denote by A the union of the horizontal fibers which meet ©“. 

It is clear that/maps A in a univalent way onto ©i X © 2 . Proposi- 



46 


TOPOLOGICAL GROUPS 


[Chap. II 


tion 1 will follow from Lemma 1 above if we can prove that A is open 
in 535^. 

Let Si be a horizontal fiber which is contained in A, and let E be 
the set of points of Si which are interior to A. The set E is relatively 
open in Si. If we can prove that E is closed and not empty, it will 

follow that = Si and that A is open. 

Let w be any point of Si; if f{w) = (^i, ^ 2 ), we can find connected 
neighbourhoods V V 2 of ui, vz with respect to Si, 532 respectively 
which are such that Vi X Vz is evenly covered by Let W be the 

component of iv in / {V1 X Vz)- If (v'i, Vz)^Vi X Vz, we set ^1(^2) 

= W ^ /(Vi X Vz(v\) = f{[v\\ X U 2 ):/maps Vi{v^) 

topologically onto IT X lyj! and Vz{v\) onto X 1 ^ 2 . It foUows 
that IT(i’ 2 ) i*^ contained in a horizontal fiber Si(y 2 )^and that Vz(vi) 
is contained in a vertical fiber S 2 (*'I)- The fibers Sify^) and^ ^ 2 (^ 1 ) 
have in common the point of W which is mapped upon (y,, ^ 2 ) /• 

On the other hand, we have 

( 1 ) W — Up/ei'i = Ui-zev, ^ 2 (^ 1 ) 

Assume first that w is the point where Si meets SS; then © 2 (^ 1 ) 
coincides with S?, whence SiC^a) C It follows from 

Formula (1) that W Q A, whence wzE: E is not empty. ^ ^ 

Assume next that w is adherent to E; then ^ 1 (^ 2 ) has a point w 
in common with E. We set f{w') = {v*, vz). We can find a neigh¬ 
bourhood y* of Vz with respect to 552 such that V^ Q 

X y*) is contained in A. If v^Vt, the horizontal 

fiber SiCy.!) meets A, whence ^,{fz) C The set W 
= W' is the union of the sets ^ 1 (^ 2 ) ^or all whence ^ C _ 

Since W’ is a neighbourhood of w, we have weE, which proves that 

is closed. Proposition 1 is thereby proved. ... + j 

We shall now prove the fundamental property of simply connected 


^^^Theorem 2 (Principle of monodromy). Let ^bea simply connected 
space. Assume that we have assigned to every pe23 a non empty set E^ 
(i z. an a6.(rac; nai related to 55). A.snme f^f^rmore that we 

have assigned to every point (p, g) of a certain subset D of 55 X ® a 
mapping of E, into E„ in such a way that the following conditions 


CLTC SOitXSficd* y A j I* / • ci'J \y 

1 ) The set D is a connected neighbourhood of the diagonal in ^ X JS 
{the diagonal is the set of all pairs (p, p), p£55), 
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2) Each IS a one-to-one mapping of onto is the ukntity 

mapping; 

3) <Ppqy <Pqr, fppr occ oU tlcfined, we have v?,,r = *pqr o ippq. Then 
there exists a mapping lehich assigns to every an element }p{p)zE^ 
in such a way that = ^p,(^(p)) whenever is defined. More¬ 
over, if po is a given point of iB, i may be selected in such a way that 
HPo) is any preassigned clement of Ep^, and ^ is then uniquely 
determined. 

Let f be th^e union of all sets [p} xEp, for ps^iL \Vc shall define 
a topology in V. Let 01 be the family of those subsets V of f \\ hieh 
satisfy the following condition: if (p, ep)tU, there exists a neighbour¬ 
hood A?" of p in 33 such that N XN Q D and {q, <^p/p)£r for all 
q^N. It is clear that V and the empty set belong to Oi, that any 
union of sets of 01 belongs to 01 and that the intersection of two sets 
of 01 belongs to 01 . 

Let w be the mapping of V into iQ which is defined by w(p, c,,) = p. 
The following statements follow immediately from the definition: if 

-i 

U is an open subset of 33, w {U) belongs to Ot; if t/eOl, w(t7) is open. 

Let U be an open subset of ^ such that U X U Q D. Let p be a 
point of V and let Cp be an element of Ep\ we denote by U{p, U, c,,) 
the set composed of the {q, ^p,(cp)) for qzU. This set belongs to 01. 
In fact, let {q, ^pq{ep)) be a point of U{p, V, Cp); if r is any point of U, 
<ppq, (Pqr and <ppr are defined, and we have 


*Pqri^pqiep))) — (r, <^pr(cp))sf/(p, U , Cp), 

which proves our assertion. 

Let (p, gp) and (p', e/} be distinct points of V. If p 7 ^ p', we can 
find open sets U\ U" in 35 such that psf-'. p'eU", (/' ^ U'' = 4>- 

We have (p, ep)e w {U'), {p\ ^ (f/"), w (f/') ^ w ([/") = 

Assume now that p = p', whence Cp ^ gp. If U is an open set con¬ 
taining p such that U X U Q D, the sets (7(p, U, Cp) and 0{p, U, e^) 
belong to 01 and are disjoint because the mappings tpp^ are univalent. 
It fohows thaj, 01 can be taken as the family of open sets in a topology 
on V. Let ® be the topological space obtained in this way. It is 
clear that w is a continuous interior mapping of ® onto 35. 

Every point p635 has a connected open neighbourhood U such that 

-1 

U X V Q D. The set w (f/) is the union of the sets U{p, U, €p) for 
all CpZEp (because each tppq maps Ep onto Eq). These sets are open 
in 55 and w maps each of them in a univalent way onto U. It follows 



TOPOLOGICAL GROUPS 



(Chap. II 


that w maps each U{p, L\ Cp) topologically onto U. Since U is con- 

-1 

nectcd, the sots L’{p, U, Cq) are the components of u> ( 6 "), and U is 
evenly covei'cd by with respect to w. 

Let be the component of (po, in S, and let wo be the con¬ 
traction of a> to Sn. By Lemma 5, §VI, p. 42, (So, wo) is a covering 
space of iL Since is simply connected, wo is a homeomorphism. 
We define the mapping \J/ by 

-1 

wo(p) = ip, '/'(p)) 

Let D* be the set of all pairs (p, q)tD such that = <ppqi^{p)), and 
let (pi, qi). be any element of D. We can find open connected neigh¬ 
bourhoods U\ and Vi of pi and q\ such that U\ X. U\ Q D, V\ X V\ 
Q D, ViX Ui Q D. Assume that f'l X Ui has an element (p 2 , 72 ) 
in common with/)*, i.e. ^(r/ 2 ) = (^(pz))- Theset L'(pi, f i. i/'(pi)) 

is connected, and therefore contained in 25o, whence 

( 1 ) HP 2 ) = <Pp,P,i^iPi)) 

The mappings v’pip.-, 'Pp.q:, ^p.®. being defined, we have 

(2) ^( 92 ) = V’p, 9 ..(^PiP;(^(Pl))) = ^Pifl;(^(pi)) — <Pq,1:i*Pp,nX^iP0)) 

On the other hand, we have (by the same argument which was used 

to prove ( 1 )): 

( 3 ) Hq2) = 

Because <pp,q, is a one-to-one mapping of Ep^ onto it follows from 
(2) and ( 3 ) that v’p.qX’A(Pi)) = V'(9i), i-e* iPh It follows 

immediately that D* is relatively open and closed in D, whence 

D* = D. 

It remains only to prove the uniqueness of the mapping Let 
ip' be any mapping which satisfies the same conditions as rp (includ¬ 
ing \p'ipo) = el). Let A be the set of points p such that 4''ip) = ’/'(p); 

we know already that A is not empty. Let p be any point of © and 

let iV be a neighbourhood of p such that N X N C Assume that 

N has a point Pi in common with A; then vJp.pC^Xp)) = 'P'iPi) = 'A(Pi) 

= ^pMip)), 'vhence ^(p) = ^ip)- It follows immediately that A is 

open and closed in % whence A = 25. Theorem 2 is proved. 

Definition 2. Let be a topological group. A local homomorphism 
of ® 171(0 a group H is a mapping t] of a neighbourhood V of the neutral 
element of ® into H which satisfies the condition that 77 ( ot ) = 7 ?( o ') t ;( t ) 
whenever <r, t and ct belong to V . 
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Theorem 3 . Let (3 be a simply connected topological group. Let g 
be a local homomorphism of ® into a group H. If the set on which g is 
defined is connected, it is possible to extend g to a homomorphism of the 
whole of © into H. 

Let V be the set on which g is defined. We denote by D the subset 
of X © composed of the pairs {a, t) such that rff-'sL. It is clear 
that D is a neighbourhood of the diagonal in © X G>. Moreover, D 
may be represented as the union of the sets {<t\ X TV, (tS©. Since 
each of these sets is connected (and meets the diagonal of © X 
which is connected), it follows that D is connected. 

If (o-, T)e/), we denote by the mapping a —> 7 ?(r(r-*)a of H into 
itself. If {a, t), (t, p) and {<t, p) are all three in D, we have 

= 7]{p<T-^)a - v{pr~^)v{T<T~^)a - ^rp(v’tfp(a)) 

We can therefore apply Theorem 2 and obtain a mapping i/' of © into 
H such that ^(e) is the neutral element of H and such that 

^(0 = vir<T-')yi'{<r) 

whenever ra-'eV. Putting tr = t, we see that ^ coincides with g on 
V. The formula xhUa) = holds when ^zV. Since & is 

connected, every pe® may be written in the form Ti ’ ' * with 
f,61^(1 ^ i ^ h) (this follows easily from Theorem 1, §IV, p. 35 if 

we observe that V P-* is a neighbourhood of e). An easy induction 
shows that 

* * • fAff) = ^(fi) * • • ^(U)^(ff) 

Putting ff = e, we get ^(p) = ^(fi) • • • ^(fO, whence ^(pa) = 
Hp)H<^) is a homomorphism. Theorem 3 is thereby proved. 

Scholium. Let & be a simply connected topological group. If a 
connected topological group @i is locally isomorphic to ®, is isomorphic 
to the factor group of (!d by a discrete subgroup of the center of 

Let be a local isomorphism of a connected neighbourhood of the 
neutral element e of @ into ©i. Then rj can be extended to a homo¬ 
morphism ^ of 05 into ®i. Because rh is & homomorphism and is 
continuous at the neutral element, ^ is continuous everywhere. 
(Cf. Proposition 5, §III, p. 35.) The set ^(05) is a subgroup of 05i 
and contains a neighbourhood of the neutral element <1 of 0 ii; 
being connected, it follows that ^(®) = 05i (Cf. Theorem 1 , §IV, 
p. 35). Because ^ maps a neighbourhood of e in 05 onto a neighbour¬ 
hood of €i in C5i, ^ maps any open set onto an open set. It follows 
easily that 05i is isomorphic to &/K, where K is the kernel of 
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There exists a neighbourhood of e in ® whose intersection with K 
contains only e; therefore K is discrete. The fact that K belongs to the 

center of © follows from 

Proposition 2. A discrete distinguished subgroup K of a connected 

topological group belongs to the center of 

Let K be any element of K. Let N he a neighbourhood of a in @ 
such that N^K = and let V be a neighbourhood of e in ® 
such that VkV-^ C Because K is distinguished, we have trAff"' = « 
for all <tEV. The elements of © which commute with k form a subgroup 
G' of G) which contains V. Since © is connected, we have G' = 
Proposition 2 is thereby proved. 


The PoiNCARfi Group, covering Groups 


Let 35 be a space which admits a simply connected covering space 
(i.o. a covering space (Sj) such that ® is simply connected). We shall 
then prove that this covering space is unique, except for isomorphisms. 

We must first prove 

Proposition 1. Let he a simply connected space. Let ^ be a 
space, and assume that (S, /) is a covering space of 35, Let if>bea con¬ 
tinuous mapping of 3B into 35. Then there exists a continuous mapping 
ip of n into S such that ^ = f o ip. If Wo is a point of 30 and if po 
is any point of S such that fipo) = Po = <P may be constructed 

so as to map w, upon po, and is then uniquely determined. 

Let be the set of pairs {w, p)e3B X ® such that ^(le) = /(P). f he 
contraction to of the projection of 30 X 35 onto S is a continuous 
mapping of X. onto 30. If u’S30, we can find a connected neigh¬ 
bourhood U of p - <p{m) in 35 which is evenly covered by 35, let K 

be the components of / (V), running over some set of indices. Let 
T7 be a connected neighbourhood of ic m 30 such thaW(W) C L. d 
we denote by the point (ic'. pj. where__p. is pomt o 

defined by fip') = The mapping w -> w, maps IT continu 

olw upon a iset of S. and Uw.) is the pointIt follows 

that maps fK. topologically onto W. The seW.(TF) is the union 

of the sets W,', if 1^' is any connected subset of i>x{W), the mapping 


(w «) -»p maps W' onto a connected subs_et of / (T), i.e. upon a 
subset of some f. It follows that the sets TIL are the components of 

^i{W) and that W is evenly covered by 3ci with respect to rpi. 
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Let X be the component of (wjo, po) in Xi, and let (/' be the contrac¬ 
tion of \J/i to X. By Lemma 5, §VI, p. 42, (X, is a covering space 
of SB. Since SB is simply connected, is a homeomorphism. We 

can now define by the formula \p {w) = {w, ipiw)). It is clear that 
has the required properties. ^ The uniqueness of ^ will follow from 
Lemma 1. i4ssume that (S, /) is a covering space of a space 33. 
Let ip, ip be continuous mappings of a connected space S53 into $ such 
that fOip=fo^\ If ^(u?o) = ¥>'(wJo) for at least one point u'o, then 

<p =: (p\ 

Let A be the set of points such that ip{w) = tp'iw)] A is clearly 
closed and not empty. Lemma 1 will be proved if we can show that A 
is open. If wjs. 4, then v = f{<p{w)) has a neighbourhood V which is 

evenly covered by The component V of ip{w) = ,p'(w) in f {V) 
is a neighbourhood of ip{w) in 33 (Cf. Lemma 1, §\T, p. 41). It 
follows that there exists a neighbourhood W of uj in 3B such that 
ip{W) Q f, tp'iW) Q V. Because f maps V topologically, w'zW 
implies ip{w') = ip‘{w’), whence \V .4: Lemma 1 is proved. 

Remark. The statement of Proposition 1 is to a certain degree 
similar to the principle of monodromy. In fact, Proposition I can 
be deduced from the principle of monodromy in the case where we 
assume that SB is normal. 

Let now (®, /) and (33', /') be simply connected covering spaces 
of a space 33. Let p be a point of 33, and let p, p' be points of S, 33' 
respectively such that /(p) = p, /'(p') = p. By Proposition I, 
there exist continuous mappings; ^ of 55 into 33', and ip' of S' into 35 
such that 

r^<p = f; f^^'=f'; <p{p) = P'; *p'{P') = p 

Then, ip' o tp is a continuous mapping 0 of S3 into itself such that 
fo 6 = f and 0(p) = p. By Proposition 1, 0 is the identity mapping 
of In the same way, we see that tpO ip' \s the identity mapping 

of S'. It follows that is a homeomorphism and that <p' = We 
have proved 

Proposition 2. If a space S3 admits a simply connected covering 
space, it admits only one {except for isomorphisms). 

Let us furthermore apply our previous considerations to the 
case where 33 = ®', / = /'. We see that, if p, p' are points of ® 
such that/(^) = f{p'), there exists a uniquely defined homeomorphism 
^ of S with itself such that f o tp = f^ ,p{p) = p\ 
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Definition 1. Let ^ be a space which admits a simply connected 
covering space /). The group of those homeomorphisms ^ 0 / S with 
itself such that /o^ = / is called the Poincare group (orfundamental 
group) of 53. 

'Phe Poincare groups of any two simply connected covering spaces 
of the same space 53 are isomorphic (as follows immediately from 
Proposition 2). If we think of the abstract group which is isomorphic 
to the Poincare group of any simply connected covering space, we call 
this group the Poincare group (or fundamental group) of 53. We have 
proved 

Proposition 3. Assume that the space 53 admits a simply connected 
covering space (!S, /). If p, p' are points of S such thatfip') = f{p), 
then there exists a uniquely determined operation of the Poincari group 
of 53 which maps p upon p'. 

Lemma 2. Let 53i, 552 be two spaces; assume that ($i,/i) is a covering 
space of "iSi (i = 1,2). lfwesetj(vi,h) = ifi{vi),f 2 (v 2 )),th€n(^iX^ 2 , 
f) is a covering space 0 / 55i X 552. 

Let V = (ui, 1 ^ 2 ) be any point of 53i X 532- We can find a neigh¬ 
bourhood Vi of with respect to 53< which is evenly covered by 53i 

-1 

(f = 1, 2). If Vi is any component of fi(Vi) (i = 1, 2), / maps 

Vi X V 2 topologically onto Pi X P 2 . The set Vi X P 2 , being con- 

^ -1 

nected, is contained in a component P of / (Pi X P 2 ); the projection 

of Si X ®2 onto maps P into a component of /i(Pi), whence 

-! 

f = f 1 X P 2 . Any point of /(Pi X P 2 ) belongs to a set of the 
form Pi X P 2 ; it follows that the sets Pi X P 2 are the components of 

/ (Pi X P 2 ) and that Pi X P 2 is evenly covered by ffii X ®2 with 
respect to /. Since ®iX S 2 is connected and locally connected, 
Lemma 2 is proved. 

Proposition 4, Asswmc that the spaces 55i, 532 both admit simply 
connected covering spaces. Then 58i X 552 admits a simply connected 
covering space and its Poincare group is isomorphic to the product of 
the Poincare groups of 53i and 532. 

Let (53i, /,) be a simply connected covering space of % (i = 1, 2). 

If we define the mapping/ as in Lemma 2, (®i X ® 2 , /) is a covering 
space of 55i X 552, and is simply connected by Proposition 1, §VII, 
p. 45. Let Fi be the fundamental group of (®i, /.) (i =1, 2); if 
iPiSFi, the mapping of ffii X S 2 into itself defined by ^>(^ 1 , V 2 ) = (<piivi), 
^ 2 ( 1 ^ 2 )) clearly belongs to the Poincari group F of (®i X ® 2 , /). The 
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mapping (v?i, ^ 2 ) <p is easily seen to be an isomorphism of Fi X F 2 
with a subgroup of f". If (yi, V 2 ) and (iJi, yj) are any points of Si X S 2 
such that f{vi, Vi) = /(y^, yj), we have /i(y.) = fi{v[) {i = 1 , 2 ), and 
there exists an element ipiZFi such that ipi{vi) = y'. The operation ,p 
of F which corresponds to (^i, ^> 2 ) maps (yi, V 2 ) upon {v\, v^). Taking 
Proposition 3 into account, it follows that the mapping SP 2 ) -♦ 
maps Fi X F 2 onto F. Proposition 4 is proved. 

Let us now consider the notion of a covering space in the case 
where the space which is covered is a topological group. 

Definition 2. Let & be a topological group. By a covering group of 

we mean q pair (iS, f) composed of a topological group ® and of a 
homomorphism f of ^ into @ such that (©, /) is a coyenn^ space of 

Proposition 6 . vlssume that a topological group @ has a simply 
connected covering space (®, /). It is then possible to define a multipli¬ 
cation in ® which turns the space ® into a topological group and the 
covering space (®, /) into a covering group. 

Let € be the neutral element of and let e be any element of (S 
such that/(e) = e. The space ® X © is simply connected (Proposi¬ 
tion I, §VII, p. 45); by Proposition 1 above, there exists a continuous 
mapping of ® X ® into & such that /(^(5, f)) = f(d){f{f))-\ 
i) = i. We have f{ip{a, i)) = /(of) and v»(e, e) = e. Making 
use of the uniqueness statement in Proposition 1 (applied this time 
to the mappings ->/(^(ff, e))), we conclude that <p{a, e) = 5 -. We set 

f) fff — 

whence /(f“*) = (/(f))-^ /(af) = /(a)/(f). Making use again of the 
uniqueness statement in Proposition 1 , we derive easily the formulas 
(5f)p = a(fp), ffg = ta = The continuous mapping a maps 

the connected space ® into the discrete space / (t) and maps e upon 
itself, whence = i; in the same way, we would prove that cr“‘^ = e. 
It follows that our law of composition (cr, f) df turns S into a 
topological group: Proposition 5 is proved. 

The law of composition which we have defined in ® depends upon 
the choice of 1 . Neverless, we shall prove 

Proposition 6. If a topological group admits a simply connected 
covering group (®, /), this covering group is unique except for isomor¬ 
phisms; i.e. if ((S', /') is an other simply connected covering group of ®, 
there exists an isomorphism $ of the topological group ® with (S' such that 
f = f'od. 

Let t, e', e be the neutral elements of (S, ®', @ respectively. We 
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can find noiglibourhoods V, V', V of c, e', e such that the contractions 
of /, /' to r, V arc local isomorphisms 'of these sets with V. It 
follows that wo can find a local isomorphism $ of V with V' and a local 
isomorphism 6' of with V such that d' o $ and 6 0 $' are the identity 
mappings of \’, 1 " respectively and furthermore such that f' o 6 
coincides with / on V. By Theorem 3, §VII, p. 49, 6 and 6' may be 
extended to homomorpliisms of ® into 0 ' and of into (S respec¬ 
tively; we shall also denote by 6, 6' these extended homomorphisms. 
Because V, V are sets of generators of 0), respectively (Theorem j, 
§l\', p. 35), 6' o 6 and doe' are the identity mappings of ® and 
respectively. It follows that 6 is an isomorphism of ® (considered 
as a topological group) with S'. Aloreover, since/and/' o 6 are both 
homomorphisms of W into GJ, they coincide everywhere. Proposition 6 
is thereby proved. 

Proposition 7. .Issiimc that the topological group © admits a simply 
connected covering group (©, /). Then the Poincare group of © is 
isomorphic to the kernel of the homomorphism f; in particular, this group 
is abelian. 

Let D be the kernel of /; if the left translation (ps associated 
with 5 in © is a homeomorphism of © with itself such that/o (pi = /• 
It follows that (pi belongs to the Poincar^ group of (©,/). Making use 
of Proposition 3 above, we see easily that the mapping 5 is an iso¬ 
morphism of D with the Poincar^ group of (©, /). Proposition 7 
then follows from Proposition 2, §VH, p. 50. 

glX. Existence of Simply Connected Covering Spaces 

Definition 1. A space 35 is said to be locally simply connected if 
every point of 35 has at least one simply connected neighbourhood. 

Observe that we do not require that every neighbourhood of the 
point should contain a simply connected neighbourhood. 

A locally simply connected space is of course ipso facto locally 

connected. 

Theorem 4. Let 35 he a connected and locally simply connected space. 

Then 35 has a simply connected covering space. 

We select arbitrarily a point roSSS. By a specified covering space 
of 35 we shall mean a triple (®, such that (^, /) is a co\ering 

space of 35 and iJ® is a point of © with f{v^) = t-o. Two specified 
covering spaces (S, v\ f) and (Si, v\, fi) are said to be of the same 
type if there exists a homeomorphism t; of 35 with such that /i o 
_ j and T 7 (y®) = We know that we can construct a set of covering 
spaces of 35 such that every covering space is isomorphic to one of 
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them; it follows easily that we can construct a complete system of 
representatives ('Sa» vl, /„) for all types of specified coverinji; spaces 
{a running over some set of indices). Let Xi be the subset of the 
product space n„$a composed of those elements x = (■ • • i}„ ■ • ■) 
for which the faiva) are all equal; if xsXi, we denote by /*(x) the 
common value of the elements/a(i)a). It is clear that/* is a continu¬ 
ous mapping of Si onto and that the point x“ = (■ ■ • • • •) 

belongs to Si. 

Let y be a point of iB, and let V be a simply connected neighbour- 

-1 

hood of V. We denote by Va.^ the components of /<, (L), v running over 
a set of indices Na which depends on a. It follows immediately 
from Lemma 5, §VI, p. 42 tht /a^ maps each Va.p topologically onto 

Now set Z - IT«.Va; if ^zZ, we denote by ^{a) the a-coordinate of f 
and set 

Let /f be the contraction of f* to Vf. It is clear that /f is univalent 
and continuous. On the other hand, if vzV, the a-coordinate of 

-• I 

/r (y) is the point of Va.^ia) which is mapped on v under/«; this point is a 

-1 

continuous function of v, and it follows that /f is continuous. There¬ 
fore/^ is a topological mapping of Tf onto V. In particular, we see 
that Ff is connected. Clearly, 

/*(F) = Ure;^ I'r 

If we assign to every X = (• • • ya • • the clement (/*(x) = Va, 

we obtain a continuous mapping g* of X| into Tlie set g*{Va.y) 
is the union of the sets for which f(a) = v. U R is anv component 

of f*(V), ga{R) is a connected sub.set of fa (F) and is therefore con- 

tained in some Fa.». It follows that each Ff is a component of /*(F) 

-i 

and that the components of g*{Va.y) are the sets Ff such that {"(a) = v. 
I* rom the facts that /f is a homeomorphism and that/a and g* arc con¬ 
tinuous, we deduce easily that j/* maps Ff topologically onto Va,^(a). 

Let be the space which has the .same points as Xi, and, for open 
sets, the unions of components of open sets of Xi (cf. Lemma 6, §VI, 
p. 43). Then X[ is locally connected. Every point of 55 has a 
neighbourhood which is evenly covered by X[ with respect to /*; 
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every point of has a neighbourhood which is evenly covered by Xj 
with respect to g^. Let X be the component of in X[, and let / 
and Qa be the contractions of /* and g* to X. Then (X,/) is a covering 
space of 3? and (X, go) is a covering space of ©„ (cf. Lemma 5, §VI, 
p. 40). Theorem 4 will be proved if we can show that X is simply 
connected. 

Let (X, i(>) be a covering space of X. We shall see that (.X, / o v?) 

is a covering space of 33. Let x be any point of X, and let F be a 

simply connected neighbourhood of f{x) in 53. Denote by V the 

-1 

component of x in /(F); then it follows from Lemma 1 and 5, §VI, 
p. 40 that F is a simply connected neighbourhood of x in X and is 
therefore evenly covered by X with respect to <p. This proves our 
assertion. 

Let x“ be a point of X such that ^(x®) = x®. Then (S, xo, / o 
is a specified covering of 33, and, as such, it is of the same type as 
vl, fa) for some a. There exists a homeomorphism h of with 
X such that {f o ,p) o k = fa and /i(i;®) = x®. We set ^ = <po h; then 
(Sa, ^) is a covering space of X. We have ^(yj) = xo and / o ^ = /«. 
In order to prove that ^ is a homeomorphisna, it will be sufficient to 
prove that ^ is a homeomorphism. The mapping o ^ maps 33« 
continuously into itself, and we have /« o o = / o ^ = /„, 
iga o ^)(i^a) = y®- By Lemma 1, §VIII, p. 50, it follows that 
is the identity mapping of which proves that ^ is univalent. 
Since (5a, ^) is a covering space of X, it follows that ^ is a homeo¬ 
morphism. Theorem 4 is thereby proved. 

§X. THE PoiNCARfi Groups of some Special Spaces 

Proposition 1. The additive group R of real numbers is simply 
connected. 

Let /) be a covering group of R. We can find a neighbourhood 
F of the neutral element in R which is mapped topologically by / 
upon an interval )—a, 4-a( in R (with a > 0). Because/ is a homo¬ 
morphism, the elements of F/(]—a/2 , -|-a/2[) commute with 
each other. It follows that R is abelian; we shall write the law of 
composition in R additively. Let d be an element of R such that 
fid) = 0; we may write d in the form <3i + * ■ * + (?* with ieF 
(1 ^ f ^ h). Set f{di) = di\ we have + • ■ * + = 0. Let k 

be an integer such that + * • * + d*)! < a (1 ^ ^ A), and 

let ti be the element of F which is mapped upon fc-'d.- by /. Because 
/ is a local isomorphism, we have f{£\ + • ■ * + 5a) = /(5i) + ' ‘ ' 
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"1 “ /(^a) = 0 ) whence + • * • + = 6 (where 0 is the neutral ele¬ 

ment of R). Again because / is a local isomorphism, we have = kxi, 
whence(3 = 2^^ = kZii = 0. This proves that/is univalent. Propo¬ 
sition 1 is thereby proved. 

Lemma 1. Assume that (S, f) is a covering space of the space 93. 
Let A and B he two closed, connected and locally connected su6se(s of 35 
which are both evenly covered by © vnth respect to f. If A^ B is 

connected and not empty, the set A\y B is evenly covered by S. 

^ -1 

Let A, be the components of / (A), v running over some set of 
indices N (we assume that A, ^ for v ^ v'). Set C = A ^ B, 

A, ^ f (C) = C,; we know that / maps A, topologically onto A; 
it follows that / maps C, topologically onto C. In particuhir, C, is 
connected; as such, it belongs to a uniquely determined component 

Rp of / {B). It is clear that B, ^ for v v' and that every 

component of / (B) occurs among the sets B,. We set R, = A„ yy B„ 
tp = \J R, is clearly a closed set. We haveL, = (11./,^, A,>) 

^ ((jp'jip By); we know that A, is relatively open in /(A) and that 

B, is relatively openjn/ {B) jCf. Lemma 5, §VI, p. 40). It follows 

that the sets A„ By, and therefore also L„ are closed. 

Because R,\yL,— f {A \y B), R, is relatively open and closed 

in^ f {A\y B). It follows that the sets R, are the components of 

f {A\^ B). If f, is the contraction of / to R„ {R„ /,) is a covering 
space oi A \y B (Lemma 5, §VI, p. 40). On the other hand, /, maps 
R, in a univalent way. In fact, assume that f{p) = f{p'), with p, 
p'zRp, If p, p' belong to the same one of the sets A„ B„ we have 
clearly p = f; if not, we have fip) = f{p')&C and again p ^ p' 
because f, maps both A, and B, in a univalent way. It follows that / 
maps R, topologically onto A^ B: Lemma 1 is proved. 

Proposition 2. Any interval in R is simply connected. 

Let us consider first the case of the half-open interval, 93 = ]a, fe] 
(where a < 6). Let (S, /) be a covering space of 35. There is then 
some closed neighbourhood [c, 6] of b evenly covered by 35. Now 
]a, b [is homeomorphic to R. It is easy to see that ]a, b [is evenly 
covered by Select a c' such that c < c' < b. Then ]a, c'] is 
evenly covered by S. The set ]a, c'] ^ [c, 6] = [c, c'] is connected 
and not empty. Therefore, using Lemma 1, we see that 35 is evenly 
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covered by 53. It is then easy to see that 55 is simply connected. A 
similar argument now applied to a instead of b shows that [a, 6] is 
simply connected. Proposition 2 is proved. 

Corollary. The product of a finite number of intervals in R is simply 
connected. 

It follows that an open or closed ball in i?” is simply connected 
(the open ball of center p and of radius r is defined to be the set of 
points whose distances from p are <r; the closed ball is the adherence 
of the ’open ball). 

Proposition 3. The Poincare group of 5* is isomorphic to the additive 
group of integers; if n > 1,5’* is simply connected. 

5' is homeomorphic to T\ which is the factor group of R by the 
group of integers. Since R is simply connected, the Poincar^ group 
of 7’* is isomorphic to the additive group of integers (Cf. Proposition 7, 
p. 50). If n > 1, we denote by A and B the subsets of 
defined by the conditions 


A: 
B: 

rfy 


Xn+l ^ 0 , 

Xn+l $ 0, 


= 1 
= 1 


The mapping (j 


In, x„+i) —> (Jl, 


Xn) maps A and B 


topologically onto a closed ball in R^; it follows that A and B are simply 
connected. The set A ^ B is homeomorphic to S'*”*, which is 
connected for n > 1. Proposition 3 follows therefore from Lemma 1. 

Proposition 4. Let & be a connected and locally connected topological 
groupy and let § be a closed locally connected subgroup of Let So 
be the component of the neutral element in Then there exists a mapping 
f of (^/^o into ©/§ suck that /) is a covering space of 

If is distinguished, /) ^s a covering group of 0)/^. 

Since § is locally connected, we know that §o is relatively open 
in (Proposition 1, §VI, p. 40). It follows that there^exisU a 
neighbourhood V of the neutral element in ® such that P V § 
Q § 0 . We may assume without loss of generality that V is open and 

connected. i m / - 

Let w and wo be the natural mappings of G) onto and @/^o 

respectively. If ue®/^o, u is a coset modulo say « = a§o: this 
coset is entirely contained in the coset modulo \i w = we 
set = /(«). Then / is a mapping of onto Since ^ 

and 030 are both continuous and interior, it is easy to see that / is 
continuous and interior. 

If ae®, we set Wia) = w(<rF). We select a complete set of repre¬ 
sentatives A for all cosets of $ modulo 've have § = 
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The set /(TF(a)) is the union of the sets iT'sCa) = dioC^Va), 6zX Eacli 
of these sets is mapped onto TE(ff) by /. The sets ]Vsia) are mutually 
disjoint and each of them is mapped in a univalent way by /. In 
fact, assume that a)(o'ri5) = w((T 7 - 25 '), ti,t 2 £V, 8,8'eA. We have aTi8 
= T/e^, whence tJVi = On the other hand, 

belongs to whence Q §o. If we assume 5 = 8\ 

we see that t;S^o (we know that v’po is a closed distinguished subgroup 
of cf. Proposition 1, §IV, p. 35), whence (I>o(ffri5) = wo((Tr 25 ), 
which proves that each is mapped in a univalent way. If, on 
the other hand, we assume that wo(o'ri5) = wo(<tt 25 '), we have tjsJOo, 
whence 5 ' 7 ; 5 -' 65 '§o 5 -> = (5'§o5'-0(5'5"‘) = we therefore have 

^ 4>, whence 6 ' = 8. This proves that the sets Wiia) 
are mutually disjoint. 

Each is open in ©/§o; therefore / maps onto W{<r) 

in a continuous, interior and univalent way, i.e. toi)ologically. Since 
each Wi{a) is connected (it is a continuous image of ffV8), we see that 

the components of / (W(ff)) are the sets #i(ff). If follows immedi¬ 
ately that (@/^o, /) is a covering space of 

If S is a distinguished subgroup of is also distinguished. 

In fact, if <r£®, is a connected subset of § and contains the 

neutral element, whence Q ^o- Furthermore, the mapping / 

is clearly a homomorphism of OV-?>o onto ®/§. Proposition 4 is 
thereby proved. 

Corollary 1. The notation being as in Proposition 4, if is 
simply connected^ then § is connected. 

In fact, if ®/f> is simply connected, / must be univalent, whence 
§ = ^ 0 . 

Corollary 2. Let be a connected and locally connected topological 
group. Ifj ^ is a discrete distinguished subgroup of ©, ayid if f is the 
natural mapping of @ onto ©/§, then (W, /) is a covering group of^/fip. 

Using the notation of Proposition 4, it is clear that ©/§o = © 
and that the mapping / which has been constructed in the proof is 
the natural mapping of (^ onto 

Proposition 6. Let ® 6c a connected and locally connected topological 
group, and let ^ 6e a closed locally connected subgroup of (y. Assume 
that is simply connected and that © and fp are locally mnply con¬ 
nected. Then the Poincari group of 0 is isomorphic to a factor group 
of the Poincar^ group of 

Let ((y, g) be a simply connected covering group of ©. We set § 
= ff (^): it is clear that g maps every coset of ® modulo § onto a coset 
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of ® modulo § and maps two distinct cosets onto two distinct cosets. 
Let fa) and <5 be the natural mappings of © and ® onto and 
respectively; we see that there exists a univalent mapping g* of 
onto such that 

From the fact w and c5 are continuous interior mappings, it follows 
immediately that g* is also continuous and interior. Therefore g* 
is a homeomorphism, from which we conclude that is simply 
connected. 

The group $ is locally connected. In fact, let F be a neighbour¬ 
hood of the neutral element € of ® which is mapped topologically 
by g. The set g{V) ^ § contains a locally connected neighbourhood 

IT of e - g{i) with respect to The set Vg (Tf) is homeo- 

morphic to TF, and therefore locally connected; this set being a 
neighbourhood of e with respect to our assertion is proved. 

It follows from Corollary 1 to Proposition 4 that ^ is connected. 
Let ^0 be the contraction of ^ to it follows from Lemma 5, §VI, p. 40 

that (§, ffo) is a covering group of §. 

The Poincar^ group of @ is isomorphic to the kernel F of the 
homomorphism g, and we have F Q Let now ($i, gi) be a simply 
connected covering group of It is easy to see that we can find 
a local isomorphism 77 of a connected neighbourhood Wx of the neutral 
element of §1 into a neighbourhood of the neutral element of ^ such 
that g^{-n{p)) = gM for all pSlFi. By Theorem 3, §VII, p. 50, we 
can extend 77 to a homomorphism A of §1 into §. JThe set of elem^ts 
pe$i' for which ffo(/i(p)) = ffi(p) is a subgroup of and contains Wi; 
by Theorem 1 §IV, p. 35 it follows that this set coincides with $ 1 . 
whence g,oh = gi. Let F, and H be the kernels of the homomor- 
phisms gi and h respectively; the kernel of being F, it is clear that 
F is isomorphic to Fi/H. Since Fi is isomorphic to the Poincar^ group 

of Proposition 5 is proved. , ^ xu * xu u ■ x 

It follows immediately from Propositions 3 and 5 that the Poincar^ 

groups of SO(n) (for n ^ 3), SU(n) and Sp{n) (for n > 1) are isomor¬ 
phic to factor groups of the Poincar^ groups of SO(n 

and Spin - 1) respectively (Cf. Propositions 2a, 3, 4, §III, p. 9). 
The group SUil) contains only one element and is therefore simply 
connected. The group 5p(l) is isomorphic with and therefore 

simply connected. Thus: « , ^ . , . j 

Proposition 6 . The groups SUin) and Spin) are simply connected 

for every n ^ 1 . 
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The Poincar^ group of SO(3) is of order 2 by Proposition 1 , §V, 
p. 35. Therefore, for every n > 3, the Poincar^ group of »SO(n) is of 
order either 1 or 2 ; we shall prove in the next section that this group 
is actually of order 2 . 

We pass now to the consideration of V{ti). We represent by p{<p) 
the matrix 

exp 27r \/^ (p 0 . 0 

I 0 1 . 


' 0 

The matrices of the form p(^) form a subgroup g of U{n) which is 

isomorphic with TK Let c be any matrix of then Q is of 

absolute value 1 , and therefore there exists a number (p such that 
c = p{tp)r, TSSU{n). Since g ^ SU{n) contains only the unit matrix, 
every azU(n) may be written in one and only one way in the form 
<T - pT, p 6 g, TgiSL^Cn). The mapping (p, r) —> pr of g X SU{n) onto 
U(n) is continuous and univalent; since g X SU{n) is compact, our 
mapping is a homeomorphism, and we have proved 

Proposition 7. The underlying space of U{n) is homeomorphic to 
T* X SU{n). The Poincar^ group of U(n) is isomorphic to the additive 
group of integers. 

§XI. The Clifford Numbers. 

Let iC be a field of characteristic We shall construct an 

algebra o over K, which will contain a unit element eo and which 
will be generated by co and by n other elements ei, • • • , (where n 
is any integer > 0 ) such that the identity 

holds for any xi, • • • , XntK\ i.e. we shall have 

( 1 ) CoCo = eo: fioCi = Cieo = CiC/ + e,ei = 0 {i ^ j) 

A = -Co (1 ^ i,j ^ n) 

It follows easily that every element of o will be a linear combination 
of eo and of the products e„ • • • e,^, with 1 ^ < • • • < ^ n. 

We now proceed to the actual construction of o. To every subset 
A of the set iV = { 1 , 2, • • • , n| we associate a symbol Sa, and we 
consider these symbols Ba as forming a base of a vector space over K. 
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This vector space has therefore the dimension 2''. If A and B are 
two subsets of N, we denote by A -h B the set of those elements which 
occur either in A or in B, but not in both. If jsN, we denote by 
p{A, j) the number of elements UA such that i ^ and we set 

p(A, B) = 2,eBp(A, i) r(A, B) = 

We define the multiplication of the basic elements Ca by the formula 

SaSb = r(-<4, B)eA-\.B 

We shall prove that this multiplication is associative. Let ^ be the 
field of characteristic 2 with 2 elements 0 and I; if i4 Q N, we denote 
by Ja the mapping of N into .it defined by /^(t) = ./ if izA, /aCO = 0 
if i does not belong to A. Since 1 A- 1 = 0, we have/x+B = /a + fa, 
whence/(^+fl)+c — /a fa fc = Ja+cb+c) and {A A~ B) A~ C = A A" 
(B + C). 

On the other hand, we have 

p{A, BA-C) = 2,£b+cP(/1, i) ^ p{A, B) + p{A, C) (mod. 2) 

p{A A- B,C) = li^cpiA + B, j) ^ p(A, C) + p{B, C) (mod. 2) 

and it follows that (eAeB)cc and e^(cB€c) are both equal to 

r(A, B)r(B, Cn(A, OeiA^BUc. 

We have therefore defined an associative algebra o over K. If we 
set Co = e^, Ci = C|,-| (1 $ f ^ n), we have 

eA = e.-, ‘ ' ei„ if A (ii, ■ * • , 7m|, n < * * * < «m. 

and the formulas (2) hold. 

The elements of the algebra o are called the Clifford numbers. 

Now we shall determine the center of o and the ideals in o. To 
every h{l ^ h ^ n) we associate the linear mapping Qh of o into 
itself defined by Qh{x) = ^(j: - CaXcO. We shall compute Q^(eA); 
denoting by 5 (^ 4 ) the number of elements in A, we find easily that: 

if s{A) = 0 (mod. 2), then Q,(e^) = 0 if hsA, and Qa(ca) = 

if h does not belong to A; 

if s(A) = 1 (mod. 2), then QkM = ca if heA and Qft(eA) = 0 if h 
does not belong to A. 

Let Q be the linear mapping Qi o • • ■ o If n = 0 (mod. 2), 
we have Q(€o) = co, Q(^a) = 0 for A 9 ^ <l>. If n = 1 (mod. 2), we 
have Q{eo) = eo, Q(e.v) = e.v, Q(^a) = 0 for A N. It follows in 
particular from this that e.v belongs to the center of 0 if n = 1 (mod. 2 ). 

Let c be the center of 0. If x£c, we have Qa(x) = x for every h, 
whence Q(x) = x. It follows immediately that c = Keo if n is even, 
and C = Keo + Keif if n is odd. 

Let now a be any ideal {0} in 0 , and let x = XaCaSa be any 



§XI) 


THE SPINOR GROUP 


63 


element ^ 0 in a. Assume that 7^ 0; then ej’ x — 2 aC^Ca belongs 
to a, and the same holds for We have 7^ 0. If n is even, 

we have Q(eJoX) = c^co, whence CoSa and therefore a = 0. We have 
proved 

Proposition 1. If n is even, the center of the algebra of Clifford 
numbers is Keo {where K is the basic field). The only ideals in the 
algebra are |0) and the whole algebra. 

If n is odd, then QCejJx) = c^eo + c^e.w. It is easy to see that 

= (_ l)»Cn+i)/2^ If (_i)n(n+i)/2 jg jjQf ^ squarc in K, the center 

c = Kcq + KeN of 0 is a field; since a c is an ideal 7^ |0) in c, we 
have c = c, whence a = 0. Assume now that ( —i)’‘<'‘+o/2 _ 
jzK. Then the elements u = + jc.v) and y = i(eo — je,v) are 

orthogonal idempotents in c (i.e. j,2 — ^ye 

have c = Ku + Kv. The ideals 7^ (O) in c are Ku, Kv and c. It 
follows that a contains one of the elements u and i'. Assume that a 
contains u; if there exists an element y£a such that x = yv 7^ 0, then 
a ^ c contains Q(ca» 3:) = Q(c7*y)yeA'y (observe that v belongs to the 
center, whence Q{zv) = Q(z)v for every 2). It follows that, if u£a, we 
have either a = (o| or ay = (0|. In the latter case, we have clearly 
a = ou. We have proved 

Proposition 2. If n is odd, the center of the algebra of Clifford num¬ 
bers is Keo + Ke.w. If (— l)’‘t’*+o/2 (g ^lot a square in K, the only ideals 
in 0 are {0} and 0. //( — I) "O'+o/a = j^K, the ideals in 0 are (0), 

0, ou and ov, where u = \{eo + j^N), v = ^{eo — je^). 

If a-£0, the mapping y —> 0{x)y = xy is a linear endomorphism 
of the vector space 0 over K. After having arranged the basic ele¬ 
ments Ca in a certain order (in an arbitrary way), we can represent 
this endomorphism by a matrix of degree 2'*; we shall also denote this 
matrix by 6{x). We obtain in this way a representation of the algebra 
0 by matrices; this representation is called the regular representation. 
We shall denote by A(x) the determinant of d{x). If n is odd, we 
denote by K' the field obtained by adjunction of to K; the linear 

combinations of the elements Sa with coefficients in K' form an algebra, 
which is the algebra 0' of Clifford numbers over K'. The matrix 6{x) 
may be considered as defining a linear endomorphism of o'. If we set 
u' = + je^), v' = ^(eo — jzs) (where j is an element of K' such 

that it jg clear that d{x) maps into themselves the 

subspaces o'u and o'y of o'; we shall denote by B'{x) and 6"{x) the 
contractions of $(x) to o'u and o'y, and by A'(x), A"(x) the determinants 
of the endomorphisms 0'(x), 0"(x). If D is any one of the functions 
A, A', A", we have D{xy) — D{x)D{y). 
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An element xEo is said to be regular if it has an inverse, i.e. if there 
exists an element such that xx~^ = x-^x = cq. If x is regular, 
we have A(x)A(x“^) = 1, whence A(x) 0. Conversely, if A(x) 0, 
^(x) is a regular matrix, and therefore ^(x) maps o onto itself in a 
univalent way. It follows that there exists an element x~^ such that 
xx“^ = Co] we have x(x~^x) = x = xeo, whence also x“*x = €o: x is 
regular. 

We shall now assume that the basic field K is the field R of real 
numbers. The regular elements of o form a multiplicative group which 
we shall denote by o*. The contraction of 8 to o* is a faithful rep¬ 
resentation of 0 *. 

If xso*, the mapping y—> xyx~^ is an endomorphism of o, which 
we may also represent by a matrix ^(x). The mapping x —> ^(x) is a 
representation of o* whose kernel is the intersection of o* with the 
center c of o. 

If we assign to an element x = of o the point of R^" whose 

coordinates are the coefficients Ca (after having arranged the sets A 
in some order), we obtain a one-to-one correspondence between o and 
R^ . We may define a topology in o by the requirement that this 
correspondence shall be a homeomorphism. The operations in o 
(addition, multiplication between elements of o, multiplication by real 
numbers) are obviously continuous with respect to this topology. 
Furthermore, if xso*, x~^ is a continuous function of x. In fact, we 
have seen that x~^ is the unique solution of the equation 6(x)y — eot 
since the coefficients of the matrix ^(x) are linear functions of the 
coefficients Ca of x, the coefficients of x“^, expressed as a linear combina¬ 
tion of the basic elements ex, are rational functions of the quantities 
Ca and the denominators of these functions are equal to A(x). Since 
A(x) 5*^ 0 on 0 *, x“^ is a continuous function of x on o*. It follows 
that 0 *, considered as a subspace of o, becomes a topological group, and 
that 6 and ^ are continuous representations of o*. 

We observe furthermore that the mapping x —*■ d(x) not only is 
continuous, but is a homeomorphism of o with some subspace of the 
space of all matrices of degree 2'* with coefficients in R. In fact, we 
have d(x)eo — x, which shows that the coefficients of x are also the 
coefficients of a certain column of the matrix 6{x). 

We have 

9 (co + :c + |-j + ■ ■ ■ + 1^) = «(eo) + e{x) + 1 (0(x)y + ■ ■ ■ 

+ (9(x))" 
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If m tends to infinity, the right side tends to exp 0(x). Therefore 
Co + a: + xV2! + * ■ • + x"'/m\ tends to a limit, exp x, such that 
0(exp x) = exp d{x). We have exp (x + y) = (exp x)(exp y) ifxy = yx; 
in particular (exp (—x)) = (exp x)“*, which shows that exp x£o*. 
We have (by Corollary 1 to Proposition 2, §11, Chap. I, p. 5) 
A(exp x) = exp Spd{x) 9 ^ 0. 

We shall now compute ^(exp x). The mapping yxy — yx 
is a linear endomorphism of 0 , which we denote by Z(x). Let ?/o be 
any element of 0 , and set y{t) = (exp /x)yo(exp (-ix)), where i is any 
real number. We have 

y{t + h) - (exp kx)y{t){exp { — kx)) 

= (co + /ix + • • ^^(^(co — /ix + • • •) 

whence 

^ = limA_o - — = xy{t) - y{t)x = X{x)y{i) 

We know that the solution of this differential equation (which is 
equivalent to a system of 2" linear homogeneous differential equations 
for the coefficients of y{t)) is given by the formula y{t) = (exp /X(x))j/o. 
Therefore we have 


i/'(exp tx) = exp (<A'(x)). 

Let SIR be the vector subspace of 0 which is spanned by Cl, • • • , 

We shall consider the set of those elements xSo* which are such that 
yp{x) maps SIR into itself. This set is obviously a subgroup of 0 *. 

Definition 1, Let G be the group of elements xeo* such that ^(x)(9R) 
C 9R, A(x) = 1 and {if n is odd), A'{x) = A"{x) = 1. The component 
of Co in G {considered as a topological subgroup of 0 *) is called the spinor 
group. This group will be denoted by Spiri (n). 

If X is any element of 0 * such that ^(x)9[R Q 9R, the contraction 
of ^(x) to 9R is an endomorphism of 3R which we shall denote by ^(x). 
If <p{x)ei = 2,1,a,iC,-, we have sf>(x)(21,XiC,) = 21iC;(2,l,ay.Xi). Since 
i/'(x) is an automorphism of the algebra 0 , we have ^(xX^^Xi^O^ = (^(x) 
(2r_iXie,-))2 = -2,l,(2.1,a|ixd2 ■ Co, whence 2,li(21,a>iX.)= = 21^x?. It 
follows immediately that (p{x) is represented by an orthogonal matrix 
in terms of the base {ci, • • • , en] of 9R. Therefore, we have <p{G) 
(] 0(n.); the mapping x —> ^(x) being clearly continuous, we have 
v>(Spin (n)) Q SO{n). We shall prove that ^(Spin (n)) = 50(n). 

Denote by 9 R 2 the vector space spanned by the elements eiCy with 
i 5^ j (1 ^ L i ^ n). The dimension of this space is n(n - l)/2. 
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We have 

[O if k 7^ z, j 

X{eie,)ek = |2e,- if k = i (1 ^ i, j, k ^ n,i 9 ^ j) 

if k=j 

It follows that, if xe^ 2 , we have X(a:)9[)? 3D?. We have proved 

that ^(exp lx) = exp <X(3:); it follows that j:S 3D?2 implies ^(exp ix)^ 
Q 9D? for every t. We have Sp 0(eiCy) = Sp 6 {ei) 6 {ej) — Sp d{ei) 6 {€i) = 
Sp d{€,ei); since 6 ;?,- + eye* = 0, we have *Sp 0(eiey) = 0 (1 ^ i, j ^ n; 
i 7 ^ j). By the same argument, we see that, if n is odd, Sp d'iciej) 

= Sp d(eiej) = 0. Making use of the formula exp U = exp SpU, we 

see that xe3D?2 implies A(exp x) = A'(expx) = A"(exp x) = 1. It 
follows that x63[li2 implies exp ixeG for all real t, and therefore also 
exp X e Spin (n). If x£2)?2, ve denote by Xi(x) the matrix which 
represents (in terms of the base {ci, ■ ■ ■ , c„l in 3D?) the contraction 
to 3D? of the endomorphism X{x). Since exp /Xi(x)£SO(n) for every /, 
Xi(x) is skew symmetric; the equality Xi(x) = 0 implies that x belongs 
to the center of 0 , whence x = 0. It follows that x—^Xi{x) is a 
univalent linear mapping of 3D?2 into the space of skew symmetric 
matrices of degree n. On the other hand, 30?2 and the space of skew 
symmetric matrices of degree n have the same dimension n(n— l)/2, 
so the latter is covered by the mapping. Since exp Xi(x)£<^(Spin (n)), 
it follows by Proposition 4, §11, Chapt. I, p. 5 that v?(Spin (n)) 
contains a neighbourhood of the neutral element in S0(n). But 
<p{Spm (n)) is a subgroup of SO{n), and SO{n) is connected; by 
Theorem 1, §IV, p. 35, we see that •p{Spm (n)) = <SO(n). 

Let ^1 be the contraction of <p to Spin (n). The mapping <pi of 
Spin (n) onto SO(n) is obviously continuous. This mapping is also 
interior. In fact, let F be a neighbourhood of co in 0 . Since the 
function exp x is continuous, there exists a neighbourhood C/ of 0 m 
3D?2 such that exp xsF for all xeC^ We know that, if X runs over all 
elements of a neighbourhood of 0 in the space of skew symmetric 
matrices, the set of the corresponding elements exp X is a neighbour¬ 
hood of the neutral element in SO(n). Therefore ^i(F^Spin (n)) 
contains a neighbourhood of the neutral element in SO(n), which 
proves our assertion. It follows immediately that SO(n) is isomorphic 
(as a topological group) with the factor group of Spin (n) by the 
kernel F of the homomorphism 

The elements of 0 which are mapped upon the unit matrix by s? 
are the elements of (7 ^ c (where c is the center of 0 ). If a is a real 
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number, we have A(aeo) = a~ ; therefore, the only elements of the 
form aeo which belong to G are ±eo. li n = 1 (mod. 4), we can write 

flCo + bes = (a — \/ — X b)u + (a + \/ — 1 b)v 

where u = ^(eo + >/ — l e.v), v = — \/ —1 e.v); since u is the 

unit element of ou, we have A'(») = 1, from which it follows easily 
that A'(aeo + bcs) = (a — \/—1 ^>)-' and similarly A"(aeo + bes-) 
= (a + "x/ —1 6)2" It follows that is the group of elements 

ufo + be-f such that (a + \/—1 b)‘ ' = 1; it is a cyclic group of 
order 2"'*. 

If 71 s 3 (mod 4), we find in the same way that A'(aco + bes) 
= (a + 6)2 *, A"(aeo + bes-) = (a — b)^" \ It follows that c 
is composed of the elements ±€o, ±f. 

In any case, the group F, which is a subgroup of G c, is a finite 
group. It follows that F is discrete; therefore (Spin (a), v>i) is a 
covering group of 50(n). An easy computation gives exp /eiCj 
= (cos t)eo + (sin it follows that —Co = exp 77 ^ 1 ^ 2 $ Spin (n), 

whence —eazF. Since F contains an element the group SO{n) 
cannot be simply connected. But we know that the Poincar^ group 
of SO{n) is of order at most 2 for n ^ 3. Therefore we have proved 

Proposition 3. The Poincari group of SO{n) is of order 2 for 
a ^ 3. The group Spin (n) is simply connected if n'^ Z. 
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Summary. The manifolds to be considered are exclusively “analytic 
manifolds.” They are defined in §1; our method of definition seems slightly 
preferable to the method of Whitney in that it is “intrinsic”; i.e. it does not 
require a posteriori identifications. 

We define in §IV the notion of tangent space to an abstractly given 
manifold; to every analytic mapping of a manifold V into another manifold 
V? is associated a differential mapping which maps the tangent space to *0 
into the tangent space to "W. The differentials of functions are considered 
as a special case of these differential mappings. 

In §V, we introduce the notion of an infinitesimal transformation, which is 
defined as a law which assigns to every point of the manifold a tangent vector 
at this point; we define the “bracket operation” for infinitesimal transforma¬ 
tions, and we discuss the effect of a mapping on this operation. 

In §§\T, VII, VIII we study the notion of a distribution on a manifold 
T). A distribution is defined as a law which assigns to every point P of “U 
a sub-space OTlp of the tangent space at P. An integral manifold of this dis¬ 
tribution is a sub-manifold of TJ which admits SHp as tangent space at any 
one of its points P. The existence of such integral manifolds depends upon 
certain integrability conditions, which we express by saying that the distribu¬ 
tion must be “involutive” (Definition 5, §VI, p. 85). We prove §V 
that the condition of being “involutive” is actually sufficient for a distribution 
to have integral manifolds. The integral manifolds are first obtained 
then by a topological process of “piecing together,” we construct in §v 

the “complete” integral manifolds in the large. 

In §IX we consider those manifolds for which the second axiom of denu¬ 
merability of Hausdorff holds true. We use this axiom only to prove Propo¬ 
sition 1, §IX, p. 94; but do not know whether this axiom is necessary even 

there. 


§1. Axiomatic definition of a Manifold 

Let ® be a topological space. We denote by p a point of S, and 
consider -f- 1 real valued functions, /o, /i, * * ’ > /*. which are a 
defined in some neighbourhood of p. We shall say that/o is analytica y 

dependent on ji, ■ • • J^inihe neighbourhood oj p, or around 

exists a neighbourhood V of p and a function F(u,, • * * , Uk) of k real 
arguments, such that the following conditions are satisfied: 

1) The functions fo, fit * ‘ * j fk nre defined on V. 

2) The domain of definition of F includes all systems of values of 

the form Ui = /i(?), * * • , w* = fk{q), for q^V. 

68 
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3) If q&V we have 

foiq) = Fihiq), ■ • • 

4) The funelion F is analytic at the point Wi = f\{p), ' • ' , Uk 
= fk{p).^ Let us now assume that 33 is connected and that we have 
assigned to each point pe35 a class (i(p) of real valued functions, sat¬ 
isfying the following conditions: 

I. Each function in Cl(p) is defined in some neighbourhood of p (this 
neighbourhood may depend on the function). 

II. Any function which depends analytically around p on a finite 
number of functions in Q(p) is itself in G(p). 

III. It is possible to find an ordered system (/i, ‘ ‘ , fn) of func¬ 

tions in C(p), a neighbourhood V of p, and a number a > 0 with the 
following properties: 

1) The functions f\t • ■ • , fn are defined on V. 

2) If we assign to each point qzV the point ^(q)eR^ whose coordinates 
are Xi ~ fi{q), ' ' ' , Xn — fn{q), the mapping ^ is a homeomorphism of 
V with the subset of i?" composed of the points (xi, • • • , x„) such that 

|xi - /i(p)l < a, • • • , |x„ - /,(p)| < a. 

3) If qeV the functions fi, • ■ • ,fnbelong to (i{q), and every function 
in (i{q) depends analytically on fi, • • • , fn around q. 

Under these conditions we shall say that we have defined a mani¬ 
fold V.^ Therefore, to define a manifold we must first give a topolog¬ 
ical space 33 and then select for every point pe35 a certain class G(p) 
of real valued functions. 

The space 33 is called the underlying topological space of the mani¬ 
fold. The class G(p) is called the class of analytic functions on U 
at the point p. 

The underlying space 53 of a manifold cannot be an arbitrary 
topological space for we have required that it be connected and it 
follows from III that every point of 33 has a neighbourhood which is 
homeomorphic to a cube in some cartesian space. 

* This means that F may be represented in a neighbourhood of this system of 
values by a convergent power series 

* This deBnition is equivalent to the classical one given by Whitney in “Differ¬ 
entiable Manifolds" (Annals of Math., vol. 37, 1936). It should be observed 
that we limit ourselves to the consideration of analytic manifolds. 
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We observe that, if an ordered system (Ji, • • • ,/«), a neighbour¬ 
hood V, and a number a > 0 have the properties 1), 2), and 3) of 
condition III, these properties also hold if, without changing a or V, 
we perform an arbitrary permutation on the functions /i, * * * , fn- 
On the other hand, property 2) implies that the functions/i, ' ' ' tfn 
are distinct. Therefore properties 1), 2), 3), are properties of the 
finite set \fi, • ■ * , /,.) (and, of course, of V and a). 

Definition 1. If the properties 1), 2), 3), of condition III hold 
for the system (/i, • • • ,/«), the neighbourhood V, and the number a, we 
shall say that the finite set j/i, •••,/«) is a system of coordinates on X) 
at the point p, and that V is a cubic neighbourhood of p with respect to 
this system of coordinates. The number a is called the breadth of the 
neighbourhood V with respect to the system of coordinates (/i, • • ■ ,/«!• 

Remarks. 1) If {/i, • • • , /n| is a system of coordinates at p, 
and if F is a cubic neighbourhood of p with respect to this system, the 
set l/i, ••',/,») is also a system of coordinates at every point of V. 

2) If l/i, ■ ' * ,/nl is a system of coordinates at p, any neighbour¬ 
hood of p contains a cubic neighbourhood with respect to this system. 

3) If / is a function which is analytic at p on D, there exists a 
neighbourhood F of p such that f is also analytic at every point q^V. 
In fact, let |/i, • • • , /,») be a system of coordinates at p; there exists 
a neighbourhood Fi of p such that/,/i, • • • ,/« are defined on Fi and 

(1) /(?) =/*(/i(?), • • • ,/«(?)), for 

where/*(ui, • • • , u„) is a function of n arguments, which is analytic 
at the point ui — /i(p), ■ • ■ , — fn{p)- This function is also 

defined and analytic at all points of a neighbourhood U of this point in 
R’^; we can find a cubic neighbourhood F of p with respect to the 
system |/i, • • • , /«) such that F C implies 

(/i(9), ’ ■ ' » fn{q))^U. Then / is analytic at every point qeV. 

We shall say that (1) is the expression of /in terms of the coordi¬ 
nates/i, ‘ ’ ,fn- It should be observed that the function/* actually 
depends on the way in which the functions of the system of coordinates 
are ordered. 

Proposition 1. Let {xi, ‘ , Xn] be a system of coordinates at the 
point p on the manifold X). Let fi, fm be a finite number of 

functions, belonging to (i(p). In order that {/i, * • * , fm\ should be a 
system of coordinates at p, the following conditions are necessary and 
sufficient: 

1 ) m = n, and, 

2) if fi = f^ (xi, • ’ ’ , Xn) is the expression of fi in terms of the 
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coordinates X\, • • • , Xn, the functional determinant, 

Djji • - • 

D{xi, ■ • ‘ , xS 

is ^ Ofor xi = xi(p), - • • , x„ = Xn{p). 

1) The conditions are necessary. In fact, if [/i, • ■ • , /,„} 
is a system of coordinates at p, the function x,- may be expressed 
in the neighbourhood of p as a function x,- = Qiifi, • • • , /m), where 
9i(ui, * ■ • , Um) is a function of m real arguments, defined and 
analytic in a neighbourhood of the point Ml =/i(p), • ■ • , =/„,(p). 

Moreover we have 






, ff.(u)) = Ui 
,/!(?)) = Xi 


( 1 ^ 1 ^ m) 
(1 ^ f ^ n) 


where u = (mi, • • * , m«), f = (xi, • * • , x„) are points of 7?”, 
respectively, belonging to sufficiently small neighbourhoods of 


Uo = (/i(p), 


• • • 


,/m(p)), fo = (Xl(p), 


. ( . 

\aXy/jo 

• (^\ (^\ _ t 

\ ^ /v V ^ 

\aU;/iio \ax</jo 


, x,,(p)). We have 


1 ^ i ^ m, 


1 ^ A: ^ n. 


Let us set 


W/fo‘ 


From the first set of equations it follows 


that the linear equations == bj have a solution whatever the 

right-hand sides, bi, • - • , bn, may be. Therefore we must have 
m i n, and the matrix (a,-,-) is of rank m. Similarly the second set 


of equations gives n ^ m; therefore m = n and (a,;) ^ 0, which proves 
that the conditions are necessary. 

2) Conversely, let us assume that the conditions 1), 2) are satisfied. 
Let K be a cubic neighbourhood of p with respect to the system jxi, 
* • • , a:„), and let a be the breadth of V. Taking a small enough, 
we may assume that the functions/i, • • • , /« are defined on V and 
analytic at every point of V. The implicit function theorem gives 
the following: there exist two numbers, Oi > 0, b > 0 such that if 
Vi, ’ ’ ' , Vn are n real numbers satisfying 

(2) Ivi - Mp)\ <b (1 ^ ^ n) 

the equations 

/*(xi, * • • , Xn) = 
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have one and only one solution (xi, • • * , x„) which satisfies the 
conditions 

l-Tv — Xi{p)\ < ai. 

Moreover, this solution is given by equations of the form 

= Oiiyi, ' ' • ,yn) 

where the functions Qi, ' ’ ’ , are analytic in the cube Q defined 
by the inequalities (2). 

We may assume without loss of generality that ai < a. If we 
assign to every point t) = (yi, • ■ • , y„)eQ the point 4>(t))eF whose 
coordinates are Xi = , y„) (1 ^ f ^ n) we have 

= yi {I n). 

It follows that 4) is a homeomorphism of Q with a subset W of V. We 
can find a number such that 0 < 02 < oi and such that the con¬ 
ditions \xi - Xi(p)| < 02 (1 ^ ^ n) imply |/*(xi, • • • , x„) -/dp)l 

< b. Therefore W contains all the points qBV for which the inequali¬ 
ties |x,( 9 ) — Xi(p)| < 02 hold, which proves that W is a neighbourhood 
of p. If reW, each of the functions Xi, • • • , Xn depends analytic¬ 
ally on /i, • • • , fn around r, since we have 

^.( 9 ) = 9i(fi{g), * * * ,fn{q)) {qzW', 1 ^ z ^ n), 

It follows that any function/€(i(r) depends analytically on/i, • • * ,/n 
around r. We see that properties 1), 2), 3) of condition III hold 
for the system (/i, • • • ,/«), the neighbourhood W, and the number 6. 
In other words, {/i, • • • ,/„} is a system of coordinates around p, and 
W is a cubic neighbourhood of p with respect to this system. 

Corollary. If D is a manifold and pSD, the number of functions 
in a system of coordinates at p is the same for all systems of coordinates 
at p. 

This number of functions is called the dimension of *0 at p. This 
number does not depend on p. In fact, it follows immediately from 
Remark 1, p. 70, that p has a neighbourhood V such that the dimension 
of D is the same at all points belonging to V. For every integer 
n > 0, let Un be the set of points of V at which the dimension of X) is n. 
Then the sets Un are all open; they are mutually disjoint, and every 
point of D belongs to one of them. Since *0 is a connected topological 
space the sets are all empty except one; this proves our assertion. 

The common dimension of *0 at all its points is called the dimension 
of V, 
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§11. Examples of Manifolds 

Let y be a set on which are defined n real valued functions, /i, 
• , /n wth the following property: if we assign to every element 

psF the point $(p)e/2'‘whose coordinates are/i(p), • • - ,/„(p), then 
the mapping p —*■ 4>(p) is a univalent mapping of V onto an open 
connected subset of i?". 

Under these conditions there exists a manifold V whose set of 
points is V and which is determined by the property that the func¬ 
tions fh ’ ' ' , fn form a system of coordinates on *U at each point of 
V, In fact, since is univalent, there exists a topological space 95, 
whose set of points is V, and such that is a homeomorphism of 93 
with the subspace ^(U) of i?"; the open sets of 93 are the sets which 
are mapped by onto open subsets of /?'*. The topological space 93 
is connected. If pe93 let (i(p) be the class of real valued functions 
defined on neighbourhoods of p and depending analytically on/i, • • • , 
/n around p. It is a trivial matter to verify that the assignment 
p —* a(p) satisfies conditions I, II and III of §1. Therefore this 
assignment defines a manifold V, and /i, • • * , /« obviously form a 
system of coordinates at any point of 1). 

If the set V is equipped a priori with a topology, and if is a 
homeomorphism of V, the topological space defined above coincides 
with the one given a priori; the latter space is the underlying space 
of the manifold we have constructed. 

For example, if we take V = i2” with its usual topology, and take 
for /i, * • • , /n the coordinates in 7?'*, we obtain a manifold whose 
underlying space is This manifold will also be denoted by R^. 
A function /, defined in a neighbourhood of a point psH", is analytic at p 
on the manifold i?" if, when expressed as a function of the coordinates, 
it is analytic at the point xi = Xi(p), • • • , = x„(p). 

A manifold which can be obtained by the above procedure has the 
property that there exists a set of real valued functions, defined on the 
whole manifold, and forming a system of coordinates at every point 
of the manifold. There exist, however, manifolds which do not have 
this property. In this connection we mention the following problem, 
which seems to be of the utmost difficulty: If *0 is a manifold, does 
there exist a finite set of real valued functions, /i, • • • , /v, defined 
and analytic at all points of *0, and having the property that at each 
pet) some subset of the set \fi, • • • , /,/) is a coordinate system at p? 
In fact, it is not even known whether there always exists on a manifold 
a non-constant function which is everywhere analytic. 
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We shall now construct a manifold whose underlying space is the 
one-dimensional torus T', i.e. the factor group of the additive group 
R of real numbers by the group Z of integers. Let j be any point of 
f is a residue class of R modulo Z, i.e. it consists of a real number x 
and all other real numbers which can be obtained from x by addition 
of arbitrary integers. If /(x) is a periodic function of period 1 it 
takes the same value at all points x of the residue class we may 
denote this value by /(y), and then /becomes the symbol of a function 
defined on T*. In particular, the functions sin 27rf, and cos 27rj are 
real valued functions defined on Th Let Ct(fo) be the class of functions 
defined in neighbourhoods of Xo in and depending analytically 
around jo on sin 27rf, cos 27rf. It is easy to see that the assignment 
|o —> G(ro) satisfies conditions I, II and III of §1. Hence it define.*? 
a manifold, which we shall also denote by TK If the residue class fo 
does not contain j or f the function sin 27ry is a system of coordinates 
at fol if it does not contain 0 or ^ the function cos 27rf is a system of 
coordinates. It is easy to see, however, that no function can be a 
system of coordinates at every point of 7’h 

Let D be a manifold, U a connected open subset of V, and dip) 
the class of analytic functions at p on *0. If we assign to every pS,lJ 
the class of functions of the form / o /, where / is any function in d{p) 
and I is the identity mapping of U into D, we clearly obtain a manifold 
^ whose underlying space is U. Such a manifold is called an open 
submanifold of V. 

Definition 1. Let D, W be manifolds and let ^ be a mapping of V 
into W, where V is some neighbourhood of the point ptV. The mapping 
is said to be analytic at p if the following condition is satisfied: if g is any 
function on W which is analytic at 4>(p) then g o ^ is analytic at p on *0. 

Suppose furthermore that 4> is a homeomorphism of *0 with W. 
Then is called an analytic isomorphism of D with V? if both and its 

reciprocal mapping 4> are everywhere analytic. 

Suppose that ‘W is a given manifold, that S3 is some topological 
space and that 4> is a homeomorphism of 33 with some connected subset 
U of W. Then U is the underlying space of an open submanifold ‘U of 
'W. We may define a manifold D, whose underlying space is 33, by the 
condition that 4> shall be an analytic isomorphism of D with 'll. To 
do this we merely assign to each pe33 the class Q.{p) of functions of the 
form/o with/any function which is analytic at 4>(p) on 'll. 

Remark. A homeomorphism $ of a manifold D with a manifold 
'W ma}" be everywhere analytic without being an analytic isomorphism. 
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In fact, let us take for U the manifold R of real numbers, as defined 
above, and for the manifold which has the same underlying space 
as *0, but which is characterized by the fact that the mapping x —» ^(j) 
= is an analytic isomorphism of R with W. Let 4> be the identity 
mapping of R into ‘W; <1^ is clearly an everywhere analytic homeo- 
morphism of R with ‘W. Since the function x is analytic at 0 on /? 
but not on 'W, is not an analytic isomorphism. This example also 
shows that distinct manifolds may have the same underlying space. 

Proposition 1. Let ^ be a mapping of a manifold U into a manifold. 
*W. In order for 4> to be an analytic isomorphism of *1) with 'W it is 
necessary and sufficient that the following conditions be satisfied: 1) is 
ahomeomorphismofVwithV?,2)ifpisanypointofV,andif\yi, • • • , 
Vnl is a system of coordinates on ‘W at ^(p) the functions o , 

t/n o ^ form a system of coordinates at p on U. 

1) Suppose that is an analytic isomorphism and let ^ be its 
reciprocal mapping. If f is analytic at p on U, / o ^ is analytic at 
4>(p) on and hence depends analytically on i/i, • • • , yn around 
<t>(p). Since / = (/o >1') o <I>, / depends analytically around p on the 
functions o 4>, • • • , t/n o It follows that, the functions t/i o 

• • • , y^o ^ form a system of coordinates at p and that if IF is a cubic 
neighbourhood of <I>(p) with respect to the system \y\, • • • , ?/„), 
^(IF) is a cubic neighbourhood of p with respect to this system. 

2) Suppose that the conditions 1), 2) are satisfied. If g is analytic 

on'W at 4>(p), i.e. if ^ depends analytically around‘^(p) on ?/i, • • * , 2/n 
then g o ^ depends analytically on t/i o 4), • • • , o 4> around p, 
and hence ^ o 4> is analytic at p. This shows that is everywhere 
analytic. If / is any function which is analytic at p on U, / depends 
analytically around p on t/i o 4>, • • • , t/n ^ <I>. Hence / o ^ depends 
analytically around 4>(p) on the functions (^i o 4>) o ^ = yi, • • • , 
(Vn o ‘I’) o ^ which shows that f o<y analytic at 4>(p) on 

*W. Therefore ^ is everywhere analytic, and hence 4> is an analytic 
isomorphism. 

§111, Products of Manifolds 

Let *U and ‘W be manifolds of dimensions m and n respectively, 
and let 51, 9S be their underlying topological spaces. The cartesian 
product S3 X SB is a connected topological space which we shall now 
make the underlying space of a manifold. 

Let (p, q) be a point of S5 X SB(pe35, gsSB). We denote by (i(p), 
®(?) the classes of analytic functions at p and g on S3 and SB respectively. 

We denote by ui, wj the projections of S3 X SB onto S3 and SB 
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respectively (wi(p,. q) = p, wzCp, g) = 9 ). Let Q{p, q) be the class 
consisting of the functions/ o a>i(/eG(p)), g o o} 2 (gS.(&(g)) and of all func¬ 
tions which depend analytically on these around (p, q). The assign¬ 
ment, (p, q) —> e(p, q), defines a manifold whose underlying space is 
S3 X 9®. In fact, the class e(p, q) obviously satisfies conditions I 
and II of §1. In order to verify that condition III holds we choose 
systems of coordinates |xi, • ■ • , Xm\ on D at p and {pi, ■ • • , Pnl 
on ‘W at q. If a is a sufficiently small positive number we can find a 
cubic neighbourhood V of p with respect to the system |xi, • • • , Xm) 
and a cubic neighbourhood W oi q with respect to the system {pi, 

• • • , pnl, both of breadth a. 

We set = xi o wi, • • ■ , z™ = x„ o ^ 1 , z„,+i = pi o W 2 , * * * , 
Zm+n = Pn o W 2 . The functions zi, • • • , z^+n are defined on V X W 
and belong to e(p', q') for every (p', q')eV X W. Every function 
of the form / o wi, /eG(p'), depends analytically on zi, • • • , z« 
around (p', q'), and every function g o pS(B(g')> depends analytically 
on Zm+h ■ ■ ■ 1 z-n+n apound (p', q'). Hence any function in e(p', g') 
depends analytically on zi, • • • , z^+n around (p', q'). 

Finally, if we assign to a point (pi, qi)tV X W the point of 
whose coordinates are Zi(pi, qi) = xi(pi), • • * , Zm(pi, qi) = Xm(pi), 
Zm+i(pi, 91 ) = Pi(gi), ■ ■ • , 2-M-n(pi, qi) = yn(gi), we clearly obtain a 
homeomorphism of V X W with a cube of sidelength a in E"'*’". 
Therefore condition III holds. 

The manifold obtained in this way is called the product of the 
manifolds D, W and denoted by *0 X W. We may, in the same way, 
define the product of any finite number of manifolds. 

If D, W, 9C are manifolds, then, strictly speaking, the manifolds 
(*U X W) X 9C, *U X (W X 9C) and *0 X W X 9C, are not the same. 
However, between any two of them there is a natural analytic iso¬ 
morphism. For instance, the mapping ((p, g), r) ^ (p, (g, r)) is an 
analytic isomorphism of (D X W) X SC onto *U X (W X 3C) while the 
mapping ((p, g), r) —> (p, g, r) is an analytic isomorphism of (*U X W) 

X 9C onto D X W X 9C. 

The manifold E" defined in §II is obviously the product of n 
manifolds identical with R. If we construct the product of n mani¬ 
folds identical with we obtain a manifold whose underlying space 
is the n-dimensional torus; we shall denote this manifold by T". 

§IV. Tangent Vectors. Differentials 

Let “U be a manifold of dimension n, p a point of *U, and a(p) the 
class of analytic functions at p. By a tangent vector at p we shall 
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mean a mapping L of (i(p) into the real numbers which satisfies the 
following two conditions: 

1) L is linear^ i.e. for any two functions f, g in Q.{p) and real numbers 
a, b we have L{af + bg) = aL{f) + bL{g), 

2) L is a differentiation, i.e. for any two functions f, g in Cl(p) we 
havehifg) = {L{f))g{p) + f{p){L{g)). 

If L is a tangent vector and / is a function in Cl(p) the number 
L{f) is often called the derivative of f in the direction L. 

If L, U are tangent vectors to V at the point p, it is clear that 
(for any X, X'eiJ) the mapping 

is again a tangent vector to *0 at p. Hence the tangent vectors at p 
form a vector space, called the tangent vector space to *U at p. 

Now let jxi, • • • , Xn| be any coordinate system at p. If / 
is analytic at p, f has, in some neighbourhood of p, an expression in 
terms of these coordinates: 


/(?) = f*(^M)y • ' • , X^{q)) 


where f*(ui, * * • , Un) is a function of n real variables, defined and 
analytic in a neighbourhood of the point Ui = a;i(p), • • • ,Un = Xn{p). 


To simplify the notation we shall write 



when we mean 


Then it is trivial that for any choice of real numbers Xi, • 
mapping of a(p) into the real numbers defined by 


^*1 

• • , Xft the 


I 



is a tangent vector at p. Now we shall prove that every tangent 
vector at p is of this form by showing that if {xi, • • • , x»| is any 
coordinate system at p, and L any tangent vector at p, we have, for all 

(1) L(S) = ^ L{x,) 

dXi 

This relation is also significant because it shows that a tangent vector 
is uniquely determined by the values it assigns to the functions of a 
coordinate system. 

To prove (1) we first remark that it is trivial that every tangent 
vector maps every constant function into 0. If / is any function in 
(i(p) then we can express / (in a neighbourhood of p) in the form: 
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/ = ao + ai{xi - xj) -f * * • + - xj) 

+ - x?)(x; - x^)gii 

with the functions ^,7 in Ct(p), and where xj = Xi(p), • • • ,a:J = Xn(p)- 
Applying L we find 


(2) Lf = aiL(xi - X?) + - • ■ + aj.(xn - x”) 

-b LiKi^Axi - x^,)ixi - x^)g,) 
= OiLxi -f ■ ■ * + aJLxn + - x°)(Xi - Xy)ffo) 

Then, making use of the differentiation property of a tangent vector, 
we have 


L((Xi - xJ)(X; - x?)g,7) = ((Xiip) - x?)L(xy - x?) 

+ (X;(p) - x-)L(xi - X?)) + {Lgii){{Xi{p) - x?)(xy(p) - x®)) 



Hence (2) 


^because a, = 


yields (1) 


If we set 



(1 ^ ^ n) 


we obtain a tangent vector L, for which Lyfxy) = 5 ^. These n tangent 
vectors are linearly independent, since (2iXyLy)(x;) = X,. Moreover, 
if Lis any tangent vector, we have L(xy) = (2iL(Xi)L,)(x,) (1 ^ i ^ w), 
and hence L — r,L(Xi)Li. It follows that the tangent space is an 
n-dimensional vector space. 

Now let ‘W be a manifold and let ^ be a mapping of V into W, 
analytic at the point pe'O. Let, moreover, L be a tangent vector to 
V at p, and g be any analytic function on 'W at the point q = 4>Cp)- 
If we set 


(3) ^Hg) = 

we clearly obtain a tangent vector M to at q. It is also clear that 
the mapping, L —♦ A/, is linear. 

Definition 1. The mapping which assigns to every tangent vector 
L to V at p the tangent vector M to VP at q, defined by (3) is called the 
differential of the mapping $ at p. It is usually denoted by d^, or d^p. 

Suppose now that ^ is a mapping of VP into a third manifold 9C, 
and that ^ is analytic at q. If h is any function on 9C analytic at 
r = >t(g), the functions (A o o <t> and A o o $) coincide in the 
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neighbourhood of p. It follows at once that 


o $)p = d'^q o d^j, 


Proposition 1. Let *0 and be manifolds. Let he an analytic 
mapping of “U into and let p be a point ofV. Suppose that d^p is a 
univalent mapping of the tangent space to *0 into the tangent space to 'W. 
Then, if {yi, • • • , 2/ml is a system of coordinates at q = ^{p) on W, it 
is possible to select from the set of functions yi o 4», • • • , ymO ^a subset 
containing n functions which form a system of coordinates at p on 'U. 
Moreover, if |xi, • • • , is any system of coordinates at p on V, there 
exists a system of coordinates Z\, • • • ,Zmatq on V? such that Xj coincides 
in the neighbourhood of p with z,- o 4) (1 ^ j ^ n). 

In fact, the function i/i o 4> can be expressed in the neighbourhood 
of p in the form ‘ where is a function of n real 

variables, analytic at the point Xi = Xi(p), • • • , = x„(p). We 

is of rank n. Sup- 


shall show that the rectangular matrix 



pose that 0 = 





(1 ^ t ^ m) is a linear relation 


between columns of this matrix. Let Lj be the tangent vector 
to *1) at p defined by Ljixk) = hj (1 ^ i, A: ^ n), and let L be 

the vector ZX/L/. We have L(yi o 4>) = 2X, I — J =0 whence 

{d'^{Ij))yi = 0 (1 ^ ^ m). It follows that d^{L) = 0; since is 

univalent, we have L = 0, Xi = X 2 = • * • = Xn = 0, which proves 
our assertion. 

We can select n indices, i\, * • * , in, from the set (1, • • • , m\ 
so that the determinant formed from the rows with indices i\, . . . ,in 
is not 0. It is then clear that yi,^^, ' ' ’ , y,^ o ^ form a system of 
coordinates at p on *0. 

We can express x,- in the form Xj = o $, • • • , y^^o $) 
in the neighbourhood of p; th£ ^/s are analytic functions of n real vari¬ 
ables and their functional determinant does not vanish for t/.^ = 2/»,(9). 
We set Zj = , yO (1 ^ j ^ n) and take for z^+i, • ■ • , Zm 

those functions yi whose indices i do not occur among ii, • • • , in- 
Clearly \zi, • • • , Zm) is a system of coordinates at q on and 
2 y o $ == Xi (1 ^ j ^ n). 

Remark. We see that, under the assumption of Proportion 1, there 
exists a neighbourhood of p inV which is mapped topologically under 4>. 
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De^ition 2. A mapping ^ of a manifold *0 into a manifold V? 
is said to be regular at the point peD if is analytic at p and d^p is a 
univalent mapping. 

Proposition 2, The notation being as in Proposition 1, suppose that 
the image under d^p of the tangent space to "U {at p) covers the whole 
tangent space to V? {at q = 4*(p)). Then if jpi, ■ ■ • , ym\ is a system 
of coordinates at g on “W, the functions pi o • • ■ , p„ o $ are part 
of a system of coordinates at p on *0. 

Let Xi, ' ' ’ , Xn be the functions of a system of coordinates at p 


on V. Here again we may express o $ in the form <pi{xi, • • • , a:„) 
in the neighbourhood of p, and we shall show that the rank of the 


matrix 


ix ( 


^x^r X’Mxip) 


IS m 


. In fact, let ( —) = 0 be 

\dX |' z^z(p) 


a 


9 • - w 

relation between the rows of this matrix, (1 ^ j ^ n). Let Mi be 

the tangent vector to at q defined by A/i(p*) = 5^- {I ^ i, k ^ m). 

By assumption, there exists a tangent vector Li to D at p for which 

^ * 


d<I>(L,) = Mi; we have 2 


' \dxi K-x 


Li{xj) = L,(pfc o 4>) = 5it. If we 


multiply by p* and sum for = 1 to m, we obtain p, = 0, which 
proves our assertion. We may assume without loss of generality 
that the determinant formed from the first m columns of our matrix 
is not 0. The functions pi o <l>, ■ • • , p„ o <l), x^+i, ■ ■ ■ , Xn form a 
system of coordinates at p on '0. 

Remark. It follows immediately that, under the assumption of 
Proposition 2, the image under 4> of any neighbourhood of p in *0 covers a 
neighbourhood of q in W. 

Proposition 3. The notation being as in Proposition 1, suppose that 
d^p is a linear isomorphism of the tangent space to *0 {at p) with the 
tangent space to W (a/ p = $(p)). Then there is a neighbourhood V of 

p which is mapped topologically by onto a neighbourhood W of q in W; 

-1 

moreover^ the reciprocal mapping ^ of W onto V is analytic at q. 

This is an immediate consequence of Propositions 1 and 2. 

Proposition 4. Let be an analytic mapping of a manifold T) into a 
manifold W. If the differential of is 0 at every point of V, then ^ 
is a constant mapping (i.e. maps *1) onto a single point of W). 

Let p be a point of *1). Let {pi, • * * , p«| be a coordinate system 
at the point 4>p on W, and let IT be a cubic neighbourhood of ^ with 
respect to these coordinates. Let {xi, • • • , x„} be a coordinate 
system at p on *0, and let K be a cubic neighbourhood of p with respect 
to the coordinates x such that ^(T) Q write 
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= Fiixiiq), • • • , x„(g)), where the functions Fj are analytic 
in the cube defined by the inequalities |x, - x,(p)| < a (where a is 

the breadth of V). If qeV, denote by X,., the tangent vector to D at 
q which is defined by X. = 5^. We have 

dF, 

^ ‘ , x^(q)) = Xi.,{y, o $) = = 0 

It follows that the partial derivatives of the functions F, are equal to 0 

and therefore that the functions Fj are constant. This means that ^ 
maps V onto the point 4>p. 

To every point r£\V we associate the set Ur of points peD which 
are mapped on r by It follows from what we have proved that 
each Ur is open. On the other hand, the sets Ur are mutually disjoint 
and the union of all these sets is V, Since V is connected, there can be 
only one set Ur which is not empty. Proposition 4 is thereby proved. 

The differential of a function 

A real valued analytic function /, defined on D, may be considered 
as a mapping of *U into the manifold R of real numbers. Its differ¬ 
ential at p is a linear mapping of the tangent space, to *0 at p into 
the tangent space SD?,, to i? at xo = /(p). Since 3}?,, is a one dimen¬ 
sional linear space over R, spanned by the vector Mq defined by 
Mq(x) = 1 (considering x as a real valued function on 72), we may 
identify 30?,^ with R itself by identifying Mo with the number 1. 
This makes df into a linear function defined on and with real values. 
It follows directly from the definitions that 

df(L) = L(f). 

If fi, U are analytic functions at p on *0 we have d(Xi/i -|- X^ 2 )(L) 
= Xid/i(L) -f X 2 d/ 2 (L). Hence the differentials dj, for/in a(p), form a 

linear subspace of the space of all linear functions on 2 . Ifxi, • • • Xn 

form a coordinate system at p, their differentials dxi, • • • , dx„ are 

obviously linearly independent. Hence the space 2) of differentials 

is of dimension n, and coincides with the space of all linear functions 
on C. 

The preceding shows that the spaces 2 and 2) may be considered 
as dual vector spaces.' 

‘ The dual space of a vector spaced over a field K is the set of all linear mappings 

of £ into K. If £ is of finite dimension, it’ may be identified with the dual of its 
dual space. 
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Product manifolds 

Let Vi, *02 be manifolds of dimensions ni, n 2 and let D = Di X 1)2 
be their product. Let pi be a point of p 2 a point of *02, and p be the 
point (pi, P 2 ). We denote by ? 2 , 2 the tangent spaces to Vi, V 2 , V 
at pi, p 2 , p respectively. 

Let, moreover, wi and 012 be the projections of V onto Di and ' 1 ) 2 . 
To every vector Ls? there corresponds vectors Li = da>i(L)e?i, Lz 
= dw 2 (L)eC 2 . Let |xi, • • • , Xn.| be a coordinate system at pi on 
Vi, and let \y\, ■ • • , Vm] be a system of coordinates at p 2 on * 02 . 

The functions = xi o wj, • • • , e,, = x„, o ^i, 2 n,+i = y\^ “ 2 , 

• • • , 2 n,+t„ = pn, o <^2 then form a system of coordinates at p on 'U. 

Let L\, L 2 be arbitrary vectors in ?i, S 2 respectively. There is a 
vector Le? defined by the equalities 

L{Zl) — Ll(Xl), * ■ ' ) L(Zni) ~ Ll(Xn,), 

L(2n,+i) = Liiyi), • ■ ■ , L(2,.,+ «,) = L2(y„,), 

and it is clear that da)i(L) = Li, dw 2 (L) = Z/ 2 . Since there can be 

only one vector L for which these equalities hold we see that we may 

identify S with the product of the spaces Si and C 2 . 

We have already identified the tangent space to the manifold R 
of real numbers at any point with R itself. Hence we may identify 
R* with the tangent space to the manifold 12". 

§V. INFINITESIMAL TRANSFORMATIONS 

Definition 1. Let V he a manifold. A vector field X on *0, {also 
called an infinitesimal transformation), is a mapping which assigns to 
every point p a tangent vector X{p) to *U at this point. 

Let / be any function defined and analytic at the points of some 
open subset V of V. Setting g{p) = X{p)f for peV we obtain a 
function defined on U, which we shall denote by Xf. If for each 
analytic / the function Xf is also analytic we shall say that X is an 

analytic infinitesimal transformation. 

If U is an open subset of *0 on which there exists a system ot 

coordinates {xi, • * * ,x„!, there always exists an analytic infinitesimal 

transformation defined on U. In fact, let / be any function analytic 
at a point pet/; we can express/in the neighbourhood of p as a function 

• • • , X.) of X., • ■ • , x„. Setting X.(p)/ = we obtain 

a tangent vector at p, and the mapping p Xiip) is clearly an analytic 
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infinitesimal transformation defined on U. Moreover, if we set 
Xi{p) = (1 ^ f < n) we obtain n analytic infinitesimal trans¬ 

formations which are linearly independent at every point of U. If 
X is any other infinitesimal transformation defined on U we can write 
X in the form X(p) = 2:,A,(p)Xi(p) where ■ • • , are n 
functions defined on U. If X is analytic, the functions Ai{p) are also 
analytic, since At = Xx,- (1 < i < n). Conversely, if ^i, • ■ • , 
are n functions defined and analytic on C, it is clear that X = 2A,Xi 
is an analytic infinitesimal transformation on V. Since (X/)(p) 





— I , we shall call 2/1, — 

axi/ p dxi 


the symbol of the infinitesimal 


transformation X. 

If X and Y are analytic infinitesimal transformations defined on a 
manifold V, the operation YX - Y o X is not in general an infini¬ 
tesimal transformation. For instance, U V = R’^ and if X and Y are 

defined by Xf = Yf = we have YXf = ^ 

dxi 

\a7~a^/ ^ tangent vector to R’^ (here p is a point 


4 

dxidx2 


and the 


mapping/ 


inR^). However, the operation U = YX — XF is always an analytic 
infinitesimal transformation; the proof of this consists in a straight¬ 
forward verification (which we shall omit) that U{p) satisfies the 
conditions 1) and 2) in the definition of a tangent vector. In terms 
of a coordinate system {xi, ■ ■ ■ , at a point p we can write (for 
/6ft(p)) X/and y/in theneighbourhoodofpintheforms 2i4*(xi, * • * , 


df* 

xp) 2fi;(xi, 
dXi 


t 


dXi 


Thefi, we find that 



This expression for Uf yields a second proof that XF — FX is an 
analytic infinitesimal transformation. 

Definition 2. If X, Y are analytic infinitesimal transformations 
on D, then the infinitesimal transformation U = FX — XF vfill be 
denoted by [X, F]. 

This bracket operation, which assigns to every pair of analytic 
infinitesimal transformations (X, F) the infinitesimal transformation 
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[X, Y], is a law of composition for the infinitesimal transformations. 
We also see immediately that, if a is any number and X an infini¬ 
tesimal transformation, then aX is again an infinitesimal transforma¬ 
tion, and, if X, Y are infinitesimal transformations, then so is X + Y. 
The bracket operation is distributive with respect to addition: 


[oiXx -h 02 X 2 , Y] = ai[Xi, Y] -f a2[X2, Y] 
[X, ciiYI -f- 02 ^ 2 ] = ai[X, Ti] H- a2[X, Y 2 ] 


(for oi, azeR, and X, Xi, X 2 , Y, Yi, Y 2 infinitesimal transformations). 
However, it is not associative: in general we have* [[X, Y], Z] ^ [X, 
\Y, Z]\. It is easy to prove that it satisfies the following identities: 


(X, X] = 0 

[[X, Y], Z] H- [[Y, Z], X] + liz, X], Y] = 0 

for any analytic infinitesimal transformations X, Y, Z. The first of 
these identities gives [X Y, X -1- T] = 0 = [X, T] [K, XI, 
whence 

[r,xi = -[X, Y]. 


The second, is called the Jacobi identity. 

Let be an analytic mapping of the manifold D into some mani¬ 
fold 'W. Let X be an infinitesimal transformation on *0 and Y be an 
infinitesimal transformation on W. We shall say that X and Y are 
^-related if, for every point pst), we have 

d4>p(Xp) - K*p. 

If is everywhere regular, there can exist at most one infinitesimal 
transformation X on *U which is 4>-related to a given Y on W, since 
then Xp is then entirely determined by d4>p(Xp). 

Let 2p be the tangent space to V at p. Its image under d4»p is a 
subspace Sp of the tangent space 2)?*p to W at the point 4>p. If 
infinitesimal transformation K on W is 4>-related to an X on *0, we 

must necessarily have F^pSSp for every p£*U. 

Proposition 1. Let be an ejerywhere regular mapping of a manifold 
V into a manifold W. If pSV, let, 2p be the tangent space toVatp and 
set Sp = d^p(Cp). If Y is any analytic infinitesimal transformation on 
V? such that.Y^pt^p for every point pSD, then there exists one and only 
one analytic infinitesimal transformation X onV which u nrelated to Y. 

Under our assumptions, we can find for every pe*U an element 
XpSCp such that d4>p(Xp) = Y^p. We have to prove that the align¬ 
ment X\p^ Xp is an analytic infinitesimal transformation. From 
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Proposition 1, §IV, p. 76 it follows that we can find a system of 
coordinates (i/i, ■ • • , at on W such that |(/iO<i>, • • ■ ^ 
VnO^] is a coordinate system at p on *0 (m, n being the dimensions 
of the manifolds W, U). If q is in a sufficiently small neighbourhood 
of p in TJ the e(iuality J = 7$, gives 

Xqiyi o 

i.e., the function X(p, o coincides in a neighbourhood of p with 
YyiO^, Since 1' is analytic on W, Vpi is analytic at 4'p; hence 
Yyi o $ is analytic at p, and X(p, o <I)) is analytic at p, which proves 
that X is analytic at p. 

Proposition 2. Let be any analytic mapping of a manifold 1) into 
a manifold ‘W. Let Xi, Xa he analytic infinitesimal transformations on 
X), and Yi, Y^, analytic infinitesimal transformations on 'W. If X,- is 
^-related to Yi (i = 1, 2), then [Xj, Xa) is ^-related to [Ki, Fal- 

Let p be a point of V, and let p be a function on XV, analytic at the 
point q = 4>p. The fact that X„ F* are 4>-related {i = 1, 2) may be 
expressed by the formula 


(Xd?o<I>))p- = (F,p)*^ 
or 

iXiig o 4>))p. = (Yig o 

which holds for any point p' in a suitable neighbourhood of p in D. 
Hence 

(FaFiff)*p. = (Xa(Fiff o <t))p, = {X,Xi{g o 

We obtain a similar formula by interchanging the indices 1, 2; sub¬ 
tracting we then find 

([Pi, P2]ffW= ([Xi, Xa](pO$))p, 
whence [Fi, Falp = d4>p([Xi, Xa]p), which proves Proposition 2. 

§VL Submanifolds. Distributions 

Definition 1. Let V be a manifold. A manifold 'W is called a sub¬ 
manifold ofV if the follomng conditions are satisfied: 1) the set of points 
of W is a subset of the set of points of XJ, and 2) the identity mapping of 
W into X) is regular at every point of W. 

For example, an open submanifold of XJ (as defined in §11, p. 73) 
is a submanifold in the sense of the present definition. In the case 
of an open submanifold W of X) the identity mapping of W into X3 is 
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also a homeomorphism, but it is important to realize that this is not 
always the case for an arbitrary submanifold of D.* It is true, how¬ 
ever, that this identity mapping is always continuous. 

Let 1 be the identity mapping of a submanifold 'W into a manifold 
•U. If pS'W, and if / is a function analytic at p on V, the function 
/ o / is analytic at p on W. This function will be called the contraction 
of the function / to 'W. From Proposition 1, §IV, p. 76 it follows 
that we can find a coordinate system (zi, • • • , x„] at p on ‘U such 
that the traces Xi o /, • • • , o / of Xi, • * * , on W form a 
coordinate system at p on 'W (where m is the dimension of W). Let g 
be an analytic function at p on ‘W; then g may be expressed, in a neigh¬ 
bourhood of p in 'W, as a function g*{xi o /, ■ • ■ , o /) of the 
coordinates Xi o I. If we set }{q) = g*{xi{q), * * * , Xn{q)), f is 
analytic at p on *0, and f o I coincides with ^ on a neighbourhood of p 
in V?. Therefore, any function which is analytic at a point psW 
coincides in a neighbourhood of p onV^ with the contraction of a function 
which is analytic at p on D. 

However, it is not always true that a function which is everywhere 
defined and analytic on W coincides with the contraction of a continu¬ 
ous function on D. 

Let S?p be the tangent space to *0 at a point p which belongs to the 
submanifold W. The mapping dip maps the tangent space to 'W 
at p isomorphically onto a vector subspace snip of Vp. The space SIHp 
is also called (although improperly) the tangent space to W at p. 

Let X be any analytic infinitesimal transformation on *0, such that 
Xpesnip for every point psW. Since I is everywhere regular, there 
exists one and only one analytic infinitesimal transformation Y on W 
such that Xp = dIp{Yp) for all pS*W. The infinitesimal transformation 
Y is called the contraction of X to W. From Proposition 2, §V, it 
follows that if Xi, X 2 are analytic infinitesimal transformations on *0, 
and Yi, Y 2 their contractions to "W, [Yu Y 2 ] is the contraction of 

[Xi, Xd. , 

Definition 2. An m-dimensional vector subspace of the tangent 
space to a manifold V at a point p is called an element of contact of 
dimensiem m of V. The point p is called the origin of this element of 
contact. A law which assigns to every point pet) an element of contact 
ofdimenmon m and of origin p is called an m-dimensional distribution. 

» For instance, a non-compact one parametric sub-group of T* may be con¬ 
sidered as the underlying set of points of a manifold which is analytically iso¬ 
morphic with RK The identity mapping of this manifold into T* is analytic anrt 
regular everywhere, but is not a homeomorphism with a subspace of T*. 
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Let us denote by OTl a distribution of dimension m on *0, and by 
fiTlp the m-dimensional subspace which is assigned to the point p by 9TI. 

Definition 3. We shall say that the distribution 9)? is analytic at 
the point p if the following conditions are satisfied; there exists a neighbour¬ 
hood V of the point p and a system of m infinitesimal transformations 
Xi, • • • , Xm, defined and analytic on F, such that, for every point 
qzV, the veetors (X;),, ■ ■ * , (X„),/orm a base of the space Sfll,. The 
system (Xi, • • • , X^j is then called a local base for the distribution 
around the point p. 

Remark. There do not always exist analytic distributions on a 
manifold. For instance, it can be proved that there is no analytic 
distribution of dimension 1 on a sphere of dimension 4. 

Since there always exists on a manifold of dimension n an obvious 
distribution of dimension n, it follows from the proceeding remark 
that, given an analytic distribution, it is not always possible to find a 
system of analytic infinitesimal transformations which forms a base 
of the distribution at every point. 

Definition 4. Let 9)? be an analytic distribution on a manifold V. 
A submanifold of U is called an integral manifold of 9Tl if, for every 
point pSW, 9)^p coincides with the tangent space to V? at p. 

Let 3n be a distribution, and let Xi, Xj be infinitesimal transforma¬ 
tions, defined in a neighbourhood V of a point po, and such that (Xi)p, 
(X 2 )p both belong to 50?p for all points psV. If po belongs to an 
integral manifold of tnt, Xi and Xs have contractions Fi, Fs to 'W; 
therefore [Xi, X 2 I has the contraction [Fi, F 2 ]; it follows that [Xi, 
•'^2lr«651?po. This shows that certain conditions must be satisfied if a 
distribution is to have an integral manifold through po. 

We shall say that an infinitesimal transformation X, defined and 
analytic in a neighbourhood of a point poBD, belongs to the distribution 
3Tl if we have XpSOTtp for all points p of this neighbourhood. For 
instance, any infinitesimal transformation of a base of DR around p 
belongs to SfR. 

Definition 6. We shall say that the analytic distribution 9D? is 
involutive if the following condition is satisfied: if two analytic infinitesimal 
transformations X\, X 2 , defined on the same open set, both belong to 9R, 
the infinitesimal transformation [Xi, X 2 l also belongs to 911. 

From the preceding remarks, it follows that, if every point of *0 
belongs to an integral manifold of sni, 911 is necessarily involutive. In 
the following sections we shall be concerned mainly with the proof of 
the converse of this proposition. 

We shall conclude this section with the proof of: 
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Proposition 1, Lei h he a set of analytic infinitesimal transforma¬ 
tions defined on a manifold D, with the following properties: 1) the space 
snip spanned by the vectors Xp{pEV, Xe2) has the same dimension, m, at 
all points pEV; and 2) if X, KeS, the infinitesimal transformation [Jf, Y] 
may be expressed as a linear combination of a finite number of elements 
of 2, the coefficients being functions on D. Then the assignment p —> 
is an analytic involutive distribution. 

Let po be a point of *0; we can find m elements Xi, ■ • ■ , X^ of 
2 such that (Xi)p„, • * * , (A'm)p, are linearly independent, and hence 
span snUpj,. Let {xi, • * • , x„j be a coordinate system at po. The 
rectangular matrix whose coefficients are the functions XiXj (1 < f ^ m, 

1 < j < n) is of rank m at po; being continuous, it is also of rank m 
at all points p of some cubic neighbourhood V of po. It follows that 
the distribution 311 is analytic, the elements Xi, • ■ ■ , X,n forming a 
base of 3n around po. 

Let X be any analytic infinitesimal transformation defined on a 
neighbourhood of po and belonging to 31X. We may assume that X 
is defined on V, and that Xp = We assert that the 

functions gfip) are analytic on V. In fact, they satisfy the linear 
equations 

(1) {Xx,)p = 2,ff,(p)(X,x*)p {\<k< n), 

whose coefficients are analytic on V) moreover, the matrix of the 
coefficients of gi{p), * • • , <7m(p) has rank m at all points of V. In 
the neighbourhood of an} point pEV, the values of the functions gj{p) 
may be found by solving a suitably selected system of m equations 
from (1), and this proves their analyticity. 

Let Y — ZhjXi be another analytic infinitesimal transformation 
defined on V and belonging to 311. We want to prove that \X, Y] 
belongs to 371. It is obviously sufficient to carry out the proof in the 
case where X = gXi, Y = hXj, for g, h any two analytic functions on 
V and i, j any two indices between I and m. We have 

IX, Y] ^ YX - XY = h{Xig)Xi + ghXjXi - ghX,Xi - g{Xik)Xi 
= (ft(X;ff))X.- - {giXfi))Xi + gh[Xi, X,-]. 

But [X„ X,] is a linear combination of elements in 2 and hence belongs 
to 2JI; it follows that [X, Y\ belongs to 2)?, which proves Proposition L 

§VII. INTEGRAL MANIFOLDS OF AN INVOLUTIVE DISTRIBUTION 

(Local Theory) 

Let T3 be a manifold, and let |xi, ■ • * , x„J be a coordinate system 
at a point pe*U. Denote by V a cubic neighbourhood of p with respect 
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to this sj^stem, and by a the breadth of V. Let m be any integer <n, 
and let - • • , In be n — m numbers such that — x„+A(p)j 
<a(l^A^n — m). Denote by the set of points q^V whose 
coordinates satisfy the conditions 

= Im+A (1 ^ ^ n — 77l). 

We can define a manifold whose set of points is by the condition 
that the contractions of xi, • • • , Xn to shall form a system of 
coordinates at every point of §(. It is obvious that §( is a submanifold 
of *0. We shall say that is the slice of V defined by the equations 
x,n+A = (1 ^ A ^ n — m). 

Theorem 1. Let 3R be an analytic involuHve distribution of dimension 
m on a manifold of dimension n. If p is any point of X), there exist a 
coordinate system jxi, ■ * * , x^j at p and a cubic neighbourhood V of p 
with respect to this system which satisfy the following conditions: 1) 
Xi{p) = 0(1 ^ i ^ n); 2) let a be the breadth of V and let |m+i, * ' • , |ti 
be any n — m numbers stich that Uw+aI < a — m); then 

the slice of V which is defined by the equations Xm+A — |m+A (1 ^ A ^ 
n — m) is an integral mariifold of SO?. 

We first prove 

Lemma 1. Let X be an infinitesimal transformation which is defined 
and analytic in a neighbourhood of a point pZV and which is such that Xp 
7*^ 0. Then there exist a coordinate system {yi, • * • , yn\ Qt p and a 
cubic neighbourhood W of p with respect to this system which satisfy the 
following conditions: ydp) = 0 (1 ^ i ^ n); X is defined on W and 
coincides on W with the infinitesimal transformation whose symbol 
(with respect to the y-coordinates) is d/dyi. 

We can find a coordinate system {^i, • • • , Znl at p such that 
XpZ\ ^ 0. Let Z he & cubic neighbourhood of p with respect to this 
system on which X is defined and analytic, and let c be the breadth 
of Z. If qez, we have X^Zi = Fi(zi{q), • • • , Zn{q)) (I ^ i ^ n), 
where the functions Fi are defined and analytic in the cube defined 
by the inequalities \zi — Zi(p)\ < c. We consider the following system 
of differential equations: 

dZ' 

(1) -T 7 = Fi(zi, • • • , z„) (1 ^ ^ n) 

Making use of the existence theorem for systems of analytic differ* 
ential equations, we obtain the following result: there exist a number 
bi such that 0 < 6i < c and a system of n functions <pi(yi, * • • , pn) 
(1 ^ i ^ n), defined and analytic in the cube Qi specified by the 
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equalities lj/i| < 6i (1 ^ i ^ n) such that: 1) \<pi(yi, • • ■ , i/„)| < c 
whenever (^i, • • • , 2/„)£Qi; 2 ) the equations = <pi{t, y2, • * •*, Vn) 
represent a solution of the system ( 1 ) with the initial conditions 
^j( 0 , y2 ' ■ ■ , Vn) ^ 2 i(p), ^i( 0 , y2, ■ ‘ ‘ , 2 /n) = yi + 2.(p) forf > 1 . 

We shall prove that the functional determinant D{tpi, ■ • ■ , <Pn)/ 
^(yi, * • • , yn) is 9^0 when t/i =•• •=?/„ = 0. We have 



= F l(2l(p), ■ ♦ • , Zn{p)) = XpZi 9^ 0 


On the other hand,if j > 1 , = 5 i, because^i( 0 ,y 2 , ■ • • , y«) = 

(1 “ ^ii)yi + 2 t(p). Our assertion follows immediately from these 
formulas. 

It follows that there exist a coordinate system {y\, • • , yn) at p 

and a cubic neighbourhood W of p with respect to this system such 
that W Q Z and 2,(5) = fpi{yi(q), * ■ ' , y^{q)) for every qzW. If 
qiWy we have 

X^Zi = Fi{zi(q), • ■ - , Zn{q)) = ^ (^ 1 ( 9 ), * * ■ , yn(q)) 

^y\ 

whence X = d/dy\ in W. 

Now, we proceed to prove Theorem 1 . Let |Xi, • • • , Xm\ he 
a base of Tl around p. We have (Xi)p 9 ^ 0, and we may apply 
Lemma 1 to Xi. Let |yi, • • • , p») be a coordinate system at p and 
W a neighbourhood of p which satisfy the conditions of Lemma 1 
for Xi, W being furthermore taken so small that (Xi),, * * • , (Xm)^ 
form a base of 9}?, at every point qeW. It is clear that, if m — I, 
the slice of W which is defined by the equations ^ 2 =^ 2 , * * ' > 

(where ^ 2 , * ’ • , are any numbers which are smaller in absolute 
value than the breadth of W) is an integral manifold of SO?, which 
proves Theorem 1 in the case w’here m = 1. To prove Theorem 1 
in the general case, we proceed by induction on m. Assume that 
m > 1 and that Theorem 1 is true for distributions of dimension 
m — 1. It is clear that we can find m — 1 functions Az, * * * j 
analytic on V, such that (X, — AiXi)yi = 0 (2 ^ f ^ m). We set 
X; = Xi - AiXi; then (Xi)„ (Xj),, ■ - ■ , {X'J, form a base of m, 
at every point qsW. Let 9C be the slice of W defined by the equation 
yi = 0. If 9 e 9 C, the vectors (Xj), (2 ^ ^ m) are tangent to 9C at q; 

it follows that Xj, • • • , X*„ have contractions X 2 , • * * , X« to 9C. 

If gSSC, the space spanned by the vectors (Xj),, • • • , (X«), is the 
intersection of S!)?, with the tangent space to 9C at q. The distribution 
9K, 9 —> 3??®, is clearly analytic on 9C. On the other hand, it follows 
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immediately from Proposition 2, §V, p. 82 that 59? is involutive. 
Since 95? is of dimension m — 1 , we may apply our induction assump¬ 
tion to ^?. We can find a system of coordinates X 2 , • • • , at p on 
9C and a cubic neighbourhood F of p with respect to this system with 
the following properties: x,(p) = 0 (2 ^ i ^ n); if * * ■ , are 
numbers smaller in absolute value than the breadth o of F, then the 
slice of F which is defined by the equations {I ^ h 

^ n — m) is an integral manifold of 95?. We may furthermore 
assume that a is at most equal to the breadth of W. Let F be the set 
of points qeW which satisfy the following conditions: the point q' 
whose coordinates are (0, 2 / 2 ( 9 ), ■ ■ ■ , 2 /r,( 9 )) lies in F and |yi( 9 )| < a. 
If 9 sF, we set Xi( 9 ) = 2 / 1 ( 9 ), Xi{q) = Xi(q') for i > 1. It is clear that 
1 ^ 1 , * • • , Xnl is a coordinate system at p and that F is a cubic 
neighbourhood of p with respect to this system. Moreover, since 
2 ^ 2 ( 9 ), ■ ■ ■ , x„{q) depend only upon 2 / 2 ( 9 ), * * * , 2/n(9) and xi{q) 
= 2 / 1 ( 9 ), the symbol of (with respect to the coordinatesxi, • • • ,x„) 
is d/dXi. 

We have Xix«+a = 0(l^/i^n — m), whence 


dxi 


(X,Xbv+a) — XiX^Xm+h — Xi]x„^.fc 


Since SO? is involutive, we have [Xj, Xi] = gnXi + SJlgffu-X’y where the 
functions 9 ,/ (1 ^ i, j ^ m) are analytic on F. Therefore, 

(2) ^ = 2:r..s.,(x;x.^) 

OXi ^ 

Since any §5 is an integral manifold of S9?, we have XJx»+a = 0 on 
9C, i.e. for xi = 0. Considered as functions of xi, the functions 
XiXm+h (I ^ f ^ m) satisfy the linear homogeneous differential system 
(2). It follows from the uniqueness theorem for systems of differential 
equations that X\xm+h — 0 identically on F. This means that any 
slice of F defined by a system of equations of the form Xm+h = fm+A 
(1 ^ h ^ n — m) is an integral manifold of 95?. Theorem 1 is thereby 
proved for distributions of dimension m. 

Proposition 1. Let 90? be an analytic involutive distribution on a 
manifold D. If two integral manifolds W and W' of 95? have a point p 
in common, there exists an integral manifold of 95?, containing p, which 
is an open submanifold of both 'W and *W'. 

We use the notation of Theorem 1 . Letgo be the slice of F which 
is defined by the equations x^h = — m). It will be 
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sufficient to prove that any integral manifold W of ID? which contains p 
has an open submanifold which is also an open submanifold of go- 

Since the identity mapping of W into V is continuous, the set 
V^VPis relatively open in Because W is locally connected, the 
connected component C of p in (in the topology of V?) is a 

relatively open subset of 'W.i Therefore, C is the set of points of an 
open submanifold 6 of 'W, which is an integral manifold of 

Denote by Xi the infinitesimal transformation whose symbol (with 
respect to the coordinates xi, • ■ • , .x„) is d/dxi. Then, if qeV, the 
vectors (Xi)„ • ■ • , (X„), form a base of 9)?,. On the other hand, if 
^£6 we know by Proposition 1, §IV, p. 75 that we can select m of the 
functions :ri, ■ • • , whose contractions to e form a system of 
coordinates at q. Since = 0 (1 ^ ^ m, 1 ^ h ^ n - m), 

none of these functions can be of index > m, which proves that the 

contractions of xi, • • ■ ^ Xm to 6 form a system of coordinates at any 
point of e. 

If gee, the vectors (Xi)„ • • • , form a base of the tangent 

space to e at q. The equations X,x«,+a = 0 imply that the differential 
of the contraction of Xr^+h to 6 is 0; therefore each function Xm+h is 
constant on e — m) (Cf. Proposition 4, §IV, p. 75). 

This means that C is a subset of §o. Because the contractions of 

* * ■ , x,„ to e form a system of coordinates at every point of C, 6 
is an open submanifold of §o. Proposition 1 is thereby proved. 

§VIII. Maximal Integral Manifolds of an Involutive 

Distribution 

Let 'U be a manifold, and let be an analytic involutive distribu¬ 
tion on 1). 

We shall now study the integral manifold of SD? in the large, instead 
of limiting ourselves to the consideration of a neighbourhood of a 
point of 'U. 

Let V be the set of points of T). We shall define a new topology 
on the set V . Let 0 be the family of those subsets of V which may 
be represented as unions of collections of integral manifolds of 0 
may be taken as the family of open sets in a topology on V. In fact 

1) Any union of sets of 0 obviously belongs again to 0. 

2) Let Oi, O 2 be any two sets of G, and let p be a point of Oi ^ Oj. 
Then there exist two integral manifolds Wi, ^2 of SO? both containing 
p, and such that V?i C Oi, Wj C Oi. Proposition 2, §Vn, p. 88 

* In fact, if gsC, there exists a connected neighbourhood of q contained in V7 ^ V, 
and therefore also in C. 
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shows that V?i, ‘W 2 have in common an integral manifold which con¬ 
tains p. We have Oi ^ O 2 , which shows that Oi ^ O 2 £ 0. 

3) Any open subset U of V belongs to 0. In fact, let p be a point 
of f/; there exists an integral manifold W of '‘92 such that peW. Since W 
is locally connected, the component of p in W ^ U is an open subset 
of as such, it is the underlying space of an open submanifold \Vx 
of W, and Wi is clearly an integral manifold of 9}i with peWi(^ 
This proves that UzO. It follows in particular that ye0. Further¬ 
more, we see that if pi ^ p 2 , we can find sets Oi, O 2 in 0 such that 
PisOi, p2e02, Oi ^ O 2 = </>. 

Let 35* be the topological space defined by the family of open sets 
0. We shall prove that, if W is any integral manifold of 9)2, W is a 
subspace of 95*. Let p be any point of W. Then: 

1) Any neighbourhood of p with respect to W contains an open 
submanifold of W; this submanifold being an integral manifold of 9)2, it 
is a set of 0 and is therefore a neighbourhood of p with respect to 95*. 

2) A neighbourhood of p with respect to 95* contains a set 0 such 

that peO, OsO; taking into account the definition of 0, we see that 0 
contains an integral manifold Wi of 9)2 containing p. According to 
Proposition 2, §VII, p. 88 contains a neighbourhood of p 

in W. 

From 1) and 2) it follows at once that W is an open subspace of 95*. 

Let 93 be any connected component of 95*, this connected com¬ 
ponent being considered as a subspace of 95*. We shall prove that 93 
is the underlying space of an integral manifold of 9)2. 

In order to do this, we first select for every point ptV some integral 
manifold 'W'(p) of 9)2 containing p. If pe93, 'W'(p) is an open con¬ 
nected subset of 95*, whence, ‘WTp) C We denote by a(p) the 
class of real valued functions which are analytic at p on W'(p). These 
functions may be considered as functions defined on neighbourhoods of 
p in 93. We assert that the assignment p a{p) defines a manifold 
on 5H5. The conditions I, II of §1, p. 68 are obviously fulfilled; the 
neighbourhood V which occurs in condition III being selected as a 
neighbourhood W' in WTp) which satisfies condition III for WTp) 
the conditions III, 1), 2), are fulfilled. As for III, 13), we observe 
that if the manifolds V^'(p), WT?) have in common a submani¬ 

fold which is an open submanifold of both, from which it follows 
immediately that condition III, 13) is satisfied. 

Let W be the manifold defined on 93 by the assignment p —» G(p). 
If pew, W (p) is clearly an open submanifold of W, and therefore W 

* Cf. footnote 1), p. 92. 
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is an integral manifold of SB. It is obviously independent of the 
choice of the manifolds *W'(p). Since we have 'W'(p) 'W we sGe 
that any integral manifold of SB which has a point in common with 
W is an open submanifold of 'W. 

We have now proved 

Theorem 2, Lei V be a manifold, and let S!Ji he an involuiive dis- 
iribulion on *0. Through every 'point pS'U there passes a maximal 
integral manifold 'W(p) of i.e. an integral manifold which is not a 
subset of any larger integral manifold. Any integral manifold containirhg 
p is an open submanifold of W(p). 

Remark. The maximal integral manifolds are obviously uniquely 
characterized by the properties stated in Theorem 2. 

§IX. THE Countability Axiom 

Thus far we have not required that the underlying space of a 
manifold V should satisfy the Hausdorff countability axioms. These 
axioms, however, hold for the manifolds which we shall consider 
later, and this fact has certain important consequences. 

Let us call a subset of a manifold t) which is a cubic neighbourhood 
of one of its points, with respect to a suitable coordinate system at the 
point, a cubic subset of D. It is clear that the countability axioms 
hold in V if and only if V can be covered by a countable collection of 
cubic subsets. An equivalent form of this condition is given by the 
following: 

The countability axioms hold in a manifold D if and only if *0 can be 
represented as the union of a countable family of compact subsets of U. 

In fact: 

1) Suppose that the countability axioms hold in V. Then U 
can be represented as the union of a countable family of cubic subsets. 
Each of them is homeomorphic to a cube in E", where n is the dimen¬ 
sion of TJ; since a cube can be represented as the union of a countable 
family of compact sets, the same holds for V. 

2) Suppose that V is the union of a countable family (/Ci, • • • , 
iC„, • • ■) of compact subsets. Every point of has a neighbourhood 

'in V which is a cubic set. Since K„, is compact, it can be covered by a 
finite number of these cubic sets. This being true for every m, U can 
be covered by a countable family of cubic sets. 

Now let us consider an involutive distribution 90? on a manifold V. 
As we have seen (Theorem 1, §VII, p. 88), every point peV has a 
n6ighbourhoocl V wliich can l>6 decomposed into slices, each slice being 
an integral manifold of Let W be the maximal integral manifold 
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containing p. Then, the intersection U ^ is the union of a certain 
set of these slices. Since two different slices are disjoint, a compact 
subset of W can meet at most a finite number of the slices. If the 
countability axioms hold on W, it follows immediately that the 
intersection V ^ 'W is the union of at most countably many of these 
slices. 

Let So be the slice containing p. Then, obviously. So coincides 
with the connected component of p in 'W ^ V, this connected com¬ 
ponent being taken in the sense of the topology of But, if V ^ 
contains at most countably many slices, So is also the-connected 
component of p in the set V ^ W, in the sense of the topology of U. 
In order to prove this, we may assume that T is a cubic neighbour¬ 
hood of p with respect to a coordinate system |.Ti, ■ • • , Xn| such that 
each slice of V is represented by equations of the form 

Xr+l = Xr+l{pi), • • ■ , .r„ = X„(pi), 

Pi being a point of the slice. Let w be the mapping of R’* into 
defined by a>(xi, • • • , x„) = (x,+i, • • • , iv). Under our assump¬ 
tion, 0 ) maps TW onto accountable subset of R'*~'. Since d> is 
continuous, it maps every connected component of T (in the 

sense of the topology of U) onto a connected subset of Now any 

connected countable subset of must clearly consist of a single point; 
this proves that any connected component of F W coincides with 
a slice. 

Proposition 1. Lei 9)1 be an involutive distribution on a manifold *1). 
Let 'W be an integral manifold of 9)?. Suppose that ^ is an analytic 
mapping into V of a manifold 91 and that the image under <p of the set of 
points of 91 is a subset of 'W. If the countability axioms hold on W, <f> 
is an analytic mapping of 91 into 'W. 

Let s be a point of 91, and p = y>(s) be its image in 'W. We select 
a system of coordinates {xi, • • ♦ , Xn} at p on U and a cubic neigh¬ 
bourhood F of p with respect to this system, with the same properties 
as above. Since tp is continuous, there exists a cubic neighbourhood 
U of s (with respect to some system of coordinates at s on 91) which is 
mapped by <p onto a subset of F. Moreover, since U is connected, the 
same thing is true of v»(U). Therefore p{U) is a connected subset of 
F'^'W (in the topology of F). It follows that *p{U) is contained 
in the slice 5o of the intersection F W which contains p. 

If / is any function which is analytic at p on W, then/coincides on 
a neighbourhood of p in W with the contraction of some function fi 
which is analytic at p on U. The function /i o ^ is analytic at s on 9i, 
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since ip is an analytic mapping of ‘U into *0. If we choose V so that p 
{V) is in the domain of definition of/i, p{V) will also be in the domain 
of definition of f (since (p{U) So), and the functions/ ptfiO tp will 
be defined, and will coincide, on U. Therefore/o ^ is analytic at s on 

which proves that <p is an analytic mapping of *11 into 'W. 

Proposition 2. If the countability axioms hold in a manifold D, 
they also hold in any submanifold of V. 

To prove Proposition 2 we shall first establish the following lemmas. 

Lemma 1. Let ^ be a connected space. Assume that there exists 
a family | Tal of open subsets of 35 with the following properties: a) the 
countability axioms hold in every Va, considered as a subspace of 35, b) 
there are at most countably many indices /3 such that Vp meets a given Va 
of the family, and c) we have UaTa = 35. Then the countability axioms 
hold in 35. 

Let cro be any index such that Va^ we shall say that an index 
a is attainable in h steps from ao if there exists a sequence (ao, ' ' ' , 
Oh) of A + 1 indices, beginning with ao and ending with as = a, such 
that y«,_i ^ 7*^ <^» (1 ^ ^ A). Let ^4^ be the set of indices a 

which have this property. We shall prove, by induction on k, that 
Ah is countable. This statement is true, by assumption, for A = I. 
Now assume it to hold for h ; if aS^A+i, there exists an index ^&Ah such 
that Va^Vd^ <i>. There are only countably many indices in Ah 
and, for each of them, there are only countably many indices a with 
Va'^Vfi 9 ^ <i>', this proves our statement for A + 1. Let A be the 
set UaLi Ah] A is then a countable set. We set V = U«£A Va', V is an 
open subset of 35 and the countability axioms hold in V, Let p be any 
point adherent to V ; then p belongs to some Ta. Since Va is open, we 
have V ^ Va 7^ 4>, whence Va'^ V^ 4> for some jSsA; if ^eAh, we 
have aSiiA+i, Va C which proves that V is also closed. Since 

35 is connected we have F = 35: Lemma 1 is proved. 

Lemma 2. Let 33 6e a connected and locally connected space. 
Assume that 33 can he covered by the union of a countable family of open 
subsets Fa (A - 1, • • ■) which have the following property: any com¬ 
ponent of any one of the sets F* satisfies the countability axioms. Then 
the countability axioms hold in 35. 

Let Vk.a be the components of F*, a running over a set of indices 
Ak. Taking Lemma 1 into account, it will be suflScient to prove that, 
k, m and atAk being given, there are only countably many indices 
for which Fa.^ ^ F„.^ 0. The set F„ ^ Fa.^ is an open sub¬ 

set of Fa.«; since the countability axioms hold in Vk.a, the set F« ^ Vk.a 
has only countably many components iTp (p = 1, • • •)• Each K, is 
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a connected subset of and therefore belongs to a uniquely deter¬ 
mined component, IV 3 (p) of V^. Let be any index such that 
Vk,a ^ ^ 4>;i( pisa point of \\.. ^ V^. 3 , p belongs to one of the 

sets Kp. This set Kp, being a connected subset of and having a 
point in common with is contained in whence ^ = p{p), which 
proves our assertion. 

Lemma 3. Let be a connected space. Assujne that there exists 
a continuous mapping tp of into R‘‘ with the following property: p being 
any point of 35, there e.vists an open subset V of 3$, containing p, which is 
mapped topologically under ip onto an open subset of R‘*. Then the 
countability axioms hold in 3.L 

We can find a countable set \l\, ■ ■ ■) of open subsets of with 
the following property: r being any point of any neighbourhood of r 
contains some set l\. We may furthermore assume that the sets Uk 
are connected. If k is any integer >0, we consider the family of 
those open subsets Vk.a of which are mapped topologically onto Ck 
under ip; a runs over a set of indices Ak which may be empty for some 
k. We assume that Vk.a ^ Vu.a for a ^ If Vk.a has a point in 
common with \ k. 0 , we have a = /3. In fact let xpa, ^0 be the mappings 
of Uk onto Vk,a, Vki. respectively which are reciprocal to the mappings 
induced by ip on these two sets, and let W be the set Vk.a ^ Vk.p. 
Assume for a moment that W has a boundary point p in Vk.a\ then 
we have p = lim where (p„) is a sequence of points of W. We 
have therefore, ^(p) = lim (^(p„) and ^^(.^(p)) = lim MAPn)^ For 
any point q^W we clearly have ^^(^( 9 )) = q, whence M'pip)) = lim p„ 
= p; on the other hand the point iA^(^(p)) is in Vk .0 and hence is in W. 
This shows that psW, which, because W is open, is a contradiction. 
Therefore W has no boundary point in Vk.a] this latter set being con¬ 
nected (because it is homeomorphic to Vk), we have W = Vk.a. The 
same argument would show that W — Vk. 0 , whence a = ( 0 . Because 
the sets Vk.a are open it now follows that they are the components 
of Vk = Vk.a. Furthermore, it is clear that the countability 
axioms hold in every Vk.a and that every point of 35 belongs to one 
of the sets Vk. Therefore, Lemma 3 follows from Lemma 2. 

Lemma 4. IfV is a d-dimensional submanifold of R’^, the countabiU 
ity axioms hold in * 1 ). 

Let Xi (1 ^ f ^ n) be the contractions to U of the coordinates in 
Let I - {fi, • • ■ , Zdl be any set of distinct numbers between 1 
and n, and let Vj be the set of points of “U at which the functions 

3^*11 * ' ' , a:id form a coordinate system on * 0 ; F, is an open subset of * 0 , 

and every point of *0 belongs to one of the sets F/. Let F' be any 
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component of Vi and let (p be the mapping of V' into defined by 
^(p) = (x*(p), • ■ • , a:i*(p))(p£F'); it follows immediately from 
Lemma 3, applied to the space V' and the mapping >p, that the count- 
ability axioms hold in V'. Lemma 4 then follows from Lemma 2. 

We can now prove Proposition 1. Since the countability axioms 
hold in D, we may cover D by a countable number of open subsets 
Vk (1 ^ k < «), each of which is a cubic neighbourhood of some point 
of D with respect some system of coordinates at the point. Set 
W, = where 'VV is a submanifold of *13. The sets Wt are 

open in W. If W[ is a component of Wu (in the topology of W), TF*, 
considered as a subspace of W, is the underlying space of an open 
submanifold 'Wj of W. Considering Vk as a subspace of TJ, it is the 
underlying space of an open submanifold TJx. of 'll, and is a sub¬ 
manifold oiVk. Since Vk is a cubic neighbourhood with respect to some 
system of coordinates, Vk is analytically isomorphic to an open sub¬ 
manifold of i?" (where n = dim D). It follows that is analytically 
isomorphic to a submanifold of A". By Lemma 4, the countability 
axioms hold in W*. By Lemma 2, the countability axioms hold in V?, 
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Analytic Groups. Lie Groups 

Summary. Chapter II was concerned with the study of j;roups which 
are at the same time topological spaces. Now, we shall consider groups 
which are at the same time manifolds; this leads to the notion of an analytic 
group, which is defined in §1. 

The most important new concept brouglit about by the introduction of 
analytic groups is the concept of the Lie algebra, which is dehned in §11. 
To every analytic group there is associated a Lie algebra, and tlie relation¬ 
ships which may hold between analytic groups have tlidr counterpart in 
the corresponding relationships between Lie algebras. Thus, the analytic 
subgroups of an analytic group 9 correspond to the subalgebras of the Lie 
algebra of 9 (Theewem 1, §IV, p. 107), and the analytic homomorphisms 
of an analytic group 9 l>^to an analytic group correspond to tlie homo¬ 
morphisms of the Lie algebra of 9 ii^to the Lie algebra of 3C (Theorem 2, 
§\T, p; 111). The analytic groups which are considered here are not 
necessarily closed subgroups and are not necessarily topological subgroups, 
although they are submanifolds. It is shown in §V that, if an analytic 
subgroup is closed as a set of points, it is necessarily a topological subgroup. 
If ^ is a topological subgroup of an analytic group 9 such that the con¬ 
nected component of the neutral element in § is the underlying topological 
group of a closed analytic subgroup of 9» the homogeneous space 9/-^ l‘^s a 
structure of manifold which is defined in §V. If ^ is distinguished, 
is an analytic group. It is shown in §VH that the Lie algebra of 9/’& is a 
factor algebra of the Lie algebra of 9* 

The notion of exponential mapping for matrices can be generalized to the 
case of an arbitrary analytic group. Thus, the elements of the Lie algebra 
of an analytic group 9 be used to represent parametrically the elements of 
a neighbourhood of the neutral element in 9- The definition of this general¬ 
ized exponential mapping is the object of §VIII. The exponential mapping 
is used in §IX to complete the indications which were given in §VII on the 
homomorphisms of analytic groups. 

In §X, it is shown that the addition and bracket operation in the Lie 
algebra correspond (approximately) to multiplication and the building of 
commutators in the group. 

In §XI, it is shown that an analytic group 9 has a representation by 
linear transformations operating on the Lie algebra of the group. From this, 
one can deduce that an analytic group whose Lie algebra has no center 
?^|0j is at least locally isomorphic with a subgroup of the linear group. 
Furthermore, it is proved that a given Lie algebra can be represented as the 
Lie algebra of some analytic group provided its center contains only 0. 
That this proviso is not really necessary will be proved much later (in 
volume 2). 

In section XII, it is proved that the commutator subgroup of an analytic 
group is the underlying group of an analytic subgroup, the derived group. 

90 
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An analytic group bears ipso facto the structure of a topological group; 
it is shown in §XIII that the analytical structure (and in particular the Lie 
algebra) is uniquely determined in terms of the topological structure (Theorem 
3, p. 129). This remarkable fact holds only for real analytic groups, not 
for groups with complex parameters (Cf. volume 2). To avoid the con¬ 
dition of connectedness which was involved in the notion of manifold, we 
define a Lie group to be a locally connected topological group @ such that the 
component of the neutral element in is the underlying topological group 
of .some analytic group (which is then uniquely determined). It follows 
from this last fact that we may use freely the concept of Lie algebra when 
dealing with Lie groups. 

In section XIV, we derive a sufficient condition for a topological group 
to be a Lie group. Our result is a slight generalization of the result of Car- 
tan according to which any closed subgroup of a Lie group is a Lie Group. 

In section XV, we show that the group of automorphisms of any algebra 
whatsoever on the field of real numbers is a Lie group. From this, we deduce 
that the group of automorphisms of a connected Lie group is a Lie group. 

§1, Definition of the Notion of Analytic Group. Examples 

Definition 1. An analytic group is a pair (T), G) formed by a manU 
fold T) and a group G which satisfy the following conditions: 1) the set 
of points of U coincides with the set of elements of G; 2) the mapping 
(a, t) —» aT~^ of the manifold T) X T) into T) is everywhere analytic. 

The manifold T) is called the underlying manifold of the analytic 
group. The underlying topological space of U is also called the under¬ 
lying space of the group. Since every analytic mapping is continuous, 
the pair formed by the underlying space and the group (7 is a topp- 
logical group, which is called the underlying topological group of the 
analytic group. This topological group is obviously connected and 
locally simply connected. 

The additive group of /J", associated with the manifold iJ" which 
was defined in Chapter III, §11, p. 73 is an analytic group which we 
shall again denote by R^. 

We now consider the group GL{n, C). K tr = (xi;(<r)) is a matrix 
in this group, we denote by x'y(ff) and the real and imaginary 

parts of x,-,(<r). If we assign to <r the point whose coordinates 

are the numbers xL(<r), (arranged in some fixed order), we obtain 
a homeomorphism, ^>, of GL{n, C) with the subset of composed 
of the points for which 

^ 0 

This set is open. On the other hand, the group GL{n, C) is connected. 
Hence we may define a manifold T) whose underlying space is the 
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underlying space of GL{n, C) by the requirement that the 2n' functions 

x.y, x,y shall form a system of coordinates at every point of V fCf 
Chapter III, § 11 , p. 73). 

The quantities x'yC^rr-*), x;;(<rr->) may be expressed as rational func¬ 
tions of the Xiy(< 7 ), x,y(T), x'/iia), x,7(t), and the denominators of these 
rational functions are ^0 on GL(«, C). It follows that the mapping 
(er t) -> ffT > is analytic, which proves that the pair formed by V and 

GL{n, C) IS an analytic group. This analytic group will again be 
denoted by GL(n, C). 

Finally, let us consider the torus group T\ i.e. the factor group 
of R by the group of integers. We have defined the topological space 
r* as the underlying space of a manifold and we have seen that the 
functioris cos 27rf, sin 2 xf are everywhere analytic on and that, at 
each point, one of them is a coordinate on TK The formulas 

cos 27r(j — 1 )) = cos 27rf COS 27rt) + sin 27rf sin 27rt) 

sin 27r(f — Q) = sin 2 irj cos 2 wtf — sin 2 irt) cos 27 rf 

show immediately that the manifold and the group considered 
together, make up an analytic group, which we shall also denote by Th 
Now, let g and 3C be two analytic groups, D and W their underly- 
mg manifolds and G and H their underlying groups. Then the product 
G X ^ is a group, and the set of elements of this group is also the set 
of points of Ti X W. Let {{a, r), {ai, n)) be a pair of elements of 
G X H, with c, ffi&G and r, tiZH. The mapping ((a, t), (tri, n)) — »((o- 

^i), (r, u)) of {y XW) Xiv X W) into {V X V) X X W) is 
obviously analytic. The mappings {a, {r, n) 777 ^ of 

^ X -U into D and of W X W into W are analytic by assumption. It 

follows easily that the mapping ((<r, aj), (7, 7 i))-»(ffff 7 *, 777 *) of 

(*0 X *0) X (W X W) into *0 X W is analytic. Hence the same is 
true of the mapping ((<r, 7 ), n)) (v, 7 )(ai, 7 :)-» = 777 ') 

of (*0 X W) X (*0 X W) into 1) X W. This means that the pair 
formed by the manifold T) X W and the group G X i/ is an analytic 
group, which we shall call the product of the analytic groups g and 5C 
and denote by g X OC. We can define in a similar way the product 
of any finite number of analytic groups. 


§11. THE Lie Algebra 

Let 9 be an analytic group. We denote by g. the tangent space 
to 9 at the point a. If a and t are any elements of 9 , there exists a 
unique element p(p = such that the left translation associated 
With p maps <r on t; we denote this left translation by 
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It follows immediately from the definition of an analytic group 
that the mapping | ^ of 9 into itself is analytic. Hence the 
mapping ^ —> p^, which is obtained by performing successively the 
mappings | ^ and | P$“‘, is also analytic: every left translation 

in an analytic group is an analj'-tic isomorphism of the underlying 
manifold with itself. 

It follows that the mapping has a differential which maps 
ga isomorphically onto flr. 

Definition 1. An infinitesimal transformation X on ^ is said to he 
left invariant if, for any a, Te9> have 

d^ra-lXff — Xr 

Let e be the neutral element of 9- In order for X to be left invari¬ 
ant it is sufficient for the equality d^^Xt = Xr to hold for every 769- 
In fact, assume that such is the case; since is the reciprocal 
mapping of d^^-* is the reciprocal mapping of d^» and w’e have 
Xt = whence 

Xr = d^r{d^0-iXc) = d{^r O = d^ra-iX,. 

It follows immediately that, given an element there exists 

one and only one left invariant infinitesimal transformation X which 
takes the value at «. 

We shall now prove that every left invariant infinitesimal transforma¬ 
tion X is analytic. Let ao be any element of 9- We select a system 
of coordinates \x\, • * * , Xn| on 9 at (To and a cubic neighbourhood V\ 
of <70 with respect to this system. There exists a cubic neighbourhood 
Vi of <7o such that the conditions csVi, rSFa imply trtr^'TSVi. Let a 
be any element of V^; we have X^x, = o 4>a„-i). 

The functions xj(<7, t) = x,((7<77'r) are defined and analytic on V 2 X L*; 
we have x^c, t) =/,(xi(<7), • ■ • , , x„(7)), where 

the functions Myi, ‘ ‘ ’ t Vn, Zi, ‘ , Zn) are analytic in their 2n 

arguments in the neighbourhood of the system of values yk = x*(ao), 

Zk = xjfc((ro) (1 ^ fc ^ n). We have 

where the indices a, cn mean that the partial derivatives are taken for 
yk = xjfc(<r), Zk = Xk{ffo) (I ^ k ^ n). The quantities X^^x,- are con¬ 
stants, and {dfi/dZj)^.ri, considered as a function of <7, is analytic at <ro. 
Therefore, the functions X^i are analytic at <70, which proves that X 
is analytic at < 70 . 
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Let X and Y be any two left invariant infinitesimal transformations. 
We have 


d^rMlX, r],) = Id^rMX), d^rMY)]r = [X, Y]r 

which proves that [X, Y] is also left invariant. 

The left invariant infinitesimal transformations of g form a vector 
space e of dimension n over the field of real numbers (where n is the 
dimension of g). Moreover, the conditions Xsg, Ksfl imply [X, K]eg. 

Definition 2. Let K be a field, and let ^ be a vector space of finite 
dimension over K. Suppose moreover that there is given a law of compo- 
sition (X, y) —♦ [X, y] in g with the following properties: 

1. It is bilinear, i.e. 

[aiX, + a^Xi, y] = a,(X,, y] + a^lX,, y] fa,, aitK-,X, y,X,, y,,\ 

(X, a.y.+ a,y2] =a,(X. y,) + a,(X, y^l y^sg ) 

2. It satisfies the following conditions: [X, X] - 0, [[X, y], Z] 

"h l[^) ^]t X] + [[Z, X], y] = 0 {for any X, Y, Z£q). Then g, equipped 
with this law of composition, is called a Lie algebra over K. 

Remark. It follows immediately from the definition that 

[X, y] + [y, X] = 0 (X, yeg); 

because 

0 = [X + y, X + y] = [X, X] + [x. yj + [y, x] + (y, y) 

= [X, y] + [y. X] 

In terms of this definition, we see that the left invariant infini¬ 
tesimal transformations of an analytic group g form a Lie algebra 
(whose dimension is equal to the dimension of g) over the field of real 
numbers. This Lie algebra is called the Lie algebra of g. 

Instead of the left invariant infinitesimal transformations, we might 
have considered the right invariant infinitesimal transformations. If 
is the right translation associated with an element t, the right 
invariant infinitesimal transformations Y are characterized by the 
condition that Yr = d'PrT. for any reg. Let J be the mapping ^ 
of g into itself. It is clear that J is an analytic isomorphism of the 
underlying manifold of g with itself. Let X be any left invariant 
infinitesimal transformation; we assert that the infinitesimal trans¬ 
formation y defined by y, = dJ{Xa-i) is right invariant. In fact, 
we have 

d-^rY, = d^,(dJ(X,)) = d{^,oJ)X, 

But J maps an arbitrary element ^ into whence 
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o J = J o Therefore, 

= dJ{d^r-^X,) = dJiXr-,) = Yr 
which proves our assertion. 

The right invariant infinitesimal transformations also form a Lie 
algebra. But, since dJ(lXu JV 2 )) = dJiX 2 )], this new Lie 

algebra is isomorphic with the Lie algebra of left invariant infinitesimal 
transformations, and hence does not give any further information 
about the structure of 9 . 

§111. Examples of Lie Algebras 

Let us first consider the additive group R of real numbers. If we 
denote by x the coordinate in /?, there e.xists an infinitesimal trans¬ 
formation A' on R defined by XaX = 1 (for all asR). This infinitesimal 
transformation is left invariant. In fact, let 4>a be the translation cor¬ 
responding to an element a; then <f>a 6 = 6 + a, {d^cXo)x = Xo{x o <^a) 
= A'o(.r + a) = 1 = A’a.r, which proves our a.ssertion. It follows 
that X is a basic element of the Lie algebra of R, which consists of all 
multiples XA'” of X{\eR). 

Now, let 9 and 3C be analytic groups, and let 0 and f) be their 
Lie algebras. We know that the tangent space to 9 N 3C at a point 
(<T, t) of this manifold may be identified with the product 0, X f)f of the 
tangent spaces 0 , and to 9 5C at <r and t re.spcctively. Let X 
be a left invariant infinitesimal transformation on 9 ^^^id let K be a 
left invariant infinitesimal transformation on 3C. If we assign to 
every (c, T)e9 X JC the tangent vector (X„ Yr) to 9 X 3C at {a, r), we 
obtain an infinitesimal transformation Z on 9 X ^C. We shall prove 
that Z is left invariant. Let wi and W 2 denote the projections of 
9 X JC on 9 and on X. The vector Zg,r is determined by the conditions 

dwiZff^T — Xa do}2Z9,r = Yr 

Let 'Pr, 0<»,r bc tfic left translations associated with <r, r, {<t, t) in 9 , 3C 
and 9 X 3C respectively. We have 

O 0 ^^ = O 0)1 CO 2 O 0, , = '^r O W2 

whence, if €, ij represent the neutral elements in 9i 

dojiidQr.rZt,^) = = X, 

doi2idQr.rZt.,,) = d^r{do32Zt.^) = d'i'rY ^ = Yr 

This proves that Z^,r = and therefore that Z is left invariant. 

On the other hand, if Z and Z' are two analytic infinitesimal trans- 
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formations on S X 3 C, we have Z’\ = [dw.-Z, (i = 1, 2). 

This leads us to the following definition: 

Definition 1. Lei q and 1) be two Lie algebras over the same field K. 
Let us define the following law of composition in ^ X 1): 

[(X, y), (x^ Y')] = {[x, x'i [y, y'j) 

We then obtain a Lie algebra whose underlying vector space is the product 
of the underlying vector spaces of g and This Lie algebra is called the 
product of g and f) and is denoted 6(/ g X f). 

We have proved that the Lie algebra of the product of two analytic 
groups is the product of the Lie algebras of these groups. 

The definition and the result may easily be extended to the case 
of the product of several Lie algebras or analytic groups. 

In particular, we see that the Lie algebra r" of the analytic group 
it" is the product of n Lie algebras identical with the Lie algebra r of 
R. Now, if X, X' are any two elements of r, we have [X, X'] = 0; 
hence the same is true of the Lie algebra of R^. 

Since is of dimension 1, its Lie algebra is also of dimension 1, and 
is therefore identical with r. If we call T’* the product of n analytic 
groups identical with T\ we see that the Lie algebra of T” is r". 

We shall now find the Lie algebra of GL{n, C). The coefficients 
x,;(a) of a matrix (rzGL{n, C) are complex valued functions, whose real 
and imaginary parts xj|(<7) and x'/(a) are analytic functions on GL{n, C). 
If X is an analytic infinitesimal transformation on GL{n, C), we set 
Xx,7 = Xx” -h \/— 1 Xx'if 

With every left invariant infinitesimal transformation X on GL{n, 
C) we associate the matrix (ai|(X)), where a,y(X) = X^a (1 ^ i, 
j ^ n) and where e is the neutral element of GL(n, C). We obtain in 
this way a linear mapping of the Lie algebra gl(n, C) oiGL{n,C) into the 
vector space consisting of all matrices of degree n with real or 

complex coefficients. (5D?„(C) is a vector space of dimension 2n^ over 
R). If a„(X) = 0 for all (z, j), we have X, = 0, because; he 2n^ 
functions xj^, form a system of coordinates at e. Since X is left 
invariant, it follows that X = 0. Our linear mapping is therefore a 
linear isomorphism of gl(n, C) with a subspace of 2)?„(C). Since 
gl(n, C) and 2fin(C) are both of dimension 2n^, the image of gf(n, C) is 
the whole of S[12n(C). 

It remains to compute the matrix (ai;([X, y])) when (a„(X)) and 
(ai 7 (T)) are known, X and Y being two left invariant infinitesimal 
transformations. We have X^x^- = d4>.X,Xo = X,(x,> o 4>.), where 
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is the left translation associated with an element <TZGL{n, C). Hence 

If we consider XcXa as a function of <r, we have 

Yt{X^Xi,) — 2 iaijt(K)afc;(X). 

Let us denote by X, F the matrices (a,;(X)), (a.,(y)); then the matrix 
whose coefficients are the numbers YtiX^Xa) is YX, and the matrix 
whose coefficients are the numbers Xt{YgXii) is XY. It follows that 
the matrix which corresponds to [X, Y] is YX — XY. 

Therefore, Ihe Lie algebra of GL(n, C) is isomorphic with the space 
of all complex matrices of degree n, this space--being-'effuip'pe(T with the 
following law of composition: [X, F] = Fx — XF. 

More generally, if K is any field, the set of all matrices of degree n 
with coefficients in K can be turned into a Lie algebra over K by 
defining the bracket operation by the formula (X, F) = FX — XF. 

Let 9 be a vector space of finite dimension over a field K, and let 
{Xi, • • • , Xnl be a base of 9 over K. If we want to define a law of 
composition which will define a structure of Lie algebra on 9 , it will 
obviously be sufficient to give the expressions for the elements [X„ XJ 
(1 $ i, j ^ n), say 

[XV, X;] == Z,Cii,X, 

The constants c./t are called the con stants of structure of the Lie algebra 
with respect to the base {Xi, • • • , X^T These constants cannot be 
chosen arbitrarily. In fact, we must have 

(1) [X-, Xy] + [X„ X,] = 0 

(2) [[X„ Xy], X*] 4- [[Xy, XJ, X] + [[X*, X,], Xy] = 0 

and hence 

(3) Cijk + Cy.Jfc = 0 

(4) Zh{ciihChki + CjkhChn 4- CkihChu) = 0 ^ i,f,k, I ^ n) 

If K is of characteristic 7 ^ 2, these conditions are not only neces¬ 
sary but also sufficient to insure that the law of composition defined 
by the constants cuk will have the properties described in Definition 1. 
In fact, assume that conditions (3) and (4) are satisfied, and let 
X = SyXyXy, Y = 'ZiyiXi, Z = ZiZiXi be any three elements of 9 . 
We have [X, X] = S,yXiXy[Xi, Xy] = 0 because [Xi, Xy] -|- [Xy, X,] = 0 
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and 

([X, y], Z] + [[y, Z], X] + [[z, x], y] = 2,„a-.!/,z<([[x„ x,], x,.] 

+ [|X„ X,.], Xv] + [[X,, Xi], X,j) = 0 

which proves our assertion. 

Moreover, it will obviously be sufficient that the conditions (1) 
hold for i ^ j and that the conditions (2) hold for i < j < k. 

The construction of all Lie algebras of a given dimension over say 
the field of real numbers is thus reduced to a purely algebraic problem. 
The proof of the fact that to every Lie algebra there corresponds an 
analytic group is very difficult and must be postponed to the second 
volume. 

§IV. Analytic Subgroups 

Definition 1. Let g be an analytic group. An analytic group 
3C is called an analytic subgroup of g if the following conditions are 
satisfied: 1) the underlying manifold of 3C is a submanifold of the under¬ 
lying manifold of S; 2) the underlying group of 3C is a subgroup of the 
underlying group of 

Let OC be an analytic subgroup of g. We denote by g the Lie 
algebra of g and by g^the tangent vector space to gat a point asg. Let 
f) be the set of elements Xsg such that X, belongs to the tangent space 
f), to OC at the neutral element e. Lot a be any element of 3C; if 
•J*, is the left translation a.ssociated with a, induces an analytic 
isomorphism of the underlying manifold of 3C with itself. It follows 
that d4>,(f)<) is the tangent space to OC at a. If Wei), we have X<.e(), 
for all o-eOC, and therefore X has a contraction to the submanifold OC, and 
this contraction is a left invariant infinitesimal transformation on OC. 
If X and ) are in I), we know that [X, T] also has a contraction to3C; 
in particular, we have fX, Tjef). 

Definition 2. Let g 6c a Lie algebra. A subset t) of q is called a 
subalgebra of g if the following conditions are satisfied: 1) I) is a vector 
subspace o/ g; 2) the conditions Xel), imply (X, Y]zb- 

With this terminology, we see that the set b introduced above is a 
subalgebra of the Lie algebra g of g, and that this subalgebra is 
isomorphic to the Lie algebra of JC (an isomorphism being obtained by 
assigning to every Xsl) its contraction to OC). We may therefore 
identify the Lie algebra of 3C with a subalgebra of g. 

Conversely, let b be any subalgebra of g. To every aeg we assign 
the subspace !)» of g, composed of the elements X, for Xsf). We 
obtain in this way a distribution on g which is obviously analytic. 
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If |Ai, • • • , Xm\ is a base of f), the infinitesimal transformations 
Xi, ■ ■ • , form a base of 50? around every point of S- Remember¬ 
ing that t) is a subalgebra, we see immediately that the distribution SO? 
is involutive. Let3C be the maximal integral manifold of the distribu¬ 
tion 5i}J containing the neutral element €. If c is any element of 5C, the 
left translation is an analytic isomorphism of the underlying mani¬ 
fold of 3C with itself. Since this analytic isomorphism 

leaves the distribution 50? invariant. It follows immediately that 

permutes among themselves the maximal integral manifolds of 50?. 
If <r£3C, 4>,-i maps X on a maximal integral manifold which contains 
^,-itr = €, whence = 3C. It follows that the set of points of 3C 
is a subgroup H of the underlying group of g, and that, if aSH, 
induces an analytic isomorphism of X with itself. We wish to prove 
furthermore that the mapping (<r, t) —► (tt~^ oi X XX onto X is 
analytic. 

We know that the mapping (<7-, t) is an analytic mapping of 

5C X 3C into g (because 3C X 5C is clearly a submanifold of g X g). 
Therefore, making use of Proposition 1, §IX, Chapter III, p. 94, we 
see that it will be sufficient to prove that the countability axiom 
holds in X. Since 3C is a submanifold of g, it \vill be enough to prove 
that the countability axiom holds in g (Cf. Proposition 2, §IX, 
Chap. Ill, p. 94). Let V be a cubic neighbourhood of the neutral 
element € in g with respect to some system of coordinates at e. Since 
V is homeomorphic to a cube in some cartesian space, it contains a 
countable dense subset E. Let D be the group generated by the 
elements of E) then D is countable. We shall prove that g is the 
union of the sets 5U, 5eZ); this will clearly prove that the countability 
axiom holds in g. Let c be any element of g. Since g is connected, 
the elements of V form a set of generators of g, and we may write a 
in the form <r?‘ • • * with <rkSV, a* = +1 (1 ^ ^ A). For each 

h we can find a sequence (0ib.n) of elements of E which converges to 
Set 6„ = 6i\„ • • * then we have Umn_» = o'. Since <tV-^ is 
a neighbourhood of <r, there exists an integer n such that 
whence Since 8n^D, our assertion is proved. 

We have therefore proved that X is an analytic subgroup of g. 
The subalgebra of g which is associated with X by the construction 
which was indicated at the beginning of this section is obviously f). 

Conversely, let X' be any analytic subgroup of g whose Lie algebra 
is Then it is clear that X' is an integral manifold of the distribution 
50? and therefore that X' is an open submanifold of X. Since X' 
contains €, it contains a neighbourhood of « with respect to X. Since 
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3C is connected, the elements of any neighbourhood of 6 form a set of 
generators of OC, whenceOC' = 5C. We have proved; 

Theorem li— S an analytic group. 7/.10 is an analytic 
subgroup of Q, the Lie algebra of X may be considered as a subalgcbra 
of the Lie algebra of 9. Every subalgebra of the Lie algebra of 9 is the Lie 
algebra of one and only one analytic subgroup of 9. 

Remark. The maximal integral manifolds of the distribution 
which was introduced in the course of the proof are clearly the cosets 
aX obtained from X by the left translations in 9. 

§V. Closed Analytic Subgroups 

Let 9 be an analytic group of dimension m, and let X be an analytic 
subgroup of 9 of dimension n. We assume furthermore that the set 
of points of X is closed in the underlying space of 9. We shall prove 
that, under this condition, the underlying space of X is a subspace of 
the underlying space of 9, and therefore that the underlying topological 

group of X is a topological subgroup of the underlying topological 
group of 9. 

Since X and its cosets are the maximal integral manifolds of an 
involutive distribution on 9 (cf. §IV, p. 107), we can find a system of 
coordinates (xi, • • • , x^] at the neutral element 6 on 9 and a cubic 
neighbourhood F of € with respect to this system which have the 
following property; a being the breadth of F, if • • • , are 
any m - n numbers such that < a {\ ^ 3 ^ m - n), the slice 

of F characterized by the equations Xn+j = 5„+/ (1 ^ j ^ m - 7^) is 
contained in some coset modulo X (cf. Theorem 1, §VII, Chapter III, 
p. 88). The set X F consists of at most countably many slices S( 
because the axiom of countability holds in X (cf. §IX, Chapter III, 
p. 94). Let E be the set of points ■ • • , such that 

X. Since X is closed, S is relatively closed in the cube defined 
by l-Tn+zj < a (1 ^ j ^ m — n) (the Xn+/s being taken as coordinates 
in K*"-"). Since H is countable, it has at least one isolated point 
Let (To be a point of S(o. If IF is a sufficiently small neighbourhood 
of € with respect to X, <roIF is a neighbourhood of co with respect to 
Since is isolated in E, there exists a neighbourhood F' of e 
in 9 such that aoW = It follows immediately that, c 

being any point of X, the neighbourhoods of <r with respect to X are 
the intersections withX of the neighbourhoods of a with respect to 9. 
This proves that X is a subspace of 9. 

At the same time, we see that every point of H is isolated, 
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and therefore that F Q So provided a is small enough, where 5© 
is the slice which contains €. 

Now, let ,^1 be a closed topological subgroup of 9 which contains 
5C as a relatively open subgroup (which implies that the component of 
the neutral element in is 3C). If a is small enough, we shall have 
V ^ Q 3C, and therefore F ^ §i = So. We assert that there 
exists a number ai > 0(ai < a) with the following property: if the 
numbers Un+yl, \^'n+}\ (1 ^ j ^ w — n) are all ^ ai, and if the points 
5 = (^n+i, ■ • • , ■ • • , are distinct, then 

the slices S^, S^-, belong to distinct cosets modulo §i. In fact, the 
neighbourhood F having been so chosen that F = So, let Fj, Fi 

be cubic neighbourhoods of c such that F2F2 F, F7’Fi Q F2; we 
assert that the half-breadth ai of Fi has the stated property. In 
fact, let (T and r be two elements of Fi which belong to the same coset 
modulo §1. Wo have r“'o-SF2 §1 = F2 ^ So, whence aeT{V 2 So). 
But F2 '^*So is connected and t(F 2 '^*So) C ^2F2 Q F; therefore 
(T and T belong to the same component of r§i ^ F, i.e. to the same 
slice iSf, which proves our assertion. 

Since §1 is a closed subgroup of 9> homogeneous space 9/®i 
has a natural topology (Cf. §III, Chapter II, p. 29). We denote by 
03 the natural mapping of 9 S/^i- Let F be the subset of F 

defined by the conditions 

xi = 0, • • • , X, = 0, |x„+;I ^ fli (1 ^ ^ m - n) 

Then w maps F in a continuous univalent way; since F is compact, 
this mapping is topological. Since w(F) contains the image under 03 
of the cubic neighbourhood of breadth Ci of «, 03 (F) is a neighbourhood 
of a)(e) in 9/^1. We have proved 

Proposition 1. Let 3C. be a closed analytic subgroup of the analytic 
group 9. Then § is a topological subgroup of 9. Let be a closed 
topological subgroup of 9 which contains 3C as a relatively open subgroup. 
Then there exists a subset F of ^ which contains the neutral element e, is 
homcomorphic to a closed cube in a cartesian space and is mapped 
topologically onto a neighbourhood of w(6) in 9/§i by the natural mapping 
W 0/ 9 07i(0 9/^1- 

We shall now define the notion of analytic function at a point p of 
the space 9/^1. Let / be a function defined on a neighbourhood of p, 

and let <t be any point of the set w (p). The function f o w = g is 
defined on a subset of 9 which can be represented as a union of cosets 
modulo §1, and we have gipr) = g(p) if re^i. Therefore, if g is 
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analytic at o-, it is also analytic at every point of the form or, rS.'Oi, 

i.e. at every point of o) (p). If this is the case, we shall say that / 
is analytic at p on 9/§i- Let Ci(p) be the class of functions analytic 
at p. The classes G(p) have obviously the properties I, 11 of §[, 
Chapter III, p. 68 . The set F being constructed as above, denote 
by W the set of interior points of oi{cF). If qzW, we set yj{q) = .r„+;(p), 
where p is the point of F such that cl»((rp) = q. The mapping q {y\iq), 

‘ ‘ > Vm-niq)) maps IF topologicallv onto a cube in the func- 

tions yj are analytic at every point of IF and coiu'orsclv, every function 
which is analytic at a point qzW is analytically dependent around q 
on the functions pi, ■ • ■ , It follows easily that we can define 

a manifold whose underlying space is and such that aCp) is the 
class of analytic functions at p on this manifold. It is this manifold 
which we shall from now on denote by g/^i. If I is the set of points 
of F whose coordinates are < ax in abstihite value, the contraction 
of w to / is an analytic isomorphism of I (considered as a submanifold 
of g) with an open submanifold of 9/§i. 

To every peg there corresponds a homeomorphism of 9/.^i with 
itself which maps a point p = w(<r) on pp = (Lfpo-). The mapping 
(P, V) PP is an analytic mapping of £ X (9/C^i) into In fact, 

Po = w(ffo) being any point of g/^i, let w* be the reciprocal mapping 
of the contraction of u> to aol. Then w* is an analytic mapping of a 
neighbourhood of po into g and we have pp = w(pw*(p)) if p is in this 
neighbourhood, which proves our assertion. 

SVI. Analytic Homomorphisms 

Definition 1. A komomorphisrn // of an analijtic group g into an 

analytic group 3C is called an analytic homomorphism if it is an analytic 

mapping of the underlying manifold of g into the underlying manifold 
ofK. 

Let H be an analytic homomorphism of g into 3C. Let X be any 
left invariant infinitesimal transformation on g. Denote by « and tj 
the neutral elements of g andOC respectively; then dll^X, is a tangent 
vector to CfC at tj- Denote by Y the left invariant infinitesimal trans¬ 
formation on 5C such that F, = dH,X,. Then we assert that 

(I) Ym = dH.X. 

for any aeg. Denote by the left translation in g which maps e on a 
and by the left translation in 3C which maps v on Ha. From the 
fact that // is a homomorphism, it follows immediately that // o 
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= Therefore 

dlLX, = (/(// o = (/('!'//. o II)X, = = d'^n.Y, 

= Y,u 

which proves our assertion. 

The formula (1) means that T is //-related to X (Cf. §V, Chapter 
III, p. 82). We set 1' = dH{X). We know that, if X and X' are 
any two left invariant infinitesimal transformations on 9, then 

dHilX, X']) = ldH(X), dH{X')] 

(cf. Proposition 1, §V, Chapter III, p. 82). 

Definition 2. Let g and 1) he Lie algebras over the same field K. A 
mapping A of q into f) is called a /iomomorp/iism if a) it is a linear 
mappuxg; 1)) we have A([A", A'']) = |A(A), A(A')]/or any A, A eg. 

We see that to every analytic homomorphism // of 9 **^to X there 
corresponds a homomorphism dll of the Lie algebra Q of g into the Lie 
algebra h of 3C. We shall now examine whether the converse of this 
statement holds true. 

Let A be a homomorphism of g into and let c be the subset of 
g X t) composed of all elements of the form (A, AA)(Aeg). Since A 
is a homomorphism, we see easily that c is a subalgebra of g X f). 
We know that g X ^ is the Lie algebra of g X 3C (Cf. §III, p. 104). 
Let G be the analytic subgroup of g X 3C whose Lie algebra is c (The¬ 
orem 1, §IV, p. 107). Let wi be the projection of g X OC on g, and 
let wl be the contraction of wi to 6. The mapping Aj is clearly an 
analytic homomorphism of 8 into g. Moreover, if Aeg, dwi maps 
(A«, (AA),) on A., which shows that dw[ maps the tangent space to 8 
at (c, v) in a univalent way onto g. (the tangent space to g at e). It 
follows that we can find a cubic neighbourhood U of («, ij) with respect 
to 8 (relative to some system of coordinates on 8) which is mapped 
topologically by oi[ onto a neighbourhood of e in g (cf. Proposition 3, 
§IV, Chapter III, p. 76). Let X be the reciprocal mapping of the 
contraction of oi[ to U; then X is a local homomorphism of g into 8. 
If the group g is simply connected, this local homomorphism may be 
extended to a homomorphism (which we also denote by X) of g into 
8 (Theorem 2, §IX, Chapter II, p. 54). Since coincides with 

the identity on U and since 8 is connected, X o is the identity 
mapping and therefore is a homeomorphism of 8 with g. Let wj 
be the projection of g X OC on3C; then // = o X is clearly an analytic 
homomorphism of g into OC. If A is a left invariant infinitesimal trans- 
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formation on g, we have d\{X,) = (X, (AX),), (AX)J 

= (AX)„ whence dH{X) = AX. 

Assuming that there exists an analytic homomorphism // of 5 into 
5C such that dH = A (we have seen that this is the case if 9 is simply 
connected), we shall prove that // is uniquely determined. In fact, 
let H' be any analytic homomorphism of 9 into 3C such that dH' = a! 
The mapping a 0(o-) = (o-, H'a) maps isomorphically the underlying 
group of 9 onto a subgroup E' of the underlying group of 9 X 3C. 
Furthermore, 0 is a regular analytic mapping of 9 into 9 X 3C. We 
can define an analytic group whose underlying group is E' by the 
condition that 8 shall be an analytic isomorphism of 9 with £'. The 
identity mapping of £' into 9 X JC may be represented in the form 

0 0 0 and is therefore analytic and regular. We conclude that 8' 
is an analytic subgroup of 9" X OC. The mapping o 0 is the identity 
mapping of 9 onto itself; the mapping wj o 0 coincides with H'. It 
follows that, if Xsg, we have dwi((/0(X)) = X, dw2(d0(X)) = dH'iX) 
= A(X), whence d0(X) = (X, A(X)). This shows that the Lie 
algebra of 8' coincides with the Lie algebra c constructed above and 
depends only on A. Therefore the group 8' is also uniquely determined 
by A, and the same is true of H'. 

We have therefore proved 

Theorem 2. Let 9 and 3C be analytic groups, and let g and f) he 
their Lie algebras. If H is an analytic homomorphism of 9 into there 
corresponds to H a homomorphism dH of g into f) such that, X being any 
element of g, the infinitesimal transformation X and dH{X) are H~related. 
If H and H' are analytic homomorphisms such that dH = dH', then H = 
II'. If 9 is simply connected, every homomorphism of g into f) can be 
represented in the form dH, where H is an analytic homomorphism of 9 
into X. 

The restriction that 9 be simply connected cannot be removed. 
In fact, M'e have seen that and R have the same Lie algebra r. It 
is clear that the identity mapping of r into itself cannot be obtained 
from any homomorphism of T* into R, since the only homomorphism 
of T* into R is the one which maps every element upon 0. 

However, the proof has shown that the following result holds in 
every case: to every homomorphism A of q into ^ there corresponds a 
local homomorphism H of a neighbourhood U of t in 9 into X which is 
analytic at every point (tBU and which satisfies the condition dH{Xf) 

~ (AX)//,/or every Xeg and azU. 

To conclude this section, we observe that a homomorphism H of an 
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analytic group S into an analytic group X is certainly everywhere 
analytic if it is analj-tic at €. In fact, we have = H{<7o)H(a) 

and our statement follows from the fact that the left translations in g 
and X are analytic isomorphisms of these manifolds with themselves. 

§VII. Factor Groups of an Analytic Group 

Let S be an analytic group, and let $ be a topological subgroup 
of S'which satisfies the following conditions: § is closed in 9» f'he 
component of the neutral element in § is the underlying topological 
group of an analytic subgroup JC of g and is relatively open in 
Then we have already defined a structure of manifold on 9/$. Now, 
let us assume furthermore that § is distinguished. Then 9/§hasa 
structure of group. We shall prove that the group 9/'^ 
manifold 9/5, taken together, form an analytic group. 

The mapping (p, p) —> p~*p of 9 (9/5) 9/5 's analytic 

(cf. §^*, P- 109). Moreover, since 5 is distinguished, p“'p depends 
only upon the coset q modulo 5 "hich contains p, and p~’p = 

Let (j be the natural mapping of 9 9/5- have seen in §V 

that, given a point 7o*29/5. there exists an analytic mapping w* into 
9 of a neighbourhood of 5^' such that w(w*(<7”')) = 9“' when is in 
this neighbourhood. We have q~^p = which proves that 

the mapping (p, q) q~^p is analytic, and therefore that 9/5 is An 
analytic group. 

Denote by X the group 9/5 and by g, f) and f the Lie algebras 
of 9, X and X respectively. By Theorem 2, §M, p. Ill there cor- 
responds to w a homomorphism dw of g into f. e know that there 
exists a submanifold I of 9, containing the neutral element and such 
that the contraction of w to / is an analytic isomorphism of / with an 
open submanifold of X (cf. §V. p. 109). It follows that every tangent 
vector to X at ^(0 is the image under dCi, of some tangent vector to g 

at 6. In other words, we have dcjfg) = f. 

Let be the set of elements Xsg such that dib{X) =0; f»i is a 
vector subspace of g of dimension ^ m — {ni — 71) = n (where fn 
and n are the dimensions of 9 and X respectively). On the other 
hand, w maps X onto wfe). It follows immediately that du{X,) = 0 
for any Xei), whence f) Q fji- Since f) is of dimension n, we have 
f) — f)i. From the definition of it follows immediately that the 

conditions Xef), Keg imply [X, KJst). 

Definition 1. A vector subspace 1 ) of a Lie algebra g is called an 

ideal in g if the conditions Xs^, Keg imply [X, K]ef). 
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Let () be an ideal in the Lie algebra g. Let Y* and Y* be two ele¬ 
ments of the vector space g/t). If Yi and Y 2 are elements of g which 
belong to the cosets }'* and Y* respectively, the element [Yi, Ko] 
belongs to a coset which depends only upon Y* and Y*, as foiloA\'s 
from the formula 


[Ki + X.. r. + Xd = [r., Fd + [F., A%] - [Y\, X,] + [X., Xd 

— [y 1 , 1 ^ 2 ] (mod f)) 

(if A'l and belong to ^). If we denote by [L*. L*] the coset which 
contains [Yi, }%], we see immediately that the law of composition 
(y^i. 1 ^ 2 )—i' 2 i <^efines a structure of Lie algebra on g/f). The 

Lie algebra defined in this way will again be denoted by g/f). 

Returning to the consideration of the group we observe that, 
if Xeg, f/w(X) depends only upon the residue class of A' modulo t), and 
therefore that dC> defines in a natural way a linear isomorphism 8 of 
g/f) onto f. Since dw is a homomorphism, 5 is an isomorphism of the 
Lie algebra g/t) with f. We have therefore proved: 

Proposition 1. Let g be an analytic group, and let ^ be a closed 
distinguished topological subgroup of g. Assume that the component 
of the neutral element in § is relatively open in ^ and is the underlying 
topological group of an analytic subgroup OC of g. Let g and 1) be the 
Lie algebras of g and OC respectively; then ^ is an ideal in g a«d the Lie 
algebra of g/§ is isomorphic with g/f). 

We shall prove later that, if OC is an analytic subgroup of g (not 
necessarily closed), the Lie algebra of 5C is an ideal in the Lie algebra 
of g if and only if OC is distinguished in g. 


§VIII. The Exponential Mapping. Canonical Coordinates 

Let g be an analytic group, and let g be the Lie algebra of g. We 
shall consider the analytic homomorphisms into g of the additive 
group R of real numbers. If we denote by t the coordinate in R, the 
Lie algebra x of R is spanned by the infinitesimal transformation L 

defined by Lt = 1. If / is an analytic function on at a point U we 
have L,J = {df/dt)t,. 

If X is any element of g, there exists a homomorphism of r into g 
which maps L on X. Since R is simply connected, there corresponds 
to this homomorphism an analytic homomorphism t —> e{t, X) of R 

into g (cf. Theorem 2, §VI, p. 111). If/ is an analytic function on g 
at the point o-o = B{t(i, X), we have 




( dmi, x)) ^ 
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Suppose for instance that g is the group GL(n, C). Let Xii(a) be 
the coefficients of a matrix azGL{n, C). We may represent an element 
X of the Lie algebra of g by the matrix {X^xa) = X (cf. §III, p. 104). 
The matrix (AT^r,;) is then equal to o-A for any (T^GL(n, C). The 
coefficients of the matrix d{t, X) are analytic functions of t; if we denote 
by X)/dt the matrix whose coefficients are the derivatives of the 
coefficients of 6{t, A), Formula (1) gives 



d6{i, X) 
di 


= d(t, X)X 


On the other hand, we have 6(0, A) = e (the unit matrix). The 
solution of the differential equation (2) with the initial condition 
6{0, A) = t is 

6{t, A) = exp tX 

(Cf. §11, Chapter I, p. 5). This leads us to the following generali¬ 
zation: 

Definition 1. Let X be an arbitrary element of the Lie algebra 
g of an analytic group g. Let L be the element of the Lie algebra r of the 
group R which is defined by Lt = \ (where t is the coordinate in R). 
Let t —> 9(t, A) be the analytic homomorphism of R into g whose differ¬ 
ential is the homomorphism of r into g which maps L upon X. We shall 
denote the element ^(1, A) by exp A. 

The exponential mapping is therefore a mapping of g into g. We 
have clearly 

exp ((i + QX = (exp <xA)(exp hX) 
exp (-tX) = (exp iX)-^ 

Let (Ai, - • • , A,»i be a base in g. We may express each Aeg 
in the form A = 2"Wi(A)Ai. We can define a manifold on the set g 
by the condition that * * • , w„ shall form a coordinate system 
at every point of this manifold. The manifold obtained in this way 
is clearly independent of the choice of the base {A'l, • ■ • , An}. 

Now we shall prove that the exponential mapping is an analytic 

mapping of the manifold which has just been defined. Let {yi, • • • , 

be a system of coordinates on g at the neutral element e, such 
that ViG) = 0 (1 ^ i ^ n), and let W be a cubic neighbourhood of t 
with respect to this system. Let , u„ be any real numbers; 

there exists a number > 0 such that exp ^S.^UiAiSTK for \t\ < b- 
Let T(ui, • • • , Mn) be the least upper bound of the numbers U 
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satisfying this condition. If |/| < ^(u), we set 

j/,(exp = F,it; u) 

(where u stands for the n letters Ui, • • • , w,). If ceW, we have 
(X,),i/y = Uiiiyiia), • ■ • , yn{<y)), where the functions U^iyi, ■ • • , 
Vr.) are defined and analytic whenever ly*! < a (1 ^ k ^ n) (where 

a is the breadth of W). It follows from the definition of the exponen¬ 
tial mapping that 

— {t; u) = u), • • ■ , F,{i; u)) 

In other words, the equations y* = F.(G u) (1 ^ i ^ n) represent, for 
|fl < r(u), a solution of the differential system 

/,^ dwj 

~ ‘ , Vn) (1 ^ j ^ n) 

Furthermore, we have F.(0; u) = 0 (1 ^ i ^ n). 

Now, we apply the existence theorem to the system (1), and we 
obtain the following result. There exist two numbers 6 > 0 and c > 0 
and n functions F*{t; u), which are defined and analytic in the domain 
defined by the conditions |ut| < b {I ^ k ^ n), |i| < c, and which 

have the following properties; l)F*(0;u) =0(1 ^ ti); 2) lF*(f; u)| 
< a; 3) the equations y,- = F*{t; u) represent a solution of the system 
(1). Making use of the uniqueness theorem, we conclude that the 
equalities Fi{tj u) = F^ (t; u) (1 ^ i ^ n) hold provided |«*| < b 

(I ^ A: ^ n), 1^1 < min (c, T(u)). It follows immediately from the 
definition of T(u) that 

l.u.b.|,|<r(u,(maxi^i^„|Fi(f, u)|) = a 

Making use of property 2) of the functions F*, we see that T(u) ^ c 
provided [u*| < 5 (1 ^ A: ^ n). On the other hand, we clearly have 

Fi{t; Xu) = Fi(\t; u) 

provided |/| < lX|-'7’(u). It follows easily that the functions Fi{l; u) 
are defined and analytic provided |ufc| < 6c (1 ^ A: ^ n). This shows 
that the exponential mapping is analytic at the origin of g. 

If X is any element of g, there exists an integer il/ > 0 such that 
M-^X is contained in some open neighbourhood of 0 on which the 
exponential mapping is analytic. Since 

exp Y = (exp M~^Y)^ 

we see that the exponential mapping is analytic at X. 
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Now we shall see that the exponential mapping is regular at the 
origin of fl (note that it is not true in general that the exponential 
mapping is everywhere regular). In fact, let X* be the tangent vector 
to 0 at the origin which is defined by the conditions XiUj = 5,7 (1 ^ j 
$ n). It is clear that the differential of the exponential mapping 
maps X, upon (A\)«. Since the vectors {Xi)t form a base of the tangent 
space to S at e, our assertion is proved. It follows immediately 
that there exists a coordinate system Ixi, ■ • • , Xn\ at e on g such 
that the equalities x^^xp wjtWtA'i) = Wi (1 ^ f ^ n) hold provided 
juil, • • ' , |u„| are sufficiently small. 

Definition 2. Let |A'i, • • • , X^) be a base of the Lie algebra 
of an analytic group 9- -d system of coordinates \x\, * • * , Xn\ at the 
neutral clement € of ^ is called a canonical system of coordinates {with 
respect to the base {A”!, • • • , X„\) if the equalities Xifexp 2,WiX,) = Ui 
(1 ^ f ^ n) hold whenever |ui|, • * * , [wnl are sufficiently small. Let 

a be a number such that our equalities hold whenever \ui\ < a (1 ^ 2 ^ n). 

A cubic 7ieighbourhood of breadth < a with respect to the coordinates 
Xi, • • • , x„ is called a canonical neighbourhood of €. 

§IX. FIRST Applications of Canonical Coordinates 

Proposition 1. Let d> be an analytic homomorphism of an analytic 
group 9 into an analytic group If X is any element of the Lie algebra 
of 9 , we have 

w(exp X) = exp (dw(X)). 

In fact, let L be the infinitesimal transformation of the additive 
group R which is defined by dt-L = 1 (where t is the coordinate in R), 
and let 0 be the mapping t exp tX. We have dd{L) = X, whence 
d(wO0 )(L) = dJ)(X). If e' is the mapping i-> exp i • dw(X) o{ R 
into 3 C, we have also dd'{L) = dw(X); it follows that 6' = u o 0^ which 
proves Proposition 1. 

Corollary 1. If the mapping w of Proposition 1 is univalent, it is 
also everywhere regular. 

In fact, assume that dw{X) = 0 for some X in the Lie algebra 
of 9 . We have w(exp tX) = w(c) for every teR; since w is univalent, 
we have exp /X = «, X = 0, which proves that dui is a univalent 
mapping. Corollary 1 follows immediately. 

Corollary 2. Let 3C be an analytic sub-group of 9 , and let ^ be the 
Lie algebra of3Q. If U is a neighbourhood of 0 in fj, the elements exp X, 
for XeC/, form a 7ieighbourhood of the neutral elem€7it in X. 

This follows immediately from Proposition 1, applied to the 
identity mapping of X into 9 . 
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Corollary 3. The notation being as in Proposition \ Jet us assume that 
g and I) are the Lie algebras of g andX. respectively. Then w maps 9 onto 
the analytic subgroup of JC whose Lie algebra is the image of g under dC.\ 

Since dCi is a homomorphism of g into t), dCi{%) is clearly a subalgebra 
i of 1). Let 3 be the corresponding analytic subgroup of .TC. The 
elements of the form exp A', A'eg, form a system of generators of 9 . 
It follows that the elements u>(exp A”) = exp (/a>(A') form a system of 
generators of w( 9 )- Hut these elements also form a system of gen¬ 
erators of 3 by Corollary 2. 

Corollary 4. The notation being as in Proposition 1, let n be the 
kernel of the homomorphism dw, and let 01 be the analytic subgroup of 9 
whose Lie algebra is n. 7'he group 91 is the component of the neutral 
element in the kernel of w and is relatively open in 01 i. 

If Xen, we have (by Proposition 1 ), d>(exp A’’) = expdw(A’) = y 
(the neutral element of 3C). Therefore, it follows from Corollary 2 
that 91 Q ^ 1 . Let B be a neighbourhood of the zero element in b 
which is mapped topologically under the exponential mapping of 1 ) into 
3C; let A be a neighbourhood of the zero element in g such that dw(A) 
Q B (dw, being a linear mapping, is clearly continuous). If an 
element XtA is such that w(exp X) = exp da»(A) = we have 
dw{X) = 0 whence A’sn, exp Ae9l. Let V be the image of A under 
the exponential mapping of g into 9- Then T is a neighbourhood of the 
neutral element in 9 and we have 9li ^ T ([ 91. It follows that the 
underlying group of 91 is relatively open in 91 1 . This group is there¬ 
fore also relatively closed in 91 1 . Since 91 1 is clearly closed in 9 , the 
set of points of 91 is closed and 91 is a subspace of 9- Corollary 4 is 
thereby proved. 

In §III, we have defined the set 9n„(C) of all complex matrices 
of degree n as a Lie algebra. The set of the real matrices of degree 
n is clearly a subalgebra of 9lln(C); the same holds for the set AP of 
matrices of trace 0, because, if X and Y are any two matrices in 91In(C), 
we have 5p([X, F]) = SpYX — SpXY = 0 according to a well-known 
property of traces. The set A/* of skew-hermitian matrices is also a 
sub-algebra. In fact, assume that X + *X = 0, F + 'F = 0, and 
set Z = FX — XF: we have 

‘Z = '(YX) - ‘{XY) = •X‘Y - ‘Y‘X = XY - YX = -Z. ^ 

Proposition 2. Each of the groups SL{n,C), U{n), SU{n), SL{n, R)^ 
SO{n) is the underlying topological group of an analytic sub-group of 
GL{n, C). 

We write down the proof for jSO(n) only, since the other groups may 
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be treated similarly. The set ^ A/* A/* is a sub-algehra of gl(n, 

C). Let 3C be the corresponding sub-group. By Proposition 4, §11, 
Chapter I, p. 5, together with Corollary 2 above, we see that there is a 
set IK which is a neighbourhood of the neutral element in both JC and 
SO{n). Since and SO{n) are both connected, IK is a set of gen¬ 
erators for either one of these groups, which proves that 5C and SO{n) 
have the same elements. In particular, the set of points of 5C is 
closed in GL{n, C), and therefore 3C is a sub-space of GL{n, C) (cf. 
§V, p. 109), which proves Proposition 2. 

From now on, the notations SL(n, C), U(n), SU{n), SL{n, R), 
SO{n) will refer to the analytic groups which have been defined in 
Proposition 2. 

It can be proved in the same way that Sp{n) is the underlying 
topological group of an analytic group; the same argument could be 
applied to <Sp(n, C) if we knew that the latter group was connected, 
which we shall prove later. 

^^Canonical Coordinates of products and Commutators 

' Let 9 be an analytic group. We select a canonical system of 
coordinates {xi, Xz, • • ■ , x„i at the neutral elements « of 9 . Let V 
be a cubic neighbourhood of e with respect to this system (whose 
breadth we denote by a), and let Ki be a cubic neighbourhood of e, of 
breadth ai, such that KiKi Q V. 

If a, rsKi, we have 

Xi{(TT) ^Mxiiff), • • • , X«((r); Xi(t), ■ • • ,X„(r)), 

where the functions fi(yi, Vz, ■ * ’ , Vn’, 21 , * * * , 2 „) are analytic in 
the domain defined by |?/i| < Oi, \zi\ < Oi. They can be expanded 
in power-series in yi, y 2 , ' ' ' t 22 , * ‘ » 2 „ and those power 

series converge for | 2 /i| < az, 12*1 < flz (where ^ aj). We write 


fi = 2/2, • * * » 2/r: 2l, Z2, ■ • ■ , 2„) 

where Pu is a polynomial of degree I in zi, 22, • • • , 2„ whose coef¬ 
ficients are analytic functions of yi, yz, • ■ * , y^- W> have r = 
exp 2 xi(r)Xi; we set r(u) = exp ZuxMXi, and we have 

(1) Xi(ff7(u)) = 2?Pa(xi(<r), • ■ • , x„(<r); Xi(t), • • • , x„(r))u' 


provided |xi(CT)| < Oz, |xi(T)| < 02, |«| ^ 1 . 

On the other hand, if / is any function which is analytic on Vi, we 

have 


dS{ar{u)) 


((2x<(r)X<)y)ffT(u). 


du 
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Let us set T = 2a'i(r)AV By applying our formula to the functions 
3^'/, • • • , we get 


d^Jicrju)) 

du^ 



and therefore the Taylor expansion at u = 0 of/(ffr(u)), considered 
as a function of u, is 


/(<rr(u)) =/(a) + 2f 



If / — Xi and |ii(iT)| < Qo, |x,(t)| < a-., the formulas (1) show that 
this series in u converges for |u| ^ 1, and that 


, x„(ff); XiCr), • • ■ , x^(r)) = ^ 

Now we set 5 = 2xi((7)X,-, £r(i) = exp tS. If g in an analytic func¬ 
tion at €, the Taylor expansion in t of Sf(<r(0) is 


g(o(t)) = g(0 + 2r 

Applying this formula to the functions (T'x,)aj we finally get 


( 2 ) 


Xi(or) = (S‘T'I.), 


and these formulas hold for |x,((t) 1 < og, \xi{T)\ < (5® and stand 

for the identity operators: S®/ = T°f = /). 

The quantity is a polynomial of degree fc + / in the 

quantities xi(£r), • • • , x„(ff), xi(t), • ■ • , x„(t); therefore the formulas 

(2) give the Taylor expansions of the functions Xiiar). 

Let/(ff, t) be any function analytic at («, «) on g X g. If the Taylor 
expansion of/(ff, r) by means of Xi((r), • • • , x„(o-); X|(t), ■ • • , x„(t) 
begins with terms of total degree h in these 2n variables, we shall say 
that / is of order k at («, e). 

If we observe that Xi(ff) = Xi(t) + ^ ('S^x*)., Xifr) = Xi(e) 

d" — {T‘xi)e, the formulas (2) give 

(3) Xi(ffT) = Xi(<r) -f Xiir) + (STx^), + Ri,iia, t), 
where Ri,i is of order ^ 3. 
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The difference Xi(<rr) — Xj(<r) — Xiir) is of order 2 at (e, e); more¬ 
over it vanishes if either <r or r coincides with e. 

It follows that 

(4) Xi{<jT) — Xi{a) - Xiir) = t) 

where Anj^ is analytic at (c, e). 

Replacing c <n and r by t“’ t<t, we have 

Xiirc) — Xi{<TT) — = Z/y'Jy(<J’r)j;v(r“‘<7“’Ta-)A,;;'((rT, T”'o'“'T(r). 

Since Xj'{T~^<T~Wa) vanishes when either r or <r coincides with e it must 
be of order 2 at least, which shows that the difference x,(T<r) — Xiiar) 
— Ti(r“V”‘r<r) is of order 3 at least. On the other hand, we have, 
by (3) 

Xi{T<T) — Xiiar) - {[S, T]Xi)t + Rl.iWy t) “ RlA'^y 

whence 

(5) Xi(r“V~*T(7-) = ([S, T\x^t H- /? 2 .i(o', r) 

where Ri,i is of order 3 at least. 

We have r(T“‘(r"*r{r) = £r“Vff; hence, by (4), we get 

Xi{a~W<x) = Xiir) -h ([5, T]x.), + r) 

where is of order 3 at least. Changing a- in (r“h and observing 
that [T, )S] = —[*S, T], we get. 

(G) Xi{aTa~^) = Xi(T) + ((7", S]i»)« + 

with Ri.i of order 3 at least. 


§XI. THE ADJOINT Representation 


Let 5 be an analytic group, and let g be the Lie algebra of 9- 
By an analytic endomorphism of £ we understand an analytic homo¬ 
morphism of 9 into itself. If an analytic endomorphism-is also an 
analytic isomorphism of the manifold of 9 'vith itself, we say that it is 
an analytic automorphism of 9- clear that the analytic auto¬ 

morphisms of 9 form a group A. 

Let a be any element of A. Then da is a homomorphism of 0 
with itself. Moreover the formula a Oa = e (the identity mapping) 


shows that d( a ) is the reciprocal mapping of da. It follows that da 
is an automorphism of g, i.e. it is a linear mapping of g onto itself 
such that da{[X, Y]) = [da{X), da(Y)] for X, Teg. The mapping 
a —> da is obviously a linear representation of A. This representation 
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is faithful) in fact, assume that da{X) = X for all A’^sg; by Proposition 
1, §IX, p. 118 we have a:(exp X) = exp X: a leaves invariant the 
elements of a neighbourhood V of the neutral element in g. Since g is 
connected, it is generated by the elements of V, and a leaves invariant 
every element of g, which proves our assertion. 

Let now a be any element of g; we denote by a, the mapping 
T —> ffT(T~^ of g into itself. Clearly a^sA, and the mapping a ^ a, is a 
homomorphism of g into A . 

Definition 1. The mapping a —> da„ is called the adjoint representa¬ 
tion of g. 

Proposition 1. The adjoint representation of g is an analytic 
homomorphism of g into GL(n, C). 

Let (Xi, Xj, ■ ■ • , X„) be a base of g and let {xi, • • • , be a 
canonical system of coordinates relative to this base. If 

da^iXd = 

the matrix which represents a in the adjoint representation is (a,-,(a)), 
If r = exp tXi, we have = exp 2”_i(a;,(ff)X, by Proposition 1. 
§IX, p. 118. Therefore the quantities tania) are the canonical 
coordinates of ara"' (if (is small enough). By formula (6), §X, p. 120, 
we know that these coordinates are analytic functions of a at e, which 
proves that the adjoint representation is analytic at e, and therefore 
also everywhere (cf. remark at the end of §VI, p. 111). 

Let A be the adjoint representation. Then dA is a homomorphism 
of g into gl(n, C). Let X be any element of g; dA{X) is a matrix A'* 
and the matrix 4 (exp tX) is exp tX*. Therefore 

,. A (exp tX) — E 
X — “ 

where E is the unit matrix. By formula (6), §X, p. 120, we have 

(■d(exp /X))(Xi) = Xi + t[Xi, X] -f- iV(0 

where ip{t) remains bounded when «—^ 0. Therefore X*, considered 
as a linear endomorphism of g, maps any element Y = Za^X, on [ Y, X]. 

Now let g be any Lie algebra over a field K. If n is any integer, 
the matrices of degree n with coefficients in K form a Lie algebra 
fll(n, K), in which the bracket operation is [X, Y] = YX — XT. 

Definition 2. If g is a Lie algebra over the field X, we call a homo¬ 
morphism of g into gl(n, K) a representation of g (in K, of degree n). 

Let X be any element of g, and let P(X) be the mapping Y -*[Y, X] 
of g into itself. If we select a base in g, P(X) may be represented as a 
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matrix of degree n = dim q. The mapping X —> P(X) is clearly 
linear; moreover 


[F, [Xi, X^]] = -[Xi, [X,. F]] - [X 2 , [F. X,]] = (P(X2)P(X0 

- P(Xi)PCX2))K, 


whence P([Xi, X^]) = [P(Xi), P(X 2 )] which proves that P is a represen- 
tatioh. 

Definition 3. The mapping which assigns to every Xsg the linear 
endomorphism P(X) of g defined by P(X)F = [F, X”] for all Fsg is 
called the adjoint representation pf g. 

Returning now to the case where g is the Lie algebra of an analytic 
group 9 , we see that the mapping denoted above by dA is the adjoint 
representation of g. 

Let K be any analytic sub-group of 9. ^ algebra. 

It is clear that u^Ccr'* is also an analytic sub-group of 9 whose Lie 
algebra is the image of f) under the mapping da^. Therefore a neces¬ 
sary and sufficient condition for 3C to be distinguished is that ^ be 
transformed into itself by every operation da„, ae9* "^^is condition 
may be put in another form. Assume that it is satisfied: then, if 
Xef), we have (A(exp iF))(X)ef) for every t, whence 


[X, F] = lim,^o 


A (exp tY) — E 


i 


Xsf) 


and ^ is an ideal in g. Conversely, assume that f) is an ideal in g, let 
F be any element of g, and let F* be the matrix which represents F 

in the adjoint representation of g. We have F*(f)) C 
we have da. = exp F*, whence da.ib) C ^^t the elements a for 
which da^(f)) C obviously form a sub-group of Q; this subgroup 
contains all the elements exp F, Feg, i.e. it contains a neighbourhood 
of the neutral element in 9- Since 9’s connected, our subgroup is the 
whole of 9 , which proves that3C is a distinguished sub-group. 

We have therefore proved the following result, which was an¬ 
nounced 14 §ViLt'4?^^l-i- 

Proposition 2. If X is an analytic sub-group of the analytic group 
9 , a necessary and sufficient condition for X to be distinguished is that 

its Lie algebra be an ideal in the Lie algebra 0 / 9- 

The kernel of the adjoint representation of the group 9 is clearly 
the center of 9 . The kernel of the adjoint representation of the Lie 
algebra g (i.e. the set of elements Xeg which are mapped on 0 under 
the adjoint representation) is the set of elements Xeg such that 
[X, F] = 0 for every Feg. 
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Definition 4. If g is a Lie algebra, the center of g is the set of the 
elements Xeg/or which [X, Y] = 0 holds for every I’sg. 

The center of a Lie algebra is clearly an ideal. 

The following result is an immediate consequence of Corollary 4 
to Proposition 1, §IX, p. 118: 

Proposition 3 . Let (Si be-the center of an analytic group 9, and lei (S 
6e the connected compotienf in (Si of the ncniral element Then (S is 
the underlying grojup of a closed analytic sub-group of g whose Lie 
algebra is the center of the Lie algebra of 9 . 

Now let g be any Lie algebra over the field R, and let us denote by 
P the adjoint representation of g. Then P(g) is a sub-algebra of 
gl(n, C), and therefore there exists an analytic sub-group of GL{n, C) 
whose Lie algebra is P(g) (cf. Theorem 1, §1V p. 107). On the other 
hand, P(g) is isomorphic to g/c, where c is the center of g. Therefore 
we have the following result: 

Proposition 4. If g is a Lie algebra over the field R, there exists an 
analytic group whose Lie algebra is isomorphic with g/c where c is the 
center of g. 

It follows in particular that if the center of a Lie algebra g con¬ 
tains only the zero element, there exists an analytic group whose Lie 
algebra is isomorphic to g. The result remains true for any Lie 
algebra, but is considerably more difficult to prove. 

§XIL The Derived Group 

Let g be a Lie algebra over a field K. The vector-space spanned 

by the elements of the form [X, Y], with Xeg, Teg is obviously an ideal 
in g. 

Definition 1. The ideal spanned in a Lie algebra g by the elements 
of the form [X, Y\, (Xeg, Ksg) fs called the derived algebra of g. It is 
generally denoted by g'. " 

A Lie algebra is said to be abelian if the element [X, Y] is equal to 0 
for any two elements X, Y of the Lie algebra. The derived algebra 
of any Lie algebra g is characterized by the following properties: 

Proposition 1. If g' is the derived algebra of g, the factor algebra 
g/g' is abelian. Conversely, if () is any ideal such that g/[) is abelian, ^ 
contains the derived algebra. 

In fact, let X, Y be two elements of g and let Y be their cosets 
modulo f). The condition "[X, Y] = 0 for all X, F” is equivalent 
to the condition “(X, K]£f) for all X, K,” and this proves proposition 1. 

Now let 9 be an analytic group, and let g be its Lie algebra. To 
the derived algebra g' of g there corresponds an analytic sub-group 
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S' of Sf which is called the derived group of S- It is always a dis¬ 
tinguished sub-group, but not necessarily closed. 

Let a be the factor algebra g/g'. If d is the dimension of a, a is the 
Lie algebra of the additive group 7?'^. There exists a natural homo¬ 
morphism w of g onto a, which maps any element X onto its coset 
a)(X) modulo g'. There exists a neighbourhood U of the neutral ele¬ 
ment € in S and a continuous mapping <p of U into such that 

= ^(cr) + <p{t) if <Ty r, (rreU 

v>(exp X) = exp o){X) if X is sufficiently near 0. 

Therefore <p{<rT<T~W~^) = 0 if <r, r are sufficiently near €. But (TT(T~h~^ 
can be written, for o-, r sufficiently small, in the form exp X((r, r), 
where X(<t, t) tends to zero when cr, r tend to Since ^(exp X(<r, r)) 
is the neutral element of 72'*, we have (aiX{(T, r)) = 0, X{<t, T) 6 g' and 

when <7, t belong to a sufficiently small neighbourhood Ui 
of € in g. Since g is connected, the elements of Ui constitute a set of 
generators of g, and it follows easily that g' contains the commutator 
group d of g, i.e. the group generated by all the commutators 
for a, rSg. 

We shall prove that, conversely, every element of g' belongs to d. 
Since g' is connected, it is sufficient to prove it for the elements of a 
neighbourhood of € in g'. 

We can find a finite number of pairs (Fi, Zi), • • * , (Yr, Zr) 
of elements in g such that the elements Ui = [Y Z\] ’ ’ • , Ur 
= [Yr, Zr] form, a base of g'. Let Ur+i, • • • , f/n be n — r elements 
such that \ Ui, U^, ■ ■ ' , Un] is a base of g. We select a canonical 
system of coordinates, say \u\, U 2 , * * * , w«j, with respect to this 
base. Let F be a cubic neighbourhood of € with respect to this system. 

We set <ri{s) — exp sF.-; Ti(0 = exp tZi\ (1 ^ ^ r) and pi{s, t) 

= < 7 i{s)Ti{t)(Tj'^{s)Tj^{t). The functions Wi(p;(s, 0) are analytic at 
5 = < = 0. We write 

where the functions a,;(s), * * ' are analytic at 5 = 0. More¬ 

over, since Ui — (F,, Z^, it follows from formula (5), §X, page 120, 
that 

iiin*->o- — ~ 

s 

Therefore we can find a value si 5 ^ 0 of s such that exp sX^sF 
for |s| ^ \si\ and that OyCsi) 0 . 
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We set pi(t) = pi(si, t) (1 ^ ^ r), and 

p{tlt ti, • • ’ , tr) = plitl)p2{t2) • • • Pr(/r). 


Then we have 



and Wr+fc(p(/i, h, ' ‘ ‘ , t,)) = 0 if |/i| ■ • • , |ir| are sufficiently small, 
(1 ^ A g n — r). The second formula is true because p{li, ( 2 , , 

ir) belongs to th e commutator group, and hence also to 

Since |aii(s) 0 the theorem on implicit functions shows that 
every element oeV such that Ur+i(o-) = • - • = Ur,{a) = 0 may be 
written in the form p{ti, < 2 , • • • , U) provided |ui(£r)|, ■ • ■ , [urWI 
are sufficiently small. But these conditions all hold for the elements a 
of a suitable neighbourhood of ( in g'. Since p(/i, /o, • • ■ , tr) always 
belongs to the commutator group of g, our assertion is proved. 

Remark. If the group g is simply connected, there corresponds 
to the projection of g onto fl/g' a continuous homomorphism H of £ 
into The kernel of this homomorphism is a closed sub-group of g 
whose Lie algebra is g'. The connected component of e in this group 
coincides with g'; on the other hand, this component is obviously a 
closed sub-group. Hence: If £ is a simply connected analytic group, 
the commutator group of g is a closed sub-group. 

The assumption that g is simply connected cannot be removed in 
this statement, as can be shown by examples. 

Exactly by the same method as was applied to g', it can be 
proved that if g is a simply connected analytic groups, and if ^ is an 
ideal in the Lie algebra g of g, the analytic sub-group of £ whose Lie 
algebra is f) is always closed, provided there exists an analytic group whose 
Lie algebra is isomorphic to g/^. 


§XIII. Topological invariance of the Lie Algebra 

We shall prove in this section that two analytic groups which 
have the same underlying topological group coincide also as analytic 
groups and, in particular, have the same Lie algebra. 

Let g be an analytic group; we select a canonical system of coordi¬ 
nates {xi, X 2 , • • * , Xn] at the neutral element « of g, and we take a 
cubic neighbourhood Ei of e with respect to this system. Let Oi be the 
breadth of Vi. 

Lemma 1. Let a be a number such that 0 < a < ai, and V be the set 
of points ffSEi suck that \xi{<T)\ < a (1 ^ ^ n). If an element azVi 
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is such that |x,((7)l ^ Gi — a (I ^ 2 ^ n) and that a, <t^, ■ ■ - , all 
belong to V, we have |Xt((r)| < ^ and Xi{<T‘) = /x,(o-) (1 ^ i ^ n, 0 ^ I 

K 

^ AO- 

Let us set X = Zxi{<r)Xi, where {A'l, ■ • • , Xn\ is the base of the 
Lie algebra fl of g corresponding to the system of coordinates {xi, 

• • • , x„l. We know that exp tXeVi for all values of t such that 
|^Xi(o')| < Gi (1 ^ 2 ^ n). We may assume <r e; we then define a 
number U by the equality to • max (|xi(o-)|) = gi. We want to prove 
that to > k. There exists an integer h such that h < U ^ h + I, and 
we have (t'* = exp hXeVi, Xi(ff^) = hxi{a) (1 ^ z ^ n). If i is an 
index such that fo|xi(( 7 )| = gi, we have A|xi(< 7 )| ^ gi — |x,(<r)| ^ a 
and therefore a'* does not belong to F, from which it follows that to > 
h > k. Hence, for 1 ^ Z $ A, we have x,((rO = x,-(exp IX) — Zx.W; 

if we set / = A we obtain |xi(< 7 -)[ < 7 - 

A 

Remark. The equality Xi(ffO = lxi{ff) obviously holds also for 
-A ^ Z ^ A. 

Now let 0 be a continuous homomorphism into g of the additive 
group R of real numbers. The notation being as* in Lemma 1, we can 
find an interval ] —Zi, Zi[ (with ti > 0) such that 0(Z)eF if t belongs to 
this interval. Weset/i(Z) = Xi(0Z) ( —Zi < t < ZO; if A is a sufficiently 
large integer, we have |/i(A”'Z)| < gi — a (1 ^ 2 ^ n). On the other 
hand, since 0 is a homomorphism, we have 0(Z) = (0(A"^Z))*, whence 

Mt) = kf^ ({) 

fi ^Z ^ = Ifi for A sufficiently large and |Z| ^ A. 

Since the functions fi{t) are continuous, it follows immediately that 
fi{t't) = t'fi{t) (for |Z'| ^ 1). Let (2 be any fixed number 5 *^ 0 in the 
interval ]—Zi, Zi[. We have 0(Z) = exp ZZ^^X, where X — 2 /,(Z 2 )Xi 
and this formula holds for |Z| ^ IZ 2 I. Since the mappings Z—>0(Z), 

Z —> exp tt^'X are both homomorphisms, the formula holds for all 
values of Z, which proves that 0 is analytic. 

Proposition 1. Every continuous homomorphism H of an analytic 
group g into an analytic group 3C 25 an analytic homomorphism. 

Let {Xi, ■ • - ,X„1 be a base of the Lie algebra fl of g. The map¬ 
ping Z^i/(exp ZXj) is a continuous homomorphism of R into 5C; 
hence there exists for each 2 an element F» of the Lie algebra of 3C such 
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that //(exp tXi) = exp tYi. We have 


(1) //{(exp/,Xi)(exp/oA' 2 ) • • • (exp;„A\)) = (exp/ir.)(exp/.KO 

• • • (exp inVn). 


Let Xi, x*., ■ • • , x„ be the canonical coordinates on 9 corresponding 
to the base IXi, X 2 , • ■ • jA^nlotg. * ■ ■ , |^^| are sufficiently 

small, the element (exp/iAi)(exp/.A^) ■ ■ • (exp L,A\) will be in a 
canonical neighbourhood of the neutral element and its coordinates 
fpiiti, ' ' ' , tn), • • • , <pu{ti, ‘ ‘ , tn) will be analytic functions of 


U, ' ' ‘ , U. If ti = 8i,t, we have <Pi = Sat, whence 


Therefore the functional determinant 


■ D(v?i. • • • 

/^(L, f2, ■ ■ • 



V’n) 


, tn) 


is equal to I 


for <1 = <2 = ■ • ■ = = 0 . It follows that there is a neighbourhood 

V of the neutral element such that every aBV may be written in the 
form (exp fiAi)(exp ( 2 X 2 ) • • ■ (exp f^Xn), where the numbers h, ( 2 , 
•••,/„ depend analytically on a. Formula (1) shows at once that 
the mapping a H (o-) is analytic at the neutral element, and there¬ 
fore everywhere. 

The announced result now follows immediately: 

Theorem 3. If two analytic groups 9 , 9 ' have the same underlying 
topological group, they coincide. 

In fact, all we have to do is to apply Proposition 1 to the identity 
mappings of 9 into 9 ' and of 9 ' into 9 : these mappings are analytic, 
and therefore they are mutually reciprocal analytic isomorphisms. 

Definition 1 . A locally connected topological group is said to be 
a Lie group if the connected component of the neutral element in (^ is 
the underlying topological group of an analytic group 9 j. 

If such is the case, we know by Theorem 3 that 9 i is uniquely 
determined. Its Lie algebra is also called the Lie algebra of C^. 

A Lie group is always locally cartesian (i.e. there exists a neighbour¬ 
hood of the neutral element which is homeomorphic to //■)• It has 
been conjectured by Hilbert that, conversely, every locally cartesian 
group is a Lie group. This conjecture has been proved to be true 
under some restrictive conditions; for instance we know that it is true 
for compact groups and also for abelian groups. Although it seems 
almost certain that it is true in general, the proof will probably require 
a set of completely new methods of approach. 

Every discrete group is of course a Lie group (of dimension 0). 
The linear groups which were discussed in Chapter I are all Lie groups. 
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The center of a Lie group is a Lie group. The product of a finite 
number of Lie groups is a Lie group. In the next section, we shall 
prove that every closed topological subgroup of a Lie group is a Lie 
group. 

§XIV. A Criterion for Lie Groups 

PropositioTT 1. Lei & be a locally compact topological group which 
admits a continuous univalent homomorphism H into a Lie group 
Then ® itself is a Lie group. 

Let 8 be the set of all continuous homomorphisms of the additive 
group R into To every Geg there corresponds an element Y — F(0) 
in the Lie algebra 1) of $ such that 

H{Qt) = exp tY (UR). 

The elements Y(Q) corresponding to the various elements GsS 
form a sub-set \)i of f). We denote by r the maximal number of 
linearly independent elements which can be found in (r may be 
zero). We construct a base (Fi, F 2 , ■ • • , Fnl of f) whose r first 
elements Yi, F 2 , * * * , F,. belong to f)i. There corresponds to this 
base a canonical system of coordinates { 2 / 1 , 2 / 2 , * * * , at the neutral 
element rj of Let Fi be a cubic neighbourhood of n with respect to 
this system. 

Since H is continuous, there exists a compact neighbourhood U 
of the neutral element e in @ such that H(U) Q V\. Let B be the 
boundary of the set C/; B is a compact set and does not contain e. 
Since H is univalent, H{B) does not contain t?. Therefore, there 
exists a number a > 0 (smaller than the breadth of Fi) such that the 
inequality max.- \yi(Ha)\ > a holds at every point azB. Let V be the 
cubic neighbourhood of breadth a of i). 

If T is any element of Fi, we set d(r) = 

Lemma 1. Suppose that a sequence of elements Ok 7 ^ ^ in U con- 

yi (Hck) 

verges towards e in such a way that each one of the sequences 

converges to a limit Ui when fc—> «>. Then Y = ZUiYi belongs to f)i, 
and, if G is the corresponding element of g, we have G(/)ef7 for |^| < a. 

For every k, there exists a largest integer h which has the following 
two properties; (1) lkd(H<rk) < a; (2) for any integer m such that 
0 ^ m ^ h, we have ff* ef/. Let a' be any cluster point of the sequence 
(ffi"); since IkdiHok) < a, we have \lkyi(Hck)\ < a (\ ^ i ^ n) whence 
(Bci)'* = H(a^k)tV) moreover, yi{Ha') is a cluster point of the numer- 
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ical sequence {hyi{Hak)), which shows that |y,(//a')| ^ a (1 ^ z ^ n). 
In particular, no cluster point of the sequence (ai‘) can belong to B. 

For every k, either we have (/, + > a or does not 

belong to U. Let K be the set of integers for which the second event¬ 
uality occurs. If K were infinite, the elements for keK, would form 
an infinite sequence which would have a cluster pointtr'et/ (because V \s 
compact). But, since ai*'*'’ = (rJ-Vt, lim a* = c, a' would also be a cluster 
point of a sequence of elements belonging to the complement of U. 
Hence, a' would belong to B, which is impossible. Therefore, if k 
is sufficiently large, we have < a ^ (h + \)d{Ha,), whence 

lim lkd{Hck) = a. 

Let t be any number such that 0 ^ i < a. For each k, let m* be the 
largest integer such that m* ^ a-Hlk. Then rrik < h, whence \mkyiiHa,:) \ 
<a (1 ^ z < n) and It follows that and that 

= mkyi{Hck) (1 ^ z ^ n). We have lim mk/h = /a“’, 
lim Ikd(Hffk) = c, whence 

lim rntytiHak) = tui (1 ^ z ^ n) 
which shows that 

(0 lim — exp ZtUiYi = exp tY. 

On the other hand, since U is compact, the mapping H, which is 
continuous and univalent, maps U homeomorphically. Hence we 

may conclude from (1) that the sequence crj'* has a limit (j{i) in U 
and that 

(2) H{<r{t)) = exp tY. 

Replacing the sequence a* by if k is sufficiently large), we 

see that there also exists an element (j{-t)tU such that 
= exp {-tY). 

The element ait) is now defined for |/| < a, and the equality (2) 
holds for these values. It follows immediately from this equality 
that the conditions \ti\ < a, I^jI < a, |/i + isi < a imply aih + h) = 
<^(fi)(r(( 2 ). Moreover, <r(0 is a continuous function of t. 

Since R is simply connected, there exists a continuous homo¬ 
morphism e of /e into @ such that G(0 = ait) for \t\ sufficiently small. 
The corresponding element F(e)e^ is clearly Y. Since we have 

^(eO = exp tY for all t, we have 0(0 = ait) for |;| < a, which proves 
Lemma 1. 

CoroUary. Let 0 be an element of g; if Y(Q) = we have 

Q(t)tUfor \t\ < a(Sy5)-*. 
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This follows at once by applying the lemma to the sequence 
<Tk = Q{k~H) with Ui = Vi{^v^)~K 

We shall now prove that I)i is a vector space. First, if T == F(0)6()i 
and asR, aY' belongs to t)i because it corresponds to the continuous 
homomorphism It remains to prove that, if Zi = Su.Ki, 

Zi = both belong to f)i, Zi Z 2 also belongs to ()i. Let 

01, 02 be the continuous homomorphisms of R into ’ ® such that 
Zi = r(0i), Z 2 = r(02). We set 

= 0i(A:-‘)e2(^"') (1 ^ < ^)- 

For k sufficiently large, (t*S( 7. Moreover, we have yi(flBi{k~^)) 
= yi{HQ 2 {k~^)) = Vik~K By formula (3), §X, p. 120, we get 

yi{H(rk) = + t’l) + k-^Ai{k) 

where the functions Ai{k) remain bounded when increases indefinitely. 

We may assume without loss of generality that ^1 + ^2 0; 

then we have cr* 0 for k sufficiently large, and 

d{H<T,) = L-^{Zi{ui + f.P)* + A{k)k-^ 

where A{k) remains bounded. It follows from Lemma 1 that 
(Z(Ui + Viy)~\Zi + Z 2 )Bf)i and therefore also Zi + ^ 2 ef)i which com¬ 
pletes the proof of our statement that t)i is a vector space. 

By making use of the corollary to Lemma 1, we see that any 
element of the form exp is the image under H of an element of 

U if < a\ 

Let U\ be the set of the elements atU such that = * ' * 

= 7 /„(i/(r) = 0. We assert that V\is a neighbourhood of e in 
If |wii, |« 2 |, • * ' , Iwrl are sufficiently small, the element 

(exp Z\UiYi)(exp Z^^iU.F;) 

belongs to V and its coordinates may be expressed as analytic func¬ 
tions ^i{ui, • * * , Urt) of Ui, ' * ■ , If Ui = SijU, we have = 5,/u, 
whence 

and =1. 

\dUj/u^a > Un)/u -0 

It follows that there exists a system of coordinates (zi, Z 2 , • * ' > 
on § at 7? such that the formulas 

Ziiiexp i:[UiYi){exp 7:^+iUiYi)) ^ m {I ^ i ^ n) 
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hold whenever \ui\ < 6 (1 ^ ^ n). Let F 2 be a cubic neighbourhood 

of V with respect to this system; we assume that To is of breadth < b 
and is contained in V. 

We assume for a moment that Ui is not a neighbourhood of 
Then there exists a sequence o-t of elements of V not belonging to Ui 
such that lim 2 - We have Um Zi{(Tk) = 0; for k sufficiently 

large, the element exp is the image under // of an element 

aisC/; moreover, since lim exp = r} and // is a homeo- 

morphism of U into V, we have lim = «• We set 

For k sufficiently large, we have Since we have ^ t 

for k sufficiently large. Moreover, we have 

Ha'k' = exp 

and hence 

= . . . = VriHa”) = 0. = z.+niHak) 

(1 ^ A ^ n — r). 

By replacing if necessary the sequence o-* by a sub-sequence, we may 

assume without loss of generality that the sequences have 

d{Hak) 

limits Ui (1 ^ ^ n) ^because ^ ^ We have clearly 

wi = U 2 = • • ■ = Ur = 0, = 1. By the lemma, it follows 

that the element belongs to f)i, which is a contradiction with 

the fact that 1 Ti, • * • , Yr\ is a base of f)i. 

Therefore, our statement that (/i is a neighbourhood of € is proved. 
If we have Ha = exp i:\yi{Ha)Yi. We set a:i(<r) = yi{Ha) 

(1 ^ f ^ r). The mapping which assigns to a the point Izi(ff), 

‘ , Xr{a)] obviously maps Ui homeomorphically onto a sub¬ 

set of R' which contains the cube defined by the inequalities [a:,I < a 

(1 ^ ^ r). 

There exists a number a' > 0 such that the conditions |yt(Ti)| < a', 
lyi(r 2 )| < a' imply rir^'eT. If we denote by U\ the set of elements 
aeUi such that \xiia)\ < a‘ (1 ^ i g r), the conditions ai.a^BV'^ 
imply , and the functions Xi{aia'^^) may be expressed as func¬ 
tions of ■ • • a:r(<ri), Xi{a 2 ), * * * , Xr{a 2 ); these functions are 

defined and analytic for |xi(ffi)| < a', |xi((r 2 )| < a^ 

The fact that is a Lie group will follow if we can prove 
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Proposition 2. Lei be a topological group. We assume that there 
exists a neighbourhood U of the neutral element e in ® and a system of n 
real valued functiojis Xi, X 2 . ' ' ' , Xn defined on U, with the following 
properties: {\) the mapping (T~^{xi{o), • • • ,Xn{<r))isahomeomorphism 
of V with the cube Q in R’^ defined by the inequalities |xi| < a (1 ^ i ^ n), 
a being some number >0; (2) there exists a number a' > 0 {a' < a) 
and n functions /{(wi, W 2 , ' ' ' , Un‘, Vi, V 2 , ' ’ ’ , vf), defined and 
analytic in the domain defined by the inequalities |w,| < a', |i>»| < a', 
(1 ^ z ^ n) such that the formulas aT~^eU, Xi(<TT~^) ~ fi{xiia), * * • , 
a‘n(o'); Xi(t), ■ • ■ , hold under the conditions |xi((7)i < a\ |a:i(r)| 

< a' {\ S i ^ n). Then 0) is a Lie group. 

Let Gil be the connected component of c in Since C/ is a neigh¬ 
bourhood of € and is connected, ®i is obviously open. It is sufficient 
to prove that ©i is a Lie group. Therefore we may assume without 
loss of generality that Oi itself is connected. 

We denote by (pa the left-translation associated with u in Ci), and 
by the class of real valued functions defined in neighbourhoods 
of o- in 0) and which depend analytically on the functions X\ o <pa-\ 
X 2 o • • • , o around c. We assert that the assignment 
0 - —»■ (jt((r) defines a variety whose underlying space is 

The conditions I, II of §1, Chapter III, p. 68, are obviously satis¬ 
fied. Since is a homeomorphism of © with itself, the properties (1), 
(2) of condition III hold in our case. It remains to check the 
property (3). Let U' be the set of the elements such that |xi(i-Jl 

< a '; C" is a neighbourhood of e. Hence is a neighbourhood of d. 

Let r be any element of this set; we have r-'d = ^bU'. We have (Xi 

o = x.(d"V) = x,((r“‘TT"V) = Xi(f“'T“V) = fi{^i{^')f ■ * * » 

xi(p"*t), • • • , x„(p-'r)), these formulas holding provided 
pEtU'. This proves that the functions Xi o belong to 
Ct(ff); thus property (4) holds. 

The assignment <r a(d) defines therefore a manifold g. It is 
obvious that the mapping (d, t) —>dr“* of 9 X 9 into 9 is analytic 
at the point (e, t)e9 X 9- We have yet to prove that it is everywhere 

analytic. 

It follows immediately from the definition that every left-trans¬ 
lation (pa is an analytic isomorphism of the manifold 9 itself. 

The same applies to the right-translation associated with d; in 
fact, let us first assume that |xi(d)| < a' (1 ^ z ^ n). The mapping 
j-x T~^ is clearly analytic at e, and is obtained by first performing 
J, and then the mapping t —* r"‘d which is analytic at « provided 
|x,(d)| < a' (1 ^ z ^ n). The formula = ra = shows 
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that is analytic at every point u if aeC'. But U', being a neighbour¬ 
hood of € in the connected group is a system of generators of 
Hence any element o-s(^ may be written in the form aicro • • ■ a* with 
ffiZU' (1 ^ j ^ k). We have which 

shows that is an analytic mapping. 

Now, in order to prove that the mapping (c, t) —> ar~^ is analytic 
at every point (ao, ro), we write 

It is obvious that the mapping {a, r) V) of g X 9 into 

itself is analytic at (ao, tq). Since and are analytic mappings, 
and since the mapping (a, r) —is analytic at (t, c), it is also 
analytic at (<7-o, to). 

Therefore 9 is the underlying manifold of an analytic group, whose 
underlying topological group is 0^, and this completes the proofs of 
Propositions 1 and 2. 

Corollary. Every closed subgroup of a Lie group is a Lie group. 

In fact, a Lie group being locally compact, the same holds for every 
closed subgroup of a Lie group. 

We observe also that it follows immediately from Proposition 2 
that any topological group which is locally isomorphic with a Lie 
group is itself a Lie group. If © is a Lie group, ® is clearly locally 
simply connected. Therefore, if © is connected, it admits a simply 
connected covering group (<S, /), and we see that ® is a Lie group. 

§XV. Groups of Automorphisms 

Let 7/ be a subgroup of GL{n, C). Denote by Xij{(j) (1 ^ i, j ^ n) 
the coefficients of a matrix asGL{n,'C). We shall say that H is an 
algebraic subgroup of GL{n, C) if there exists a set of polynomials 
Pa(* • • , x.y, • • • ) in arguments (a running over some set of 
indices) such that the conditions 

aeH 

ati 

^ 'a(' ‘ ■ , ~ 0 (for all a) 

are equivalent. For instance, SL{n, C) and 0(/i, C) are algebraic 
subgroups of GLiUf C), and 5p(n7'C) “is an algebraic subgroup of 
GL{2n, C). 

Denote by xjy(ff) and the real and imaginary parts of XiM. 

If we can find a set of polynomials Q^i- ■ ■ x'y, x[- • • ■) in 2n^ argu¬ 
ments such that the conditions azH and Qff{- ■ • x[^{a), x['(a), • • ■) 
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= 0 (for all are equivalent, then we say that H is a pseudoalgebraic 
subgroup of GL{n, C). For instance, GL{n, R), SL{n, R), 0(n), SO{n), 
Uj ri), SL'(n ) are pseudo-algebraic subgroups of GL{n, C); Spin) is a 
pseudo-algcbraic subgroup of GL{2n, C). 

It follows immediately from the Corollary to Proposition 1, §XIV, 
p. 130 that any algebraic or pseudo-algebraic subgroup of GLin, C) 
is a Lie group (when it is considered as a topological subgroup of 
GLin, O). 

Now, let g be any algebra over the field R of real numbers; i.e. g is 
a vector space of finite dimension n over R in which there is defined a 
bilinear law of composition (X, V) XV (we do not require any other 
condition than bilinearity for this law of composition). The auto¬ 
morphisms of the algebra g clearly form a subgroup 2f of the group of 
automorphisms of the underlying vector space of g (i.e. of GLin, R)). 
Let |Xi, • • • , A’’,v| be a base in g; with respect to this base, every 
automorphism a of g is expressible by a matrix (also denoted by a). 
Set 


«(Ad = (1 ^ f ^ n) 

Then the conditions which express that a is an automorphism (i.e. the 
conditions aiXiX',) = a'(A',)a(X;) can be expressed by a certain 
number of algebraic relationships between the coefficients a,-, (which, 
furthermore, must be real). It follows that SI is a pseudo-algebraic 
subgroup of GLin, R) and is therefore a Lie group. We shall determine 
the Lie algebra of this group. Let a denote this Lie algebra. Then n 
is a subalgebra of the Lie algebra of GLin, R), and the elements of a 
can therefore be considered as matrices of degree n with real coeffi¬ 
cients, i.e. also as linear endomorphisms of the underlying vector 
space of Q. Let i4 be a matrix belonging to a. Then, for every real t, 
exp iA is an automorphism of g, whence 

(exp tA)XY = ((exp M)X)((exp tA)Y) 

for any X, Yeg. 

Let E be the unit matrix; then 

iE -\-tA t^AdXY = HE -f tA -h r-At)X)iiE + U + t-A,)Y) 

where *4^ is a matrix whose coefficients remain bounded when t 
approaches 0. It follows easily that 

AiXY) = AiX)Y A- XAiY) 


( 1 ) 
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Any linear endomorphism A of o which satisfies (1) is called a 

derivation of the algebra g. We have seen tliat every matrix Aea 

is a derivation of g. We shall see that the converse of this assertion 
holds true. 

Let A be a derivation of g. • We have 


I 'j! 

where the summation is extended over all pairs {i, j) such that i ^ 0, 
j ^ 0, f + j = p (we set A® = E). Write 


We know that the coefficients of A' are smaller in absolute value than 
where .1/ is some constant. It follows easily that the double 
series are convergent, whence 



A^(X) — ((exp <A)A’’)((exp iA)Y) 


which proves that exp Ms5l, whence Aea. We have proved 

Proposition 1. Let g be any algebra over the field of real numbers. 
Then the derivations of g form a subalgcbra of gl(/i, R) {where n is the 

dimension of g), and this algebra is the Lie algebra of the group of auto¬ 
morphisms of g. 

Assume in particular that g is the Lie algebra of a simply connected 
Lie group Let a be any automorphism of g; then there corresponds 
to a a continuous homomorphism of ® into itself such that a = dd 
(cf. Theorem 2, §VI, p. 111). Since a is an automorphism, it has a 
reciprocal mapping a which is also an automorphism. Let 6' be the 
continuous homomorphism of © into itself which corresponds to a'; 
then d(0 o d') = aO a' is the identity mapping of g. It follows that 
O o B’ is the identity mapping of In the same way, we see that 
O' OB is also the identity mapping of ©. It follows immediately 
that 5 is an isomorphism of © (considered as a topological group) with 
itself (i.e. it is an automorphism of the underlying group and a homeo- 
morphism of the underlying space with itself). Such a mapping is 
called an automorphism of the group ®. Conversely, we see easily 
that to every automorphism 0 of (y there corresponds an automorphism 
a = of g. Therefore we have proved: 



138 


ANALYTIC GROUPS. LIE GROUPS 


(Chap. IV 


Proposition 2. Let G) 6e a simply connected Lie group. Then the 
group of automorphisms of G) is isomorphic with a Lie group whose Lie 
algebra is the algebra of derivations of the Lie algebra of Gi. 

Denote by da the automorphism of 0 which corresponds to an 
automorphism a of g. If A'eg, we have Ba (exp X) = exp a{X), which 
shows that 0a(exp A’’) depends continuously on a, for X fixed. Since 
is connected, any o-eG) may be written in the form tri • • • o-a where 
each Gi is of the form exp K,-, YiSg. It follows immediately that 
da(<j) depends continuously on a for a fixed. 

Now, let G^ be a connected Lie group which is not simply connected, 
and let (G), /) be a simply connected covering group of (^. Let B be an 
automorphism of Gi. Then 0 o / is a continuous homomorphism of © 
into C^. Denote by e and i the neutral elements of Gi and © respec¬ 
tively. By Proposition 1, chapter II, §VHI, p. 50, there exists a con¬ 
tinuous mapping 0 of (S into itself such that/ 0 0= B of and 5(e) = e. 
The mapping {g, 5(orf)(0(5'))-‘(0(f))"' maps continuously the 

connected space Gi X ® into the kernel F of /, which is discrete. It 
follows immediately that 0(0f)(0(ff))“*(0(f))“‘ = e, which proves 
that 0 is a homomorphism of Gi into itself. Let B' be the reciprocal 
automorphism of 0; then, in the same way, there corresponds to 0' a 
continuous homomorphism 0' of into itself. Furthermore, we see 
immediately that there exists a neighbourhood of i in @ on which 
both 5 o 5' and 0' o 5 coincide with the identity mapping. Since @ 
is connected, 9 o $' and 0' o 0 both coincide with the identity mapping 
of which shows that 0 is an automorphism of G5. Furthermore, we 
clearly have 0(F) = F. 

Conversely, let 5 be an automorphism of ® such that 5(F) = F. 
Let G be any element of and let g be any element of (§ such that 
/( ff ) = G. Then the value of /(5(cr)) depends only upon tr, not upon 
the choice of g. If we set &(g) = /(5(0)), we see easily (by arguments 
of the same type as above) that 0 is an automorphism of G). There¬ 
fore, the group of automorphisms of ® may be identified with the 
group of those automorphisms of which map F into itself. Since 
F is closed, it follows from the remark which follows Proposition 2 
that this group is a closed subgroup of the group of automorphisms 
91 of ® (in the topology which makes 31 a Lie group). We have 
therefore proved that the group of automorphisms of any connected 
Lie group is isomorphic with a Lie group. 



CHAPTER V 


The Differential Calculus of Cartan 

Summary. §§I and II are algebraic in character; tlieir object is to con¬ 
struct the Grassmann algebra 51 associated with a given vector space 9)? 
For reasons of convenience we have arranged the construction in such a way 
that the dual space of (and not 9JJ itself) is contained in 21; i.e. the elements 
of 21 are alternating contravariant tensors. 

In §III, we define the exterior differential forms of Cartan on a manifold 
and their differentiation. These forms behave in a contravariant way under 
an analytic mapping (this is why we introduce the notation “6,” which is 
considered as dual to the “d” of Chapter III). The operation 6 is proved to 
commute with the differentiation (formula (4), §III, p, 146). 

In §§IV and V, we apply the differential calculus of Cartan to the theory of 
Lie groups. The notion of left invariant differential form is defined; the left- 
invariant differential forms of order 1 are the forms of Maurer-Cartan. 
Their differentiation is determined in terms of the Lie algebra by formula (2), 
§IV, p. 152. It is shown how the forms of Maurer-Cartan can be explicitly 
constructed (in canonical coordinates) if the Lie algebra is known. A very 
simple example shows how it is possible to arrive by this method at an explicit 
construction of the law of composition in the group. However, it should 
be observed that, if one does not insist on using canonical coordinates, there 
are simpler methods to get the same result which we shall discuss in volume II. 

The remainder of the chapter is concerned with the integration of differen- 
tial forms on a manifold. Only forms of the highest dimension are considered 
(which means that we do not prove the generalized Stokes’s formula). Afte'r 
having defined the orientation of a manifold (§\T), we construct the integral 
of a function with respect to a differential form on an oriented manifold (§VII); 
the construction is based on a very useful lemma of Dieudonn^. In §Vni,’ 

we define invariant integration on a group which will become the main too! 
m Chapter VI. 

§1. Multilinear Functions 

Let iC be a field, and let 9Jii, ^ 2 , ' ' ‘ , 9)?r be r vector spaces over 
K, of dimensions mi, • • • , nir. 

Definition 1. An r-linear function on X S0?2 X - • ■ X S0?r zs 

a mapping M of this set into K such that M(ei, ■ * * , e^) is a linear 

function of any one of its arguments when the r - I others are kept fixed, 
i.e. we have ’ 

M(ei, • • • , ei_i, aCi + a'e-, e.+i, ■ • • , e,) 

= aM(ei, • • • , ei-j, e*), e.+i, • • • , e,) 

+ a'M(ei, • ’ ' , e,. i, ej, e,+i, • • • ^ Cr) 


if a, a'zK, 
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Let Ml, M 2 be two such r-linear functions. Then the functions 
QiMi + a 2 M 2 , which maps (ei, • • • , ej into aiMi(ei, • • • , e,) 
-f a 2 M 2 (ei, ■ • • , e,.) is clearly again an r-linear function. 

Let |a,.i, • • • be a base of If e,- = 2:yx.va,;(l ^ j ^ rrii; 

x.je/v), and if M is an r-linear function, we have 

(1) M(ei, ■ • ■ , e.) = Zxiy.xsy. • • ■ a:r;vM(ai;-., • • • , a.;,), 

which shows that M is entirely determined when the quantities 
‘ ) ar./,) are determined. Conversely, these quantities 

may obviously be taken arbitrarily in K. It follows that the r-linear 
functions form a vector space over K of dimension wii • • ■ 

Now let ^ 1 , 912, • ■ • ,9?, be a new system of vector spaces over K. 
Let M be an r-linear function defined on 9)?i X SD ?2 X ■ ■ • X 9)?r, 
and let N be an s-linear function defined on 91i X 9^2 X * * • X 9J,. 
Then the function A defined on 9)2i X 9)?2 X • • • X X 91i X 9^2 
X • • * X 9?, by the formula 

(2) A(ei, - - . , e.; fi, • • • , f.) = M(ei, ■ • • , e,)N(fi, • • • , f,), 

(for eiS9J?i, f;e9ly) is clearly an (r + 5)-linear function. 

Definition 2. The function A defined by formula (2) is called the 
Kronecker product of M and N; it is denoted by MN. 

The following properties of this operation are obvious: 

1) It is linear with respect to each argument, i.e. 

(fliMi + a2M3)N = oiMiN + a2M2N, (oi, a^^K) 

M(aiNi 4" a2N2) = oiMNi + a2MN2, 

2) If ^ 1 , ^ 2 , ■ ■ ■ , is a third system of vector spaces over K, 
and if n is a (-linear function defined on X ^2 X • • * X we 
have 

(MN)n = M(Nn). 

If r = 1, the r-linear functions on 9Jii are simply the linear mappings 
of 9J2i into K. 

Definition 3. The vector space composed of the linear mappings of a 
vector space 9Ii into K is called the dual space of SDI and denoted by 9)1'. 

If {ai, • • • , a,nl is a base of 9)1, to every i (1 ^ ^ m) there 

corresponds an element which is defined by the conditions ^<ay 

= 5iy. Moreover, these m elements of 9)2' form a base of 9)2', which is 
called the dual base of the base (ai, • • • , a„| of 9)2. 

Let a be any element of 9)2. Then, if we consider ^(a), for ^s9)2', 
as a function of <p, we obtain a linear function on 9)2': ^ 

Moreover, the mapping a ^ is clearly a linear mapping of 9)2 into 
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2)i" = If a = Sj-iai is 5 ^ 0, there exists at least one tpzW for 

which (a) 9 ^ 0,—for instance tp = pi if x,- ^ 0 . Therefore we have 
h 0, and the linear .mapping ais univalent. Since and 
9DJ have the same dimension, this mapping is a linear isomorphism 
of 9)? with 9}^^ We may call it the natural isomorphism of with 9 )^'. 

It follows in partictilar that any base in is the dual of some base 
in 

Proposition 1. Let 9 [IJ 2 , ■ * • , 9)ir he r vector spaces over K. 
Let {pii, pi 2 , ■ ■ • , be a hose in the dual space Wi of Then 
the mi • • ■ nir elements • * ■ Pri, (1 ^ ja ^ m.,\ ^ a ^ r) 

form a base of the space of r-linear functions on 9)?i X 99?2 X * * X 9)b. 

In fact, let {a,,i, • • • , a^.m,! be the base of 99? of which \pi,i, pi_ 2 , 

■ ■ ■ , is the dual base. W’'e have 

<Pin'P 2 u ■ • ■ ^r;,(ai.fc., a 2 .t,. * * ' , a,.jtJ = 

which, by comparison with formula ( 1 ), proves Proposition 1 . 

§11. Alternate Functions 

We shall now' consider r-linear functions A defined on the product 
9J2'' of r vector spaces identical with a given vector space 91)i of dimen¬ 
sion over a basic field K which is assumed to be of characteristic 0. 
bet be the space of these r-linear functions, for r ^ 1 . We shall 
denote the set K, considered as a vector space of dimen.sion 1 over K, by 
§ 0 - bet us form the set An element of this set is a mapping 

W'hich assigns to every r ^ 0 an element We shall consider the 

subset O composed of those elements of of which almost all 

coordinates are equal to 0 (i.e. all except a finite number). If A 
= (Ao, Ai, ■ ■ • , Ar, • • •) and M = (Mo, Mi, • • • , Mr, * ■ ) are 
any elements of O and if a, 6 eif, the element 

oA -|- i»M = (oAo + 6 M 0 , nAi -|- 6 M 1 , ■ ■ * , uAr + 6 Mr, * * •) 

also belongs to O. It follows immediately that O is a vector space 
(of infinite dimension) over K. An element of O is called homogeneous 
of order r if all its coordinates are zero except perhaps the r-coordinate. 
Such an element may, w'ithout trouble, be identified w'ith its r-coordi¬ 
nate. If we make these identifications, the element A = (Ao, Ai, 

’ • • , Ar, • • ■) may be w'ritten in the form 2jAr. (The symbol 2 ? 
stands for Sj where R is an integer so large that Ar = 0 for r > R.) 

In §I we have defined the product ArM. of an element ArS^r by 
an element M.e§., provided rs > 0. If, for instance, r = 0, Ao is an 

‘ These r-linear forms are called “r-times contra variant tensors.” 
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element of K, and AoM* is also defined since is a vector space over 
K. The same remark applies if 5 = 0. Moreover, the formula 
(ArM.)N( = Ar(M*N/)(Are^r, M.£©., Ni£§i) remains valid if one or 
more of r, s, i is to 0. 

We may now define the product AM of any two elements A = SAr, 
M = 2Mr of O by the formula 

AM = 2“ _oArM. 

This means that the ^-coordinate of AM will be 

(AM), = S.+,.,A.M- 

This obviously vanishes if i is sufficiently large, when AMcO. 

It is a trivial matter to verify that O becomes a ring under this 
multiplication. If E is the element (1, 0, • • • , 0, • • •), E is the 
unit element of this ring. 

We shall now define an operation in §r, which we call alternalwn. 
Let Ar be an element of §r, and let w be any permutation of the set 
11, 2, • • • , rj. The function Af defined by the formula 

Ar(®l, ' ‘ ' t ®r) = Ar(e-(|,| * * * , ^Q(r)) 

obviously again belongs to Moreover the mapping Ar —* A? is a 
linear mapping of §r into itself. We now define an operation Ar, 
called alternation, which maps any Ar€§r on 

Ar(Ar) = — 2s€(aj)A“, 
r! 

this sura being extended over all permutations w of the set (1, 2, • • * , 
r), with €(w) = 1 for even permutations w, and e(tt>) = — 1 for odd 
permutations w. If r = 0 or 1, we set Ar(Ar) = Ar. 

If A = 25 *Ar is an element of C, we set A (A) = 2fAr(Ar). Then 
A is a linear mapping of C into itself. 

We denote by 3 the set of elements AeO for which A (A) = 0. 

It is clear that 3 is a vector subspace of O. We shall now prove 
the remarkable fact that 3 is actually an ideal in O. In other words, 
the condition A (A) =0 implies A(MA) = A (AM) = 0, for any MeO- 
It is clearly sufficient to prove this for the case where A = ArS-^rj 
= M.S^.. Setting NrH. = Ar+.(ArM,), we have 

(r + s)!Nr+.(ei, * • * , er,.,) 

= 2ae(w)Ar(es(i), * * ’ > ea(r))M«(ea(f+i), ’ ' * , ®a(f+»)) 
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where the summation extends over all permutations w of the set 
(1, ■ • ■ ,r + si. Let G be the group of these permutations, and H 

the subgroup composed of those which leave the elements r + 1 , • • • , 

r 4- 5 unchanged. Let us consider the sum 


* * ■ , ew(r))Mi(e5(r+i)( * ■ ■ , ^S,ir+t)) 

extended over all permutations w of a certain coset wqH. If we set 
= /» (1 ^ f $ r), this sum may be written in the form 


€(wo)Mj(eao(r+l), * • • , e£io{r+5))(2i;'«^«(<I)')Ar(/i'(i,, ' ' ' 

since e(d)ow') = e(wo)€(a> 0 * But the operations of // induce the 
complete set of permutations on the set { 1 , ■ ■ • , r|, and hence the 
second factor is 0. It follows that /1,+*(A,M*) = 0, and we can prove 
in the same way that Ar^^CMrA,) = 0 . 

It follows that the set 0/3 of the residue-classes of O modulo 3 
is again a ring. It is also a vector space over K. We claim that 
it is of finite dimension. In fact, let us choose a base {i^i, ^ 2 , ■ * * , 
spm) in the dual space SO?' = .^1 of 2)?. If (p is any element of 21?', we 
have In fact = ( 5 )(v’(ei)^(e 2 ) - v?(e 2 )^(ei)) = 0. 

It follows that <pi(pj (pjipi = + tpjy — ipi — v’>)£3 (I ^ h 

j ^ m). ^ 

Let fpi be the residue class of ipi modulo 3- We have 


* * « * 
~ > 



It follows that a product <p*, ' <pt does not change if we perform 

an even permutation of the factors, and is changed into its negative 
if we perform an odd permutation. Moreover, it is equal to 0 if any 
two factors are equal. This certainly happens if r > m. 

We have seen that the elements • • • tpi, form a base of 

if r > 0.' It follows that C 3 ^ ^od that every element 

of 0/3 is a linear combination of the elements 


E 




* * 
*Pu<Pil 


« 

<Pir 


with ii < 


< ir ^ 


m 


where E* is the residue class of E. There being 2"’ such elements, 
0/3 is a vector space of dimension at most equal to 2"*. We shall 
see a little later that the dimension of 0/3 is exactly 2'^. 

For the moment, we shall exhibit a complete system of repre¬ 
sentatives of the residue classes of O modulo 3- 

* Cf. Proposition 1, §1, p. 139. 
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Definition 1. An r-Hnear function A, is said to he alternate if 

A“ = €(u))Ar 

for every permutation w of the se( jl» * * * , r). 

(If r = 0 or 1, any element of is considered to be alternate.) 
Similarly, an element A = (Ao, * • * , Ar, ■ • •) of O is said to 
be alternate if every coordinate A, is alternate. 

If A is an arbitrary element of O, /1(A) is alternate. In fact, we 
have, for r > 0, A.e^,., 

U,(A,))- = i 2:^(<i)Ar = = 6(<io).4.(A,) 

r. 7* I 

■ where wo is any permutation of the set (1, ■ • ■ , rj. 

Moreover, if A is already alternate, we have A (A) = A. In fact, 
it r > 0, and if Ar is alternate, we have 

.i4r(Ar) = — 2t^(<u)Ar = Ar 

* 

It follows that the operation A is idempotent: A A = A. 

Proposition 1. Any element AeO can be represented in one and only 
one way as a sum, M -b of an alternate element M and an element 

In fact, we have A = /1(A) -|- (A — ^(A)); A (A) is alternate, and 
we have A(A - A(A)) = A(A) -/1A(A) - 0. which shows that 
A — A(A)£3. Conversely, suppose that A = M + N, with M alter¬ 
nate and Ns3. We have A (A) = A(M) + A(N) = A(M) = 
whence N = A — A(A). 

Let 31 be the set of alternate elements in O. Then 31 is obviously 
a vector space over K, and Proposition 1 shows that there exists one 
and only one element of SI in any given residue class of O modulo 3- 
If iif • * • , fr are indices with 1 ^ ii < • • • < L ^ m, then the 
element Ar{(pi, • • • ^,,) is alternate. It is equal to 

— 2«€(w)¥?a<v,>v?£i(H) • • ■ 

« 

where the sum is extended over all permutations w of the set I — |fi> 

• • , tr|. It follows from this expression that the elements Ar(^»i 
• • • tpiX corresponding to the various subsets / of r elements from the 
set |1, * • * i m\, are linearly independent. Since the residue class 
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oiAriiPi, ■ ^,0 modulo 3 is the same as the residue class of ■ ■ 

(i-e- * ■ * V’.-,), it follows immediately that the ( 7 ) elements 

V’i. • * • <Pu (fo*’ I ^ ii < • • • < i, = m) are linearly independont 
m 0/3- 

The product AM of two alternate elements of is in general not 
an alternate element, as can he verified easily from examples. How¬ 
ever, there exists one and onjy one alternate element which belongs 
to the same residue class as AM modulo 3, namely the clement A (AM). 
Therefore we may define a law of composition'in hy the formula 

A qM = .1(AM) 

We shall call this law of composition the Grassmann multiplication. 
It is clear that the vector space 91, equipped with this law of composi¬ 
tion, becomes an algebra over K, isomorphic with 0/3. 

Definition 2. The algebra composed of the alternate multilinear 
functions, with the Grassmann multiplication as the law of composition, is 
called the Grassmann algebra of the space 9 [)i. 

It follows from our previous considerations that the Grassmann 
algebra is of dimension 2-" over K. It contains a unit element E, and 
contains the dual space W of Wh Moreover, if • ■ • , is a 

base of W, the elements <pi, ■ • • , form a set of generators of the 
Grassmann algebra. We have 


•Pi o ifii = 0 

•Pi ° fpi + <Pi ^ •pi = 0, (1 ^ i, j ^ m) 

and the elements tpi, □ v),-, □ • • • □ corresponding to the various 
subsets (t'l, • ■ • , ir\ of the set {1, ■ • • , /n) (with < • • ■ < i^ 
^ m) are linearly independent; every clement of the Grassmann 
algebra may be written as a linear combination of E and of such 
elements. An element of the Gra.ssmann algebra which is an alternate 
r-lincar function is said to be homogeneous of order r (if r = 0 , i.e. the 
element is in K, we adopt the convention of calling it a 0-linear form). 

Application. I^et ^2, be any r elements of 9 )?'. 

If we take r linear combinations 

Qi = (1^2^ r), 

of these elements, we have 

01 □ 02 □ • • • □ 0,. = □ ^2 □ • • - □ 

Hs can easily be verified. 



146 


THE DIFFERENTIAL C.4LCULUS OF CARTAN fCHAP. V 


If r = m, and if • • • , are linearly independent, tjiey form a 
base of and we know that □ ^2 ° * ■ * o 0. If now r is 
arbitrary and if ^ 1 , • • • , \pr are linearly independent, we can find 
M — r elements \pr+\, • * ■ , of SD?' such that ^ 1 , • * * , ^r+i, 

• ' • f 4'm are linearly independent. We have □ ^2 ° • ■ * o 
5*^ 0, which proves: 

Proposition 2. // ^ 1 , • • • , yp, are r elements of 972', a necessary 

andsufficienicondition for their linear independence is that ypi ^'I'l ^ ' ' ’ 

□ 7 *^ 0. Moreover, if we replace these elements by linear combinations 

of them, their product in the Grassmann algebra is multiplied by an 
element of K. 

If 9^ is an (n — r)-dimensional subspace of 90?, the elements e of 
9^ may be characterized as those which satisfy r linear equations, 

(1) ^i(e) = - • • = = 0, 

where 'Pi, •••, ypr are linearly independent elements of SD?'. More¬ 
over, if the formulas ( 1 ) define 912, any other set of r equations of 9? is 
obtained by replacing ^ 1 , • ■ • , by r linearly independent linear 
combinations of them. Therefore the subspace 92 may be character¬ 
ized by the product □ ^2 ° • • • □ ^r, and this product, conversely, 
is determined by 92, except for a constant factor.^ 

§III. The Differential Forms of Cartan 

Definition 1. Let V he a manifold and let p be a point of 'U. The 
Grckssmann algebra associated with the tangent space toV at p is called the 
Cartan differential algebra at p. 

We shall denote this algebra by dp. 

Definition 2. If we assign to every point p of a subset A of V a 
homogeneous element of order r in dp, we obtain what is called a differential 
form^ of order r defined on .4. .4 differential form of order 1 is also 

called a Pfaffian form. 

A differential form of order 0 is therefore simply a real valued 
function, and we know what it means to say that such a function is 
analytic at a point p of the domain of definition. We shall now 
extend this notion to a differential form of any order. 

An element of order 1 in dp is an element of the dual space to the 
tangent space ?p. But we have already seen that this dual space 

^ It was precisely in order to handle analytically the linear varieties of any 
dimension that Grassmann developed his “geometrical calculus.” 

* Also called “exterior differential form.” 
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IS the space of differentials at p.> Let (:ri, • ■ ■ , x„} be a coordi¬ 
nate system at p; then, for every point ? of a neighbourhood of p the 
differentials {dx^),, • • • , form a base of D,. Let e be a 

differential form of order r, defined in a neighbourhood of p; we may 
express the value 6^ of d at a point q in the form 


( 1 ) 


Bo = 2u 






this summation being extended over all combinations lii • ■ * i \ 
such that 1 ^ 2 i <•••<<; ^ n. ' ’ ' 

We shall say that the form 6 is analytic at p if the functions 
are all analytic at p. To justify this definition, we have to show 
that it^does not depend on the particular coordinate system used. 
Let Ui, • ■ • , a:'} be some other coordinate system at p. We 
may express xi, • • • , in the neighbourhood of p as functions 

* , x„), ■ * * , fn{xi, ' • • , x„) of the new coordinates x', 
and these functions are analytic at the point x[ ~ xKp), • • • , 

— ^n(p)- We have, for q sufficiently near p, 



(dxi)^ = 






9fi 


is the value of —, for x] = x](q) (1 ^ ^ n). Hence 

U(4.4. • • •, 4)), ^ ° ° 


where the summation is extended over all systems 
in ' • * , ir) such that n < • • • < ir, ii < • - ■ < j,. 


If we set 



we have 


u'. . (o) = 2 ■ w M ‘ • • )/iv) \ 

■ ,xl)J 

Hq) = ° □ {dxl)g. 


If the functions are analytic at p, then the same is of course 
true for the functions w;,.-/,. which justifies our definition of ana¬ 
lytic differential forms. 

^ Similarly, if the functions w,,...,; are continuous at p, the functions 

are also continuous. In this case we shall say that $ is con¬ 
tinuous at p. 


* Cf. Chapter III, §IV, p. 76. 
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We shall now define the operation of differentiation on differential 
forms. Let 0 be a differential form of order r, which is analytic at a 
point pEV. If r = 0, 6 is a function on *0, and its differential at p has 
already been defined. In the general case, we define the differential, 
of 0 at p to be the element of Sp defined b}'- 

{dd)p = □ {dxi,)p Q • • • □ (dxi^)p. 

Here again we have to show our definition is independent of the 
coordinate system. 

Before doing this, we shall first prove a certain number of proper¬ 
ties of the differentiation operation defined by (2) with respect to the 
special system of coordinates {xi, • - - 

If 01, 02 are forms of order r, and Oi, az are real numbers, we have 

(2) (d(ai0i + 0202))? = ai(d0i)p + < 22 (^ 02 )?. 

Now, suppose that 0 , tj are differential forms of orders r, s, both 
analytic at p. They are both defined in some neighbourhood of p 
and if we assign to every point q of this neighbourhood the element 
0, □ we obtain a differential form 007 ; which is clearly analytic 
at p. We assert that its differential at p is 

(3) (d(0 □ T,))p = {dB)p a ,;p + (- l)^0p □ {dii)p 

Suppose first that r > 0, s > 0. Making use of (3) we see that 
it will be sufficient to prove the formula in the case where 0, q are given 
by formulas of the type 

e{q) = ■u(q){dxi,)^ □ • • • □ 

v(q) = v{q)(dxi,)^ □ • . . Q (rfx,.)„ 

with < * * ■ < t’r, < ' • ■ < u and V being analytic functions 

at p. 

If the sets (fi, • • • , iVj, \ji, ■ ■ * , j,| have an element in com¬ 
mon we have 0 □ = 0, (rf0)p □ i/p = 0, 0p □ {dr})p = 0, and for¬ 

mula (3) is proved. If not, let Ai, • • • , jtr+, be the elements of the set 
Ifi> ‘ * * ^r, Ji, • ■ • j,\, arranged in ascending order. We have 

(0 0 7;), = €u(9)r(g)(dx*,), □ ■ • • □ (dxk^Jq, 

where e is -|-1 or — 1 according as the permutation 
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is even or odd. Hence 

D v))p = <{(iu)pv{p) + w(p)((/y)p) □ {dxk,)p □ • ■ □ ((ix*,„)p 

= dOp □ + u{p)dvp □ {dxi,)p □ ■ • - □ (dxi^)^ a 

□ • • • Q (rfx.,)p 

— d$p □ ijp -f (— 

since dvp □ {dxi)p = -(rfx.)p o dvp. 

If s = 0, r > 0, we have = v(q), where v is analytic at p, and 
we may assume that B is given by the same formula as above. We 
have 

(d{B □ ij))p = {dupv{p) + u{p)dvp) □ {dxi,)p d • • • {dxi,)p 

— dBp o rip ( — l)’‘0p □ drip. 

A similar argument proves formula (3) if r = 0. Therefore our for- 
m\ila is established in every case. 

In particular, if wi, W 2 are Pfaffian forms which are analytic at p, 
we have ’ 

(d(wi o t02))p = (dwi)p □ (u)2)p “ {wi)p (dw2)p 

It follows easily that if wi, • • ■ , w, are Pfaffian forms, all analytic 
at p, we have 

(5) (d(a,i □ aJ2 □ ■ * • O Wr))p 

= 2;(-l)*->(oji)p □ • ■ • □ (wi_i)p a (dwOp 1=1 («t+i)p □ • • • D (aj,)p 

Let/be any function on V, analytic at p. If we assign to any point 
q at which / is analytic the element d/,e(S<, we obtain a Pfaffian form 
df, the differential of /. In the neighbourhood of p we may express/ 
as a function /*(xi, • • • , x„) of the coordinates x. If q belongs to 
this neighbourhood we have 

m. - ^ (g)_ (fc). 

df* 

Since the functions — are analytic at the point h = , 

Xn ~ x„{q)^ df is analytic at p. We have 

(dm. = 2<, (dx,), a (dxd.. 

If we observe that 

ay* _ ay* 

dxfdxi dXidXf 


(dxi)p □ (dxi)p — —(dxt)p □ (dxj)p 
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we find 

(6) d(df) = 0. 

By formula (5) we see that if /i, • ■ • , are functions analytic at p, 
then 

(7) d{dfi □ • ■ • □ rf/,) = 0. 

We are now able to prove our differentiation operation is inde¬ 
pendent of the coordinate system. Let \x[j ■ ■ ■ , x'J be any other 
system of coordinates at p, and let us denote by the symbol d' the 
operation of differentiation defined in terms of this new system. This 
operation has the same formal properties as d. 

If 0 is a form of order r > 0, expressed by formula (1), we have, by 

(2) 

(d'0)p = • odxOIp. 

By formula (3) we have 

□ dxi, □ • • • □ dxi,))p 

= {d'ui,i„„i,)p o (dxi, □ dxi, □ ■ ■ - □ dxijp 

+ w'.vv..t',(d'(dxi, □ dx,-, □ ■ ■ • odxi,))p 

For any function/, we have d'/ = d/, by definition. Hence dx,, □ • • • 

□ dxi, = d'x,, □ • • • □ d'x,;, and the second term in our last formula 
is zero, by (7). The first term is equal to (dMi,.,.i,)p(dx,-,)p □ • • • 

□ (dx»,)p, which proves that (d'0)p = {dd)p. 

The differentiation property expressed by (6) may be extended to 
any differential form: if $ is any analytic differential form, we have 

d{de) = 0 . 

Let 0q be expressed by formula (1) at any point q of some neighbour¬ 
hood of a point p where 0 is analytic. Then 

(d0)g = 2(dwi,.,.tr)« ^ (dx<,)(| □ • • • □ {dxi^q, 

whence d(d0) = 0, by formulas (6) and (7). 

The Effect of a Mapping 

Now let W be another manifold and let $ represent an analytic 
mapping of W into D. If geW and p = $(g), d$« is a linear mapping 
of the tangent space 2)?, to W at g into the tangent space ?p to U at p. 
Let Sp and 2)^ be the Grassmann algebras of U and W at the points 
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p and q respectively. We shall see that there corresponds to a 
dual mapping of Sp into 5),. 

A homogeneous element 0 of order r > 0 in is an alternate 
r-Iinear form e(U, • • ■ , L,) on gp. Let M,, • ■ • . M. be any r 
elements of 2)?,; we set 

(1) 0i(Mi, • • • , M.) = 0(d4>,Mi, • • • , 

It is clear that is an r-linear alternate form on SJ?,; we set 

5^,0 = 5$/0) = 01 

We obtain in this way, for every r > 0 , a linear mapping of the 
set of homogeneous elements of order r in 6 p into the set of homo¬ 
geneous elements of order r in If r = 0, a homogeneous element 
of order 0 in Sp is a real number 0 , and in this case we simply set 
54',0 = 0 . If 0 is a non-homogeneous element in (Sp, we represent 0 

in the form 0 ^* -|- 0 ^* + ■ • • + 0 ''-, where 0 ^* is homogeneous of order 
Ti, and we set 8 ^^$ = 2 ^ 6 $, 0 ^'. 

Hence 84 >^ is a linear mapping of 6 p into It is also a ring- 
homomorphism; i.e., we have 

( 2 ) 54>fl(0^ □ 0 *) = (5^,00 o (5$«0*) 

if 0^ 0* are homogeneous elements of orders r, s in Sp. In fact, we 
have 

(0' □ e-){L,, Li, ■■■ , L,+.) 

“ ^ ^ ‘ ' ■ » ^fi(r))^*(^fi(r+ll. * ' * ) ^S(r+.)) 

where the summation is extended over all permutations w of the set 
(I> ' ’ ‘ ,r-l-s|, and where t(a)) is +1 or —1 according as w is even 
or odd; ( 2 ) then follows immediately from the defining formula ( 1 ). 
Let us take a coordinate system jxi, • • • , Xnj at p on 'U. Then 

{dxi), (1 ^ i ^ m) is a homogeneous element of order 1 of Sp, and 
we have 

(da:0p(d^M,) = (d(a:i o 

for every It follows immediately that 

(3) 54>,(dxi)p = (d(xiO <(>)), 

We can now let q vary on the manifold *W. Let 0 be an analytic 
differential form of order r on V. Then the assignment q 
defines a differential form on W, which we may denote by 5$0. It 
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follows immediately from (3) and from the analytic character of the 
functions Xi o that is analytic on 'W. If 

Op = 2i/.v..,v(p)(dx.-.)p □ • ■ • □ {dxi,)p 

is the expression of 6 p we have (simplifying our notation by writing 

XiO^ = y,-) 

Hence 


(d(6$9)), = 2((<i(«,. 


if 


a O • • • □ (dyj,. 


If we observe that 


we see that 



5'!’ q (dw,# g 
a^g(dx,)*g 



d{6^d) = 6 ^dd). 


§IV. The Forms of Maurer-Cartan 

Let g be an analytic group. We denote by the left translation 
associated \\*ith an element asg If 9 is an analytic differential form 
on g, the same is true of 6 ^,6. 

Definition 1. The form $ is said to he left-invariant if 5^,9 = 9 
for all trsg. 

If this is the case, we have 9^ = which proves that 9 

is uniquely determined when 9, is known (e being the neutral element 

of g). 

The left-invariant differential forms of order 0 are the constants. 

Definition 2. A left-invariant Pfaffian form is called a form of 
Maurer-Cartan. 

Let CO be a form of Maurer-Cartan and let X be a left-invariant 
infinitesimal transformation. The value co, of co at an element <r is a 
linear function on the tangent space to g at <r; therefore the symbol 
w,(X,) has a meaning. We assert that does not depend on <r. 

In fact, we have co,(X,) = (54*,-i<o«)(X,) = (co,)(d4>,-tX,) = co,(X«). 

Conversely, let co, be any linear form on the tangent space at <; 
if we set co, = 5^,-ico„ the assignment <r cc. Is a Pfaffian form on g, 
and we have co,(X,) — constant, for any left-invariant infinitesimal 
transformation X. We have (5'^,,<o,„)(X,) = co,,,(d^„Xr) = co„,(X#,#) 
= co,(X«) = co,(X,), from which it follows that co, = 6$,,<o,,, for any 
cro€9: CO is invariant. We shall prove that co is also analytic. Let us 
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take a system of coordinates |i,, - - • , x„| at an element ffoSg and a 
base IXi, • • • , for the Lie algebra of g. If a is siifficientlv near 
to (70, we may express a>, in the form ZAMidxi)., and we have 

(1) o^iXi) = 2,A,((7)(A:;X,), 0 = 1, ■ • ,n). 

The left hand sides of these equations are constants. Since 
‘ ‘ » (-^r»)ff are linearly independent, the determinant 



does not vanish, and the linear equations (1) may be solved for 

di(<r), • ■ • , A„{a). Since the functions are analytic at ao, 

the same is true of the functions .liCtr),—which proves the analyticity 
of (ji. 

We see that, if n is the dimension of g, there exist exactly n linearly 
independent forms of Maurer-Cartan, say w,, • • • , a)„. It is clear 
that, if the are any constants, 2a,.....,-, 0 );, □ • • ■ □ is a 

left-invariant differential form of'order r, and that any left-invariant 
differential form of order r > 0 may be written in this form. 

Any left-invariant differential form 8 of order r > 0 may be con¬ 
sidered as an r-linear alternate form on the Lie algebra fl, of g, by 
setting d{Yu • - • , K,) = 0.((ri)., • • • , (K,).). We may there¬ 
fore identify the left-invariant differential forms with the homogeneous 
elements of the Grassman algebra associated with fl. 

If (0 is a form of Maurer-Cartan, we have dw = = dw, 

and do) is also left-invariant. We shall prove that 



where X and Y are any elements of g. 

Using the above notation, we have dw = 2d*4i □ dx„ whence 

da,(X, Y) = (i)2i(dX,(X)dz,(K) - dAi(Y)dxi{X)) 

- a)S.((XA0(Kx,) - {YAiKXxd). 

On the other hand, we have ZAiYxi ~ constant, whence 

0 = X{2AiYxi) = X{XAA(Yxd *f ^Ai(XYxA, 

and similarly, 


0 = Z{YAi)(Xxi) A- XAiiYXxi). 
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We may therefore write 

MX, Y) = (inAi(YXxi - XYxi) 

= (^)XAi{lX, Y]xd, 

which proves (2). 

Let [Xi, • • • , X„ \ be a base of the Lie algebra g. We can find a 
dual base [oj], • • • , for the forms of Maurer-Cartan, i.e. a base 
such that a),(X/) = 5,; (1 ^ i, j ^ n). We have 

[Xi, X;] = 2*C,;jtX* 

where the c./* are the constants of structure. It follows from (2) 
that da)i(Xi, X;) = (^)c,;i. Taking into account the equalities 
Cijk + Cjik — 0, it follows that 



Let {xi, • * • , a:„) be a system of coordinates on g at the neutral 
element and let F be a cubic neighbourhood of e with respect to this 
system. If o-sF, we can write (oj,), in the form 

(w,), = ^JLiAii{xiM, • ■ * , a:„(ff))(dx;), . (i = 1 , . ■ . , n), 

where the function Aii{xi, * • * , in) are defined and analytic in the 
domain defined by the inequalities [i,- — liWI < a, a being the breadth 
of F. We set 

u)i(x, dx) — 'LiAii{x)dxj. 

If <ro€F, the functions i»(<ro(r) = yi(<r) are defined and analytic in a 
neighbourhood of «. The left-invariance of Wi gives the relations 

y 2 (<r), • ‘ , yn(<r))(dyi)w 

The functions yi(<r) may be expressed as functions y.(xi((r), • ■ , 

of the x-coordinates of <r (these functions being defined and 
analytic provided the quantities |ii((r) — ii(€)| are sufficiently small 
(1 ^ f ^ n)), and the functions yi(xx, * * * , i«), * * * , (^i. * » 

Xn) satisfy the equations 



which are called the equations of Maurer-Cartan. 

The determinant AiM, • • • , Xn) does not vanish for |x, — Xi(€)l 
< a. Therefore the equations (4) 3 deld expressions 
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(5) 


dyi 

dxj 


- ‘ ari, , x„) (1 ^ ij ^ n), 

dyi 


for the partial derivatives ~ as functions of the w’s and x’s. 

dXj 

On the other hand, we have 


(6) y.(x,(€), • ■ * , x„(€)) = XiM (i = 1 , • - . , n). 

Therefore, when the expressions oii{x, dx) of the forms of Maurer- 
Cartan are known, the problem of determining the functions Xi(£roff) 
is reduced to the integration of the equations (5) with the initial 
conditions (6). The problem depends itself on the integration of 
systems of ordinary differential equations. 


§V. Explicit Construction of the Forms of Maurer-Cartan 

IN Canonical Coordinates 

Let S be an analytic group, 0 its Lie algebra and (Xi, ■ • • , X„1 
a base of g. There corresponds to this base a canonical coordinate 
system* (xi, • • • ,x„| at the neutral element e of 9 . Let |a,i, • • ■ , 
be the base of the forms of Maurer-Cartan defined by u>i{Xj) = 5 ,;-. 
We want to determine the expressions 

a),(x, dx) = 2 ,"_i^»(xi, • • • , x„)dx, 

of the forms w, in terms of the coordinates x. 

Let us observe first that the mapping (xi, • ■ • , x„) —> exp ZXiXi 
is an analytic mapping of the whole of into 9 . We may denote 
this mapping by the notation “exp.” The forms S/l, 7 (x)dx; are the 
forms (5 exp)u,. It follows that the functions i4„(xi, • ■ ■ , x„) are 
defined and analytic over the whole of Z?". 

To every element Xeg there corresponds an analytic homo¬ 
morphism 0x of the additive group R of real numbers into 9 , and 
50x«i is an analytic Pfaffian form on R. We denote by t the coordinate 
on R, and by L the left-invariant infinitesimal transformation of R 
defined by L{i) = 1 . Then dQx{L^ ~ whence (50xa)i)L 

= Wi(X) = a* if X — Sa.Xi. It follows that 

50xWi — CLidt 

Let 0 j be the mapping, t —► (ad, * • • , aj) of R into R’^. We have 
0 x(O = exp 0 ^( 0 , whence 

dx)) = a.df, 

‘ Cf. Chapter IV, §VIII, p. 115. 
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which gives the formula 


, ant)aidt = adt 
or 

( 1 ) , Xnt)xi = Xi (i = j n). 

We now introduce the mapping, - • ■ , x'J(;x'„ • • • ,tx^) 
of 72'*'^^ into R^. Under this mapping, there corresponds to w,(j:, dx) 
an analytic Pfaffian form w[(x', <, dx\ dt) on 72'*+^ whose expression is 

a.;(x', (, dx', di) = ^iAii{x\t, • • ■ , xMx-dt A-tdx]) 

— iXiAii{x't, • ■ • , x't)dx] A- x\dt, 

(making use of formulas ( 1 )). 

Since dw* — □ w;, we also have dw^ = ( 7 ) S.-./Cokcw! o wJ. 

In order to abbreviate, we set • • • , xj) - i4„(x'0: then we 

have 

doj* = 'ZiAki(x’t)di □ dxl + Xit (x't)dt o dx{ + dx^ a dl A- '' ' 

dt 

-oCiv*^; □ wy = 2,;dc.;t.4,((x'0^ydx[ □ d< + 2 ;i;ite, 7 tA,i(x'/)x,-d^ □ dxj 

+ ■ * • 

where the terms which are not written do not contain dt. Therefore 
the identification of the terms which contain dt gives 

AH(.x't) + I = i z^,^,„(AAx't)4 - A,,(x't)x'i) + S.I 

dt Z 

OTj Sine 6 C\ik ~ 

(tAkiix't)) = 5*1 + 2i;C„*x;(M/i(x'0) 
dt 

Let us consider xj, • • • , x' as fixed quantities. We denote the 
matrix (^A*/(x'0) by Ct{t), and we denote the matrix whose coefficient 
in the fc-th row and j-th column is SiC,/*xJ by 9C'. Then we have 

dO' 

--- - E A- 9 C'a 

di 

where E is the unit matrix. Moreover, we have (i(0) = 0. 

By the same argument which was used to prove the convergence 
of the series which represents the exponential of a matrix (cf. Chapter I, 
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§n, p. 5), we see that the series 


t"* 

m\ 

converges uniformly for t in any bounded interval. If a'(t) is its sum, 

we have, a'( 0 ) = 0 , = .E + x a '-therefore a'{t) = a{t). 

Putting i = 1 , we obtain the following result; 

Proposition 1 . Let 5 be an analytic group, and let {A'l, ■ • ■ , 
be a base for Us Lie algebra. Let {x,, • • • , x„l be the corresponding 
canonical system of coordinates, and let a>i, wa, • • ■ , be the forms of 
Maurer-Carian defined by the formulas w.CYy) = 5 ,,. If w,(x, dx) 

~ ^;-id,ydxy IS the expression of w, in terms of the coordinates x. the 
matrix d = (d„) is given by the formula 

a = 

m l _ 

lohere 9C is the ma^nx whose {k, j)-coeficient is 2,c„jtx, 

Remark 1. The series which gives the matrix a converges for all 
real or complex values of the numbers x,-, c,,* and the convergence is 
uniform for |x,|, |c, 7 *l restricted to any bounded region. 

It follows in particular that the functions d„(xi, ■ • • , x„) can 
be extended to integral monogenic functions of the complex variables 
‘ , x„. 

Remark 2. If we set X = ZxyX,, we have 

[X/, X] = 2.c/,jtx,Xfc =: — XidjkXiXk. 

The mapping, Y —»[K, X] is a linear mapping of g into itself. Making 
use of the base |Xi, • • • , X„}, we may represent this mapping by a 
matrix, and we see that this matrix is — *9C where 'SC is the transpose of 

dCt 

Example. Let us consider the Lie algebra of order 3 with the law 
of composition defined by 

(1) [Xi X 2 ] - 0, 1 X 3 , Xd = X,, [X 3 , Xd = 0. 

Here the matrix 9C is 


( 0 X3 -X2 
0 0 0 

0 0 0 
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whence = 0, and 

/I ii)x, -(i)X2\ 

a = 10 1 0 ) 

\o 0 1 / 

We have wi = dxi + (i)x3dx2 — (h)x 2 dxz, (t >2 = dxz, toa = dxz. The 
equations of Maurer-Cartan are 

<^xi (^)xzdx 2 - (i)x2dx3 = dyi + (i)ydyi — (^)yzdy 2 , 

dx2 — dyz 
dxz = dyz, 

and the law of composition in the group is therefore 

Xi{ct) = Xi(r) + (i)(X2((7)X3(r) - Xz(c)X 2 {t)), 

X2(ar) = X2((t) -f X2 (t), 

XzifTT) = XaW 4- Xzir). 

It is easy to verify directly that these formulas define a group who.se 
manifold is R^. This proves the existence of an analytic group w'hose 
Lie algebra is the algebra defined by formulas (1). 

§VI. Oriented Manifolds 

Let ? be a vector space of dimension n over the field R of real 
numbers. We know that the space $>» of alternate n-linear functions 
on ? is of dimension 1 over R. If B and B' are two elements of this 
space, with B ^ 0^ B' ^ 0, we have B' = aB, a being a real number 
9^ 0. It follows that the elements 5 0 in fall into two classes, 

defined in the following ways: B, and B' = aB, belong to the same 
class if a > 0 , to opposite classes if a < 0 . 

The"complex notion formed by giving S and one of these two classes 
is called an oriented vector space. The n-linear functions of the class 
which has been selected will be called the 'positive n-linear functions 
on the oriented vector space. 

Let (Li, • • • , L„) be an element of the product 2" = C X C X * • 

X 2 (i.e., a mapping of the set {1, • * • , n} into 8 ). If the set 
{Li, • • , L„) is a base of 8 we shall say that the finite sequence 

(Li, • • * , L„) is an ordered base; every base is thus represented in n ! 
different ways as the set of elements of an ordered base. 

If B is an element 0 in and if (Li, * * ■ , Ln) is an ordered 

base, we have B{L\, * ■ * , L„) 0. The latter number may be 

positive or negative; but, if = aB (a > 0) is an element of 

belonging to the same class as B, jB'(Li, ■ * • , Ln) will have the same 

sign as B{Li, • • • , L„). 
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By an onented vector space ? we moan a pair 5 = (2. 5?) formed by 
a vector space 2 over the field of real numbers and by one of the classes, 

of non vanishing n-linear forms on 2 (where n = dim 2). The space 
y is called the underlying vector space of 0. The n-linear functions 
belonging to ^ are called the positive n-linear functions on 2. An 
ordered base (Li, • • ■ , L„) of 2 is called an ordered base of 2 if and 
only if we have B{Li, * • ■ , />„) > 0 for every 

^ A given vector space 2 over the field of real numbers is the under¬ 
lying vector space^of exactly two oriented vector spaces 2 i and 22 . 
We shall say that 2i and 22 are oppositely oriented. If (Li, ■ ■ * , Ln) 
is an oriented base of 5i, the same is true of every oriented base of 2 
which is deduced from {Lu ■ • , L„) by an even permutation of the 

basic elements; if, on the contrary, we perform an odd permutation on 
Lh ' • ■ , then we obtain an oriented base of § 2 . 

Now, let TJ be a manifold of dimension n. If p is a point of V we 
shall denote by 2p the tangent space to V at p. Suppose that we have 
given a law which assigns to every point peX) one, say 2 p, of the two 
oriented vector spaces which admit 2 p as their underlying vector 
space. Assume furthermore that the following condition is satisfied; 
(p being any continuous differential form of order n on V, if ip,. is a 
positive n-linear function on 2 %, then is also positive on 2 , for all 
points q of some neighbourhood of p. Then we shall say that the i)air 
formed by the manifold V and by the law p 2p is an oriented mani¬ 
fold of dimension n. The manifold V is called the underlying manifold 
of the oriented manifold. The oriented vector space 2p is called the 
oriented tangent space to the oriented manifold at the point p. 

Let *0 be an oriented manifold, and let *0 be the underlying mani¬ 
fold of V. By an ordered system of coordinates at a point p of D 
we understand a finite sequence (xi, • * • , x„) of functions such that 
the set jxi, ■ • , x„| is a system of coordinates at p. If the n-linear 

form da:i □ • • • □ dx„ is positive on the oriented tangent space to 
T) at p, then we say that {xi, • • • , x„) is an ordered system of coordi¬ 
nates at p on 'U. If this is the case, (xi, • * • , is also an ordered 
system of coordinates on *0 at every point of some neighbourhood of p. 

Not every manifold is the underlying manifold of an oriented mani¬ 
fold; for instance, it can be shown that the projective plane is not. A 
manifold which is the underlying manifold of some orientable manifold 
is said to be orientable. To orient the manifold is to make choice of 
one of th^e oriented manifolds of which it is the underlying manifold. 

Let *0 be an oriented manifold, and denote by the onented 
tangent space to *0 at a point pS'O. Let also 2* be the oriented vector 
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space oppositely oriented to then it is clear that the pair formed by 
the underlying manifold U of U and by the law p —> S* is again an 
oriented manifold U*; we shall say that U and U* are oppositely 
oriented. The oriented manifolds U and U* are the only ones which 
admit V as underlying manifold. In Tact, let W be any oriented 
manifold which admits U as its underlying manifold. Denote by E 
the set of points qEV such that S, is the oriented tangent space to "W 
at 5. If let (xi, • * , x„) be an ordered system of coordinates on 

U at q; then (xi, • • • , Xn) is also an ordered system of coordinates on 
both U and 'W at ever}" point of some neighbourhood of q, from which 
it follows immediately that E is open. Similarly, let E* be the set of 
points rev such that the oriented tangent space to W at r is 2*; then 
the same argument shows that E* is open. Since U is the union of E 
and E* and E ^ E* = 0, it follows from the connectedness of U 
that one of the sets E* coincides with V, which proves our assertion. 

The underlying manifold of an analytic group 9 is always orientable. 
In fact, let wi, • • * , be n linearly independent forms of Maurer- 
Cartan on 9 (where n = dim 9)- Then wi □ • • ■ □ w, is a differen¬ 
tial form of order n on 9 which is continuous and everywhere ^ 0. 
Hence we may orient 9 by the requirement that this form shall be 
everywhere positive. 

Let S and be two oriented vector spaces, of dimensions m and n 
respective!}" and let S and 952 be the underlying vector spaces of 5 and 
992 respectively. Let ^ be a positive m-linear form on 5 and let C 
be a positive n-linear form on ®2. Then BC is an (m + rt)-linear 
form on ? X S02 and is 5-^ 0; we may orient 2 X 952 by requiring that 
BC shall be positive. It is easy to see that the orientation obtained 
in this way depends only upon 5 and 952, not on the choices of B and C. 
The oriented space obtained in this manner is called the product 
of the oriented vector spaces ? and 952; it is denoted by ? X 952. 

Now, let *0 and “W be two oriented manifolds; we denote by Sp 
the oriented tangent space to *0 at a point peU and by 952, the oriented 
tangent space to W at a point ^e'W. Let U and 'W be the underlying 
manifolds of V and ‘W; we know that the tangent space at (p, q) to 
U X W may be identified with the product of the tangent spaces to 
U at p and to 'W at q. It is easy to see that the manifold *0 X “W, 
together with the law (p, g) ^ Sp X 952„ gives rise to an oriented 
manifold. We shall denote this oriented manifold by U X W, and 
we shall call it the product of the oriented manifolds *0 and W. Denote 
by Oil &nd W2 the projections of U X W onto U and W respectively. 
Let (xi, * • • , x„) be an ordered system of coordinates at p on U 
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and let (yi, ■ • • , be an ordered sj'stem of coordinates at 9 on W- 
then it is easy to see that (x, o cI,,. • • • , x„ o y, o ci,., • ■ . ' 

j/n o W3) is an ordered system of coordinates at {p, q)onVX W. 

§VII. Integration of Differential Forms 

Let *0 be an oriented manifold of dimension n, and let v’" be a 
differential form of order n on D. We wish to show how may be 
used as an element of integral on D. 

We shall say that a subset L of Li is a cubic set if it is a cubic neigh¬ 
bourhood of some point p with respect to a coordinate system at p. 
We shall say that a real valued function /, defined on TJ, has the 
property P if / is continuous and if there exists a relatively compact 
cubic set V outside of which / equals 0. 

Let / be such a function. We can find a point po, an ordered 

coordinate system (xi, • • • , x„) at poon *0, and a cubic neighbourhood 

V of Po with respect to this system such that f is zero outside V. 
Let a be the breadth of F, and let Q be the cube in H” defined by the 
inequalities \xi - x.(po)| < a. If peF, we may write 

/(p) =/*(xi(p), • • - , x„(p)) 

<Pp = P(xi(p), • ■ - , x„(p))((/xi)p Q ■ • ■ □ (dx„)p, 

where/*(xi, • • , Xn), P(xi, ■ • ■ , x„) are continuous functions on Q. 

Moreover, the function f*F is bounded on Q and approaches 0 when 
‘ , x„) approaches the boundary of Q. Hence the integral 

(1) I = /o/*(xi, • ‘ , x„)P’(xi, • • • , x„)dxi • • • d.T„ 

is defined. We shall prove that the value of this integral does not 
depend on the choice of po, Xi, ■ • • , x„, V. Let p, be another 
point of V, (x'l, • • • , x^) an ordered coordinate system at p[ on V, 
and V' a cubic neighbourhood of pi with respect to this system, such 
that / is also zero outside V'. We denote by Q' the cube of P'* defined 
by the inequalities IxJ - x'(pi)| < a', where a' is the breadth of V', 
and we must prove the equality, 

(2) /o/*(xi, • • • , x„)P(xi, • • * , Xn)dxi • ■ • dx„ 

= k’rix\, • • ■, xi)P(x:, - ■., x:)rfx: ■ dxi, 

where/*' and F' are defined by the formulas 

/*'(x:(p) • • - ,x;(p)) =/(p) 

P'{x\{p), • • • , x^{p)){dx\)p □ • - • Q {dx^)p = v?; 

(for peF'). The function / is zero outside V ^ F'. Let U, U' be 
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the images oi V under the mappings, p ^ (a:i(p), ■ • • , Xn(v))> 
and p(^I(p), ■ • • , :r'(p)); U and U' are open subsets of Q, Q' 
respectively, and the integrals which occur in the formula to be 
proved do not change if we restrict the domains of integration to U, 
U' instead of Q, Q'. 

If pzV V\ the x'-coordinates, xj(p), • * • , x'(p) of p may be 
expressed as functions, gi{xi{p), • • • , x„(p)), • • • , ff„(xi(p), • • • , 
x„(p)), of the x-coordinates of p; the functions g'lCxi, • • ■ , x„), ■ • * , 
gfa(xi, • • , x„) are defined and analytic on U, and the mapping, 

(xi, ■ ■ • , x„) -> (g?i(xi, • • • , x„), • ■ • , gn{xi, • • • , x„)) maps U 
topologically into U'. We set 


whence 



^(gi> ' ' ' , On) 
■D(xi, • • • , x„) 


= i)(xi(p), * ■ • , Xn(p))(dxi)p □ • • • □ {dx„)p. 

Since (xi, • • • , x„) and (xj, • • • , x') are ordered coordinate systems 
on the oriented manifold V, we have 

■D(xi, * ■ • , x„) > 0 if (xi, • • • , x„)e(/. 

Moreover, we have 

F(xi, • • • , x„) = F'(gi(x), • • • , ff„(x))D(xi, * * , x„), 

and 

/*(xi, • • • , x„) = /*'(gi(x), • * • , gn(x)). 

Therefore formula (2) follows at once from the classical formula for 
changing coordinates in multiple integrals. 

It follows that the number / defined in formula (1) depends only 
on / and We shall set 

and this formula defines the integration of functions / which have 
property P. 

The following properties are obvious from our definition: 

(1) If the continuous functions/i and/2 are zero outside the same 
cubic set V, we have 

"b 02/2)^" = fli/v/iV’’’ + ^ 2 /^/ 2 ^*' 

(where ai and 02 are any real numbers). 
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(2) If / has property P . and g is any continuous function, then the 
function gj has property P. 

Now we shall extend the definition of our integration process to a 
larger cl^s of functions. A continuous function / is said to be zero at 
infinity if it can be represented as a finite sum of functions having 
property P. We assert that if / = /| + • • . + and f = f[ • • ■ 
+ are two representations of this kind, we have 

(3) + • • • 4. . . . 

We shall need the following lemma: 

Lemma 1.^ Let E be a relatively compact subset of V. There exists 
a continuous function n, which is zero at infinity and equal to 1 on E. 

Let E be the adherence of E in V; then £ is a compact set. We 
select at every point psE a coordinate system (xi,p, • • • , Xn,p} and 
a cubic neighbourhood Vp of p with respect to this system. We define 
the function pp by the formulas 


Mp(9) = 1 - max,- lap^\xi,p{q) - x,-.p(p)|) 

Mp(?) = 0 


if qeVp, 

if g does not belong to Vp, 


where Op denotes the breadth of Vp. Each function Mp is continuous. 
Since E is compact, it can be covered by a finite number of the sets Vp, 
say Vp„ ■ * ' , Epf The function 2i>xp; is 5 *^ 0 everywhere on E] 
therefore it has a minimum, m > 0, on E. We set 5(9) = max 
Iwi, 2,-Mpij; the function s(g) is continuous, everywhere ^ m, and 


equal to on E. The function p = — obviously has the 

required properties. 

Now we can prove formula (3). Let E be the set of points at 
which one at least of the functions /i, • • • , /a, /I, • • * , /v is 9 ^ O' 
obviously E is relatively compact, and therefore we may apply our 
lemma to E. Let g = be a continuous function which equals 1 
on .E, each function having property P. We have/ff. =-f ■ • • 

*f/Affi = f[gi + • • • for fixed i the functions /iff., ■ • * , fngi 

are all equal to zero outside the same relatively compact cubic set. 
Hence we have 


On the other hand, the functions f^gi, • ■ • , for a fixed, are 
also all zero outside the same cubic set, and their sum is f^g =f a, 
* This lemma is due to Dieudonnd. 
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whence 

and we have a similar formula for the functions Therefore we 
obtain formula ( 3 ) by adding the k formulas ( 4 ). 

We may now define the integral /v/v?” of a function/ which is zero 
at infinity as the common value of all expressions ^ajvfa*p\ for all 
representations of/ as a finite sum of functions with property P. 

If /i, /2 are functions which are zero at infinity, the functions aji 
-b 02/2 is also zero at infinity, and we have 

( 5 ) + <12/2)9” = + 02/^72^”- 

If the differential form is everywhere positive on the oriented 
manifold U, we may assert that the integral (with respect to 9"*) of a 
non negative continuous function /, null at infinity, is non negative, 
and is even positive unless / is identically equal to 0 . In fact, it is 
clearly sufficient to prove these assertions for a function / which has 
the property P; in this case, our assertions follow immediately from the 
definition if we observe that the function denoted by F in ( 1 ) is positive. 

bet (Qp) be a sequence of continuous functions on *0 which con¬ 
verges uniformly to a function g; then we have, for any continuous/ 
null at infinity, 

Iimp_« 5v9pf9” = ivgf9” 

This is proved by decomposing / into a sum of functions having the 
property P and observing that our formula follows immediately from 
the definition if / has the property P. 

Remark. A continuous function is zero at infinity if and only if 
it is zero outside some compact subset of V. 

The “only if” is trivial. Conversely, if / is zero outside the com¬ 
pact set E, there exists (by the lemma) a function g — 2 i^i, which is 
equal to 1 on E, the functions gf, having property P. We have / = 
'Lifgi, which shows that/is zero at infinity. 

In particular, every continuous function on a compact manifold is 

zero at infinity. 

Effect of an anal3rtic isomorphism 

Let U, W be oriented manifolds, and let be an analytic iso¬ 
morphism of the underlying manifold of "U with the underlying 
manifold of W. Let n be the common dimension of U, W. If >/'’* 
is a differential form of order n on W, 5 $(^'*) is a differential form 
of order n on U; if p is a point of *0 such that ^ 0, we have 
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5*^ 0. But, if (^")#p is positive on W, (54>(^'*))p may be 
either positive or negative on U. If for any point p and for any yp'' 
such that 9^ 0, tiie form (64>('/''‘))p has the same sign as (^'‘) 4 .p, 

we shall say that presm’cs ihc orientaiion. 

An equivalent formulation of this condition is the following: if 
the functions {yu ■■■,(/,») form an ordered coordinate system at 
4>Cp) on *W, the functions |pi 0 4 >. • • • , p„o4>) form an ordered 
coordinate system at p on TJ. 

Let <i> be an orientation preserving analytic isomorphism of 1) 
with ‘W, a continuous differential form of order n on W, and / a 
continuous function, zero at infinity on *U. Since is a homeomorph- 

ism, it follows immediately from the remark made above that / o <t> 
is zero at infinity on *W. We assert that we have the formula 

(6) himr) = Mfo 4>V'* 

It is obviously sufficient to prove this formula in the case where / 
is zero outside some relatively compact cubic set, V, of D. In this 
case we can find a point poSK and an ordered coordinate system, 

, x„) at po on *0 such that V is a cubic neighbourhood of po, 
say of breadth a. 

-1 

Since preserves orientation, the functions = a:i o , • - ■ , 

Vn = x„o 4 > form an ordered coordinate system at ^>(po) on W. 
Moreover, the set is the cultic neighbourhood of breadth a of 
^(po) with respect to this system. 

We can express rj/'* in 4>(F) b}^ the formula 

On the'other hand, we have, for pe7,/(p) = f*{xi{p), ■ • • , a:„(p)). 

We have 

(64>(i/'"))p == F(xi(p), • • • , x„(p))(dx,)p □ ■ ■ • □ (dx„)p 

(/ o 4*), = f*{yi{q), • - - , y„(9)). 

It follows immediately that the ordinary multiple integrals which 
give (by definition) the values of the two sides of (6) are really the 
same integral, which proves formula (6). 

Integration on the product of two manifolds 

Now let ‘U and W be oriented manifolds of dimensions m and n 
respectively. We suppose that there are given an m-linear differential 
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form on V and an n-Iinear differential form on 'W. We form the 
product U X W, and denote by wi, 0)2 the projections of U X W onto 

U, W respectively. Then and 6di2{^") are differential forms 

on U X W; hence □ 5u)2(^'') is a differential form of order 

m -h n on U X W. We shall denote it simply by If <p'^ and i/''* 

are continuous, so is 

Let / = /(p, q) be a continuous function which is zero at infinity 
on U X Then, for each fixed q, the function fq{p) — f(p, q), 
considered as a function on V, is zero at infinity. In fact, if C is a 
compact subset of U X W such that / = 0 outside C, wi(C) is com¬ 
pact, and, for every qtW, /, is zero outside wi(C). We shall prove 
moreover that 

(we observe that Svfq<P"^ = 0 if $ does not belong to u>2(C)). 

The sets V X W, where V, W are relatively compact cubic sub¬ 
sets of T), W are open in U X W. The argument used in the proof 
of the earlier lemma shows immediately that there is a continuous 
function, g, equal to 1 on C, which may be expressed as a finite sum 
where each Qi is zero outside one of the sets V X W. We have 
f = fg = ^ifQx, and therefore it is sufficient to prove ( 7 ) under the 
additional assumption that / is zero outside some set of the form 
V X W, where V, W are relatively compact cubic subsets of U, W. 

By assumption, we can find points po^V, q<itW and ordered coordi¬ 
nate systems (xi, • • • ,x„), (yi, • * • , y«) at po, 9o on U, W such that 

V, W are cubic neighbourhoods of po, 90 with respect to these systems. 
If peV, 9Sir, we have/(p, 9) ==/*(a:i(p), • ■ ■ , .Tm(p); 2/1(9). * * * » 

yn{q)), <Pp = F{xi{p), ■ ‘ , Xm(p))(dxi)p □ • • • □ {dx„)p and 
= G(yi{q), • • • , yn{q)Kdyi)q o - • • □ {dyn)q. If we set x', = x.- 
o a»i, yj = 9/ o W2, we have 

= F{xi{p), • • ■ , x„(p))(;(y,(9), • • ■ , yn(9))(dx;)fp,,i 

□ • • - □ {dxjip,q) □ {dy[)(p,q) □ ' • • □ (dy^p^a 

Hence 

/vxw/v’”V''' 

= Jq'xO"/(^ii • • * » arm, yi, • • • , yn)F{xi, ■ • * , x„)G{yi, • ■ ■ , 

dxi • ■ • dx„dyi ■ ■ ■ dy^ 

where is the subset of R"* defined by the inequalities lx, — x,(po)I 

< a\ and Q" the subset of R'' defined by the inequalities [y, - y,( 9 o)l 

< a”, a' and a" being the breadths of T, W. 
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Therefore we have 

= jQ"(/g'/(^i, ‘ ' ,x^,yu ■ ■ • ,yr,)F{xi, • ■ • ,x^)dxi(lx2 • • ■ dxm) 

^iyu ■ • ■ , yn)dyidy2 ■ ■ ■ dy„ 

and this is exactly the assertion of formula (7). 

§VIIL Invariant Integration on a Group 

Let @ be a Lie group, and let be the component of the neutral 
element e in (^. Then ®o is the underl3'ing topological group of an 
analytic group go- We have already observed that the underljung 
manifold of an analytic group is always orientable. If wi, wo, • • ■ , 
wn are n linearly independent forms of Maurer-Cartan, (n being the 
dimension of 9o), wi o 0)2 o • • • □ is a continuous differential 

form of order r on Qo which is everywhere ^ 0 . We may orient 
9 o in such a way that v’" is positive everywhere. This being done, 
we have an integration process on So for the continuous functions 
which are zero at infinity. 

Let ffo be any element of So, and let be the corresponding left 
translation. Since is an orientation preserving 

analytic isomorphism of So with itself. Therefore we have, by 
formula (6), §VII, p. 161 

-1 

= /so(/° 

which we may as well write in the form 

= fsoif o 

In this formula/ represents any function which is zero at infinity on 0o. 

It is easy to extend the definition of integration to functions which 
are zero at infinity on ® instead of (^0 (i.e. continuous functions, 
zero outside some compact sub.set of ®). Let / be such a function. 
In every connected component of & we select a point for each 
a we define a function /« on ©0 by the formula 

fa(r) = /(<r„T) rSQlio 

Each'function /„ is zero at infinity on ®o. Moreover, only a finite 
number of these functions can be 9^ 0 . In fact, let C be a compact 
subset of ® outside of which / is zero. Since ® is a Lie group, ®o is 
open m ® and the topological group @/®o is discrete. The image of 
C under the natural projection of ® onto ©/@o, being a compact 
subset of a discrete set, is a finite set, which shows that C meets at 
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most a finite number of components of say 

If O' ai, 0 ( 2 * ‘ , Of*, the function fa is identically zero. The sum 


therefore has a meaning. We assert that its value is independent 
of the choice of the elements Ha. Let be some other element of ©a, 
and let be the function defined by /l(r) = /(air), (raGJo). We have 

We sct ( 7 “V 1 = ff'J; this is an element of @o, and 

we have 

/so/aV?'* = /so/^ o 

which proves our assertion. 

We can therefore define the integral of / over G) by the formula 


This integration obviously has the properties expres.sed by formulas 
(5) and ( 6 ) of §VH, p. 161. Moreover, if <r is any element of G), we 
have 


where is the left translation associated with a. In fact, if we set 
g = / o we have ?(t) = /{ct), gait) = /(ffaffr). If is the coset 
of o-aa modulo ©o, we have/((r«<7-T) = /tf(<rjV«ar) and o-g V«ae©o, whence 

Since ©g = ©a<r, ©g runs through the set of all 
components when ©„ does so, which proves our formula. 

Finally, we observe that we have oriented go in such a way that 
represents an everywhere positive differential form. It follows 
that if the function / is everywhere ^ 0, we also have ^ 0. It 

is sufficient to prove this for a function / which vanishes outside some 
relatively compact cubic subset, V, of ©o. We can find a point poSV 
and an ordered coordinate system (ji, • ■ • , x„) at po on ©o such 
that F is a cubic neighbourhood of po with respect to this system. If 
we have, for ptV, 

= F(xi(p), ■ ■ • , x„(p))(dxi)p □ • • • □ (dx„)p, 

the positiveness of <p” implies that F{xi, • • • , x,») is a positive func¬ 
tion. Hence the formula which defines in this case shows 

immediately that the integral is ^ 0 if / is ^0. Moreover, if / is 
everywhere ^ 0 and somewhere ^ 0 we have 

/©/v’" > 0. 



mil] 


INTEGRATION ON A GROUP 


1G9 


A convention of notation 

When some left-invariant differential form of order n has 

been selected, and is thereafter kept fixed, the integral is often 

denoted by /(y/(T)dr, where the symbol t of the variable of integration 

may be changed, as usual, provided there is no conflict with the rest 
of the notation. 

With this notation the invariant character of the integration is 
expressed by the formula 

/®/(T)dr = /(y/((rr)dT 

where v is any element of 

Effect of the right-translations 

Let (To be a fixed element in Gi. We consider first the mapping 
T —* ffoTao' = of ® into itself. This mapping induces an 

analytical isomorphism of the analytic group 9o with itself. There¬ 
fore is again a left-invariant differential form of order n. As 

such, it can be written in the form c{ao)<p’*, where c(ffo) is a constant 

depending on co. Therefore, if / is any function which is zero at 
infinity on we have 

-1 
or 

(0 /®/(ff7Vcro)dT = c(ffo){(^f,p^ 

Since 0,,,, = 0<raO0,j, we have c((ro(ri) = c(ffo)c(<ri). On the other 
hand, it is quite easy to see that the function c(ffo) of <to is analytic 
at the neutral element, and in particular is continuous. Since the 
mapping cq —> c(<tq) is a homomorphism of Gi into the multiplicative 
group of real numbers, it is everywhere continuous. 

Formula (1), combined with the left-invariance of our integration 
process, gives 

I&f{'r<To)dT = c(ffo)/@/(T)dT. 

The case of a compact group 

If ® is compact, the constant 1 can be integrated over G 1 with re¬ 
spect to any left-invariant differential form of order n, and c = /@1 ■ 
is a positive constant. Replacing <p^ by c’V", we see that it is always 
possible to normalize our integration process in such a way that 

/©I ’ da = \. 
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We shall always assume that this has been done when we deal with 
integration on a compact group. 

If we apply (2) with / = 1, we find c(ffo) ~ I', the left-invariant 
integration on a compact group is also right-invariant. 

Let be the right-translation corresponding to an element pS®. 
Since commutes with any left-translation, 50*v?" is again a left- 
invariant form; the integration process defined by being right- 
invariant, we must have 50*^*" = itself is right-invariant. 

Now let J be the mapping c —> 0 -“* of ® into itself; is a right- 
invariant differential form of order n, whence 5/^" = kip'*, with k 
constant. Since /@1 • = 1 we have k — 8J<p** = 

ip”, which gives the formula 



CHAPTER VI 


Compact Lie Groups and Their 

Representations 


Summary. The chapter begins with an exposition of the simplest features 
of the general theory of representations. In order to be able later to apply 
notions and results in the theory of representations of Lie algebras, we intro- 
duce the general idea of an ‘‘5-moduIe/^ where S is any set whatsoever. We 
interrupt the exposition in §II in order to prove as soon as possible the essential 
fact that every representation of a compact Lie group is semi-simple. 

In §§Vn, yill.rX, we develop the ideas which center around van Kampen’s 
and Tannaka’s theorems. The main emphasis is placed on the construction 
of the complex Lie group which corresponds to a given compact Lie group. 
It follows from Tannaka’s theorem that a compact Lie group ® may be 
de^d as the group of the “representations” of the set SJt of representations 
of ®; we obtain the corresponding complex Lie group by dropping one of the 
conditions which were included by Tannaka in the notion of “representation 
of 9?, viz. the one which refers to imaginary conjugate representations. 
Our method shows in a natural way the fact that the associated complex 
group is topologically equivalent to the product of © and a cartesian space; 
this is a particular case of a theorem of Cartan. 

In §XI, we give the proof of the famous Peter-Weyl theorem. In §§XII, 
XIII we are concerned with some simple applications of the Peter-Weyl 
theorem. 


§1. General Notions 

Let S be an arbitrary set of elements. By an S-module on a field K 
we mean a pair (^, P) formed by a vector space of finite dimension 
over K and a mapping P which assigns to every element asS a linear 
endomorphism P(o-) of “ip. It follows that an *S-module is an additive 
group with two domains of operators, one being the field K and the 
other one being the set S. 

Two 5-modules (“p, P) and (P', PO are said to be isomorphic if there 
exists a linear isomorphism / of p with P' such that I o p((r) = P'(o') 
o I for every aeS. 

In particular, we shall have to consider the case where S is the 
set of elements of a group G. We denote by € the neutral element of 
G. An 5-module (P, P) is called a representation space of G if the 
following conditions are satisfied: 1) P(ffr) = p(( 7 ) o P(t) for any 
elements o-, t of G; 2) P(€) is the identity mapping of p. It follows 
immediately that P(<r"‘) is then the reciprocal mapping of P((r). If 

171 
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P) is a representation space of the group G, the mapping P is 
called a representation of G. The dimension of ? is called the degree 
of P. 

Remark. The correct notation for an iS-module or a representation 
space is the notation (^, P). However, we shall often use the symbol 
^ alone to indicate the ^S-moduIe (or representation space); this 
notation should be considered as an abbreviation of the complete 
notation, and should be avoided when there is danger of confusion. 

Let P) be a representation space of a group G. If we select a 
base |ei, • • • ,ec/| in “p, we may represent each linear endomorphism 
P(ff) (for asG) by a matrix P((r) = (r,-,-), of degree d, whose coefficients 
are given by the formulas 


P((r)e. = 

We have P(o-t) = P(<r)P(T), ?(«) = E (the unit matrix). 

Conversely, any mapping P of G into the set of matrices of degree 
d with coefficients in K is called a representation (of degree d) of G 
provided the conditions P((rT-) = P(<r)P(T), P(€) = E are satisfied. If 
we wish to distinguish between representations by linear endo- 
morphisms and representations by matrices, we shall speak of 
abstract representations in the first case, of matricial representations 
in the second case. If the matricial representation P is derived from 
the abstract representation P by selecting a base in the representation 
space of P, we shall say that P is a matricial form of P and that P is an 
abstract form of P. Clearly, any matricial representation has at least 
one abstract form and every abstract representation of degree > 0 
has at least one matricial form. 

Two abstract representations Pi, P2 of a group G are said to be 
equivalent if their representation spaces are isomorphic. Two matricial 
representations Pi, P2 of G are said to be equivalent if there exists a 
regular matrix 7 such that 

PiW) = 7Pi(ff)7~* 

holds for every atG (this implies that Pi and P2 have the same degree). 
The following statements are easy to prove: if the matricial representa¬ 
tions Pi, P2 are equivalent, they have a common abstract form and 
every abstract form of Pi is equivalent to everj"^ abstract form of Pal 
if Pi and P2 are equivalent abstract representations of G of positive 
degree, then any matricial form of Pi is equivalent with any matricial 
form of P2. 
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Let (^, P) be any N-moduIe. A vector subspace O of is said to 
^ tnmnant (with respect to P) if we have P(a)0 C O for every <xbS. 
this being the case, the contraction Pi(a) of P(ff) toQ is a linear endo¬ 
morphism of Q; the pair (Q, PO is an 5-moduIe. which is called a sub- 
module of P). Moreover, if e is an arbitrary vector in the 
residue class modulo O of P(ff)e depends only upon the residue class 
e of e. If we denote the residue class of P(ff)e by A(a)e*, then 
He) IS a linear endomorphism of and the pair (^/Q, A) is an 
5-moduie. If ^ is a representation space of a group G, and if Q is an 

invariant subspace, {% P,) and ('?/Q, A) are also representation spaces 

of G. 

Let O be an invariant subspace of an 5-moduIe (^, P) of positive 
dimension. We may select a base (e„ • • ■ , e^) in ip such that 
the elements e„ • ■ • , e, form a base of O. If aeS, the matrix which 
represents P(<r) with respect to the base e„ • • • , e^ has the form 

Pw-ff S) 

where Pi{c) and A(£r) are square matrices of degrees r and d - r 
respectively and where N((r) is a rectangular (r, d - r)-matrix. The 
matrix Pi((r) represents the contraction of Pi to Q (with respect to 
the base {ei, ■ • ■ , e,} in O); the matrix A(<r) represents the endo¬ 
morphism of “ip/O which corresponds to P(<r) (with respect to the base 
of ^/Q formed by the residue classes of e^+i, • • • , ej). 

Now, let ^,Q and 9? be three invariant subspaces of some 5-module. 

We have the following “homomorphism theorems,” due to Fr. Noether: 

L //9? QO C is an invariant subspace of and ^/O 

IS isomorphic to (^/9?)/(0/Sn). 

IL The spaces ^ + O and ^ are invariant, and ^ Q/O is 

isomorphic to 

Moreover, the isomorphisms whose existence is asserted are 
“natural isomorphisms”; i.e. they can be defined without reference 
either to the set S or to the mapping of S in the set of endomorphisms 
of the 5-module under consideration. 

For the proof of these facts, we refer the reader to van der Waerden 
Moderne Algebra, I, Chap. VI, p. 148. 

Definition 1. An S-module P is said to be simple if it is of dimension 
> 0 and if the only invariant subspaccs o/ p are j 0 | and p. 

This definition includes in particular the definition of a simple 
representation space of a group G. Such a representation space is 
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also very often called irreducible. The corresponding representation 
of G is also said to be simple or irreducible. A matricial representation 
of a group G is said to be simple or irreducible if an abstract form of it 
is simple. 

Definition 2. An S-module is called semi-simple if it can be repre¬ 
sented as a sum of simple sub-modules. 

Remark 1. The sum of a collection jOa| of subspaces of a vector 
space is the set of vectors of the form 2,.ea, with eaSO®, only a finite 
number of the vectors e* being 7 ^ 0. It is clear that a sum of invariant 
subspaces of an *S-module is an invariant subspace. 

Remark 2. An S-module of dimension 0 will be considered as 
semi-simple; such a module can be considered as the sum of an empty 
collection of sub-modules. 

Proposition 1. A semi-simple S-module ^ can be represented as 
the direct sum ^ of a finite collection = |0,1 of simple 

sub-modules. Moreover, if we have a representation of this kind, and if 
O is any invariant subspace of 'P, then there exists a sub-collection ^0 of ^ 
such that ^ is the direct sum of O and of the sum of the sub-modules 
belonging to ^>o. 

By assumption, ^ is the sum of some (finite or infinite) collection 
SE' of simple sub-modules. We take a base of 'IJ, and we represent 
every element of this base as a sum of vectors belonging to the sub- 
modules of the collection 4'; in this way, we see that ^ can certainly be 
represented as the sum of some finite collection 4'i of simple sub- 
modules. Among all finite subcollections of 4^ which have the property 
that the sum of their terms is “ip, we select one, say 4*, with the smallest 
possible number of elements. Let Oi, ■ ' * , Ga be the distinct 
elements of 4>. We have '13 = We assert that this sum is 

direct. In fact, assume that we have a relation of the form fi -h 

H- = 0, with f.sO,- (1 ^ ^ h). We have fiSOi ^ (O 2 + ' ’ ' 

+ Oh). Now, 01^(02+ ■ * ■ +Ca) is an invariant subspace of 

0 i;ifwehad 0 i^( 02 + • ■ * +C0 = Oi, Ci would be contained 

\nO 2 -\- • * • -hO/., and O 2 + • • • would be equal to % m 

contradiction with our choice of Since Oi is simple, we have 

. . . +Oa) = 10!, fi = 0 . In the same way, we see 

that f, = 0 (1 ^ f ^ h). Our assertion is thereby proved. 

Now, let O be any invariant subspace of 13. We consider those 
subsets of 4> which have the property that 13 is the sum ofO and 
of the sum of the modules of (for instance 4*' = 4>). Among these 
subsets, we select one, say 4»o, with the smallest possible number 0 
elements. If O,., * • * , O,, are the elements of 4>o, an argument 
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entirely similar to the one used above shows that ^ is the direct sum 
ofQ.Q,., ■ • - , 0 „. 

Proposition 2. Lei ^ be an S-module which has the following 
properly: if O is any invariant subspace of < 13 . (here exists an invariant 
subspace O' such that is the direct sum of O and Q^ Then 'IJ is 

semi-simple. 

Let be the sum of all simple sub-modules of By assumption, 
V IS the direct sum of and of an other invariant subspace 91. If 
we had dim 9? > 0 , would contain some simple sub-module (for 
instance, an invariant subspace of 9? of smallest positive dimension 
would give a simple sub-module contained in 90- Hut any simple 
sub-module is contained in % and = | 01 : the assu option 

dim 9t > 0 leads to a contradiction. It follows that 9^ = {0! 

Proposition 3. "IJ = O. + • • • Q, = O', + • ■ • -b o;- be 
two representations of a semi-simplc S-module 93 as a direct sum of 
simple S-modules. Then we~have h = h' and there exists a permutation 
« of ike se( { 1 , - ■ - , /[ j such thatOi is isomorphic (oO^(,.,(l ^ i ^ h). 

We shall construct the permutation w. Suppose that a)(i) is 
already defined for i < k (where k ^ h) and has the following prop¬ 
erties: o) w(i) ^ w{j) for i <j < k; b) 0 ^^^, is isomorphic to Oi 
(for i < k); c) we have 

We consider the invariant subspace 

O = -f- 2i>tOi 

By Proposition 2 , there exists an invariant subspace O' which is the 
direct sum of a certain number of the spaces OJ and which is such that 
P is the direct sum of O and O'. Therefore O' is i.somorphic to 9^/0, 
i.e. to Q*. It follows that O' is simple and therefore that O' is one 
of the modules O', say O' = O'.. Since O^,,, C O for i < k, we 
have Jo 7 ^ «({) for i < k. We define w(A:) to be the number jo. It is 
clear that the function w(t), now defined for i < k I, satisfies the 
conditions a), 6 ), c) above (with k replaced by A: -|- 1). 

Because we can define the univalent function w on the set { 1 , • • • 

h] f we must have h' ^ h. Since the two decompositions play symmet¬ 
ric roles, we have also k' ^ A, whence h = h'. Proposition 4 is there¬ 
by proved. 

Now, let 9B be the representation space of a semi-simple represen¬ 
tation P of a group G, and let A be any irreducible representation of G. 
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If we decompose '']? into a direct sum of simple subspaces, we may count 
the number ot these subspaces which yield representations which are 
equivalent to the given representation A. It follows from Proposition 
3 that this number is independent of the particular decomposition 
of which is used. The number in question is called the number of 
times that the representation A is contained in the representation P. 

Proposition 4. Let ('^3, P) be a simple S-module over an algebraically 
closed field K. Assume that all the endomorphisms P(ff) mutually 
commute. Then is of dimension 1. 

In tact, let a be any element of S. Since K is algebraically closed, 
there exists an element usK and a vector e 5 *^ 0 in 'P such that PC(r)e 
= ue. Let O be the set of vectors e satisfying this condition. 
It is clear that O is a vector subspace of Furthermore, if <rS<S, 
esO, we have P(<r)P(T)e = P(T)P(o-)e = uP(r)e, whence P(T)e£Q, which 
means that O is invariant. Since ^ is simple, it follows thatO = 

In other words, for every asS, there exists an element u{(t)sK such 
that P(<r)e = u{a)e for every eS'13. It follows immediately that any 
vector subspace of ^ is invariant. Since ^ is simple, it coincides 
with the subspace generated by any vector e 0 in whence 
dim ^ = 1. 

•§11. Representations of Compact Lie Groups 

Let ® be a topological group. By a (matricial) representation 
of ® we mean a continuous homomorphism of ® into either the group 
GL{n; C) (“complex representation”)—or the group GL{n; R) (“real 
representation”). 

Theorem 1. Any real representation of a compact Lie group is 
equivalent to a representation by orthogonal matrices. Any complex 
representation is equivalent to a representation by unitary matrices. 

Let us consider the case of a complex representation P of p compact 
Lie group 0). We set 

ai((r) = ‘P(ff) • P(ff) 

The matrix ai(ff) is always hermitian positive definite (cf. the proof 
of Proposition 1, §V, Chapter 1, p. 14). The coefl&cients of ai(ff) 
are continuous functions of <r on*@. 

We shall now make use of the invariant process of integration on 
normalized as usual by the condition /@1 dc — 1 (cf. §VIII, Chapter 
5, p. 167). We set 

oci = /@ai(o')d<r 
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(i.e. the coefficients of ai are the integrals over (9 of the coefficients of 

Since we have 'a,(cr) = d,(a) for every a, we have also 'a, 

- ai.-ofi IS hermitian. If a is any vector in C'‘ (where n is the degree 
of our representation) we have 


a • aia = /(\\a • a,((r)a da 

Since ai{a) is positive for every <r, we have a • a,(ff)a ^ 0 , whence 
a • aia ^ 0; this proves that ai is positive. Since ai(< 7 ) is definite, we 
have a • ai(<r)a > 0 provided a 0, whence a • aja > 0; we see that ai 
IS a hermitian positive definite matrix. 

If T is any fixed element in (S), we have 

'PM«lPW = /@'P(r)‘PWP(a)P(T)rfa = j&'P{ar)P{„r)da 

~ /Gi'P(o')P(ff) da = ai 

in virtue of the invariant character of our integration. 

We have seen in the course of the proof of Proposition 1 , §V, 

Chapter 1 , p. 14 that a positive definite hermitian matrix ai may he 

written in the form a-, where a is also hermitian positive definite. 

We set P(t) = aP(r)a->. Since ‘a • a = a- = ai and ‘P(T)a,P(T) 

= ai, it follows from an easy computation that the matrix '(aP(r)a-‘) 

(QrP(T)a:->) is the unit matrix. This means that the representation 
aPa-' is unitary. 

If now P is a real representation, then a, is a real matrix, and we 
may assume a to be real. It follows that the matrices aP(T)a“‘ are 

real and unitary, i.e. orthogonal, which completes the proof of Theorem 

1 . 

Corollary. Evenj representation of a compact Lie group is semi- 
dimple. 

By Theorem 1 , we may limit ourselves to the consideration of a 
matricial representation P of our compact Lie group ® by unitary or 
orthogonal matrices. 

In the complex case, we may consider that the representation 
space is Let ^ be any invariant subspace, and let be the vector 
subspace of C” composed of the vectors f such that e ■ f = 0 for all 
es'p. If fe-ip', we have 

e • P((r)f = ‘P(ff)e • f = P(ff~*)e *1 = 0 
ffir all ee^ and ae®. It follows that is an invariant subspace of 

We know that e - e = 0 implies e = 0; it follows that ^ ^ 

- | 0 |. ^ ^ 
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Let (ei, • • • , Cdl be a base The vectors are those 
wliose components satisfy the d linear homogeneous equations f ■ e,- 
= 0 (1 ^ i ^ d)]\t follows that the dimension of is at least n — d. 
Since ^ ^13' = |0|, the dimension of ^ is at least d + (n — d) 

= n. Therefore, we have "iP + “iP' = C". Corollary 1 then follows 
from Proposition 2, §1, p. 171. 

The argument would be entirely similar in the real case. 

§III. Operations on Representations 

1. The star representation 

Let <p be an endomorphism of a vector space ^ over a field K, and 
let be the dual space of ^ (i.e. the space of linear functions on ^ 
with values in K). If X is any element of we define V(^) to be 
the element of “p' which is defined by (V(X))(e) = X(^e) for every 
eep. It is clear that V is an endomorphism of p'. Moreover, if 
<Pi and <p 2 are endomorphisms of P, we have 

‘(<P\ o ^ 2 ) = V 2 o Vi 

Let (ei, • • • , Cd) be a base of p. There corresponds to this base 
a dual base (Xi, * ■ • , X,/] of p', such that X.-fe;) = S,,- (1 ^ it j ^ d). 
If a is the matrix which represents the endomorphism ip with respect 
to the base jei, • • • , 6^1, then the matrix which represents V '''ith 
respect to the base {Xi, • • ■ , Xjj is the transpose 'a of a. 

Now, let (P, P) be a representation space of a group G. The for¬ 
mula ‘P(<Tr) = *P(t) o ‘P((r) shows that ‘P is not in general a repre¬ 
sentation of @, but that the mapping a —> 'PCff“‘) is a representation. 
If P is a matricial form of P, then the mappingo- —> (PCo"))* is a matricial 

form of the representation a —> ‘P(ff“‘)- 

Definition 1. If P is an abstract representation of a group G, the 
mapping a ‘P(ff-i) is called the star of the representation P and is 
denoted by P*. If P is a matricial representation of G, the mapping 
ff —> (P(a))* is called the star representation of P and is denoted by P*. 

Proposition 1. Let P 6e a unitary matricial representation of a 
group G (i.e. a representation which assigns to every <tBG a unitary matrix). 
Then P* coincides with the imaginary conjugate representation ? of P 
(i.e. P(<r) = F(o^). If P fs orthogonal representation of G, then 

P* = P. 

This follows immediately from the definitions. 

On the other hand, we observe that (P*)* = P for any matricial 

representation P. 
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2 . The addition of representations 

Let (^1, Pi) and ('1)2, P2) be representation spaces of a group G, 
We construct the product 'U, X % of and and we assign to every 
cSG the linear endomorphism P(ff) of 'Di X ^2 defined by 


P(ff)(ei, 62) = (Pi(o-)ei, P2((r)e2) (CiS'l), 


i - 1, 2) 


It IS clear that P is a representation of G. We say that P is the sum 
of the representations Pj and P 2 , and we write P = Pi -j- p^. 

Let (e„.i, • • - , be a base in {m = 1 , 2). Let (a,,) and 

{bki) be the matrices which represent Pi(ff) and Piic) with respect to 
these bases. Then f, = (e„, 0), ■ • • , fj. = 0), L.+i = (0, 621 ), 

* * * . ^d,+d, = (0, eojJ form a base in X %, and the matrix which 
represents P((r) with respect to this base is 


/(au) (0>\ 

\ ( 0 ) {bu)J 

This leads to the following definition: if a and /3 are square matrices 
of degrees di and ^2 respectively, we shall denote by a -j- the matrix 

(0 2) 

of degree di + ^2. 

Now, if Pi and P2 are matricial representations of a group G, 
we shall of course denote by Pi + P2 the matricial representation which 
assigns to every aeG the matrix Pi((r) -j- Pzio). It follows immediately 
that, if Pi, P2 and Pa are three matricial representations of G then 
(Pi -i- P2) + P3 = Pi 4 - (P2 + P3) and (Pi + P2)* = p* + p^. If p,, 
P2 and Pa are abstract representations, the two sides of the preceding 
formulas are not equal, but equivalent. 

If Pi and P2 are either abstract or matricial representations, then 
P2 + P1 is equivalent to Pi + P2. In fact, assuming Pi and P2 
to be abstract representations, let ('JJi, Pi) and (^2, P2) be their repre¬ 
sentation spaces. The linear isomorphism (ei, 62) —> (62, ei) of 
^1 X ^2 with ^2 X ^1 is clearly an isomorphism of (^1 X ^2, Pi -f P2) 

with (^2 X ^1, P2 + Pi). 

ST^The Kronec ker product 

Let (^1, Pi) and (^2, P2) be representation spaces of a group G. 
Denote by i9 the space of bilinear functions on ^1 X ^2 with values 
in K. Let <pi (i = 1, 2 ) be a linear endomorphism of %. If we assign 
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to every bilinear form BS53 the bilinear form t/'(5) defined by 

62 ) “ ^ 262 ) (e,£'iPi, i = 1 , 2 ) 

we clearly obtain a linear endomorphism ^ of 53. We shall say that ^ 
is the linear endomorphism of © which corresponds to the pair (^ 1 , ^ 2 ). 
Let be some other endomorphism of (i = 1, 2), and let ir be the 
linear endomorphism of 53 which corresponds to the pair { 61 , $ 2 ). 
Then we see easily that the linear endomorphism which corresponds 
to the pair (v^i o o ^ 2 ) is tt o We may compensate for this in¬ 
version of order by going over to the corresponding endomorphisms 
in the dual space 53' of 59, because ‘(tt o = *^ o V. 

Definition 2. Let 5)3 1 ?2 be vector spaces over a field K. The 

dual space of the space of bilinear functions on 53i X ^2 is called the 
Kronccker product of 5Pi and 532 and is denoted 6t/ 53i x 532-^ 

Let Ci be an element of 53i (f = L 2). To the pair (ci, 62 ) there 
corresponds a linear function on 59 which assigns to every 5e59 the 
value ^(ei, 62 ). But a linear function on 53 is an element of 53i x 532* 
Hence we have a mapping of 53i X 532 into 53i x 532- We shall denote 
by 01 X ©2 the element of 53i x 532 which corresponds to (ei, 62 ). 

The mapping (ei, 62 ) — »■ ej x 62 is 7 iot a linear mapping of 53i X 532 
into 53i X 532. hut it is bilinear; i.e. we have 

(aei + a'e'i) x^2 — aci x ©2 + a'e'i x 62 /e„ e'e 53 ,\ 

Cl X (ae2 + a'Cg) = aci x ©2 + a'ei x ej \a, a'eK / 

If (pi is a linear endomorphism of 53i {i = L 2), the linear endo¬ 
morphism V of 53i X 532 transforms Ci x 62 according to the formula 

'^(Cl X ©2) = X ^’262' 

We shall denote by <pi x v> 2 * 

Now, let (53i, Pi) and (532, P 2 ) be representation spaces of a groups. 
It follows from what we have said that the mapping tr -> Pi(o-) x P 2 W) 
is again a representation of G. This representation is called the 
Kronecker product of the representations Pi and P 2 , and is represented 

by Pi X P 2 * 1 . j j 

Let le„i, • * • , be a base in 53„ (m = 1, 2). Then the didt 
elements 6 ^x 62 , (1 ^ i ^ di, 1 ^ i ^ ^ 2 ) form a base in 53i x ? 2 . 
In fact, since 53 1 x 532 has the same dimension as 53, i.e. did 2 , it will be 
sufficient to prove that the elements ei, x 62 ;- are linearly independent. 
Assume that 2 „a„«iixe 2 , = 0, a^e/C; then 62 ,) == 0 for 

every Be©. For every pair (z, j) there exists a bilinear function B., 

»If 53 i = 53 a = 53, the elements of 53 X 53 are the covariant tensors of order 2 . 
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such that 5iy(eifc, ea,) = 5^*5;^ If we set B = 8 ^, we obtain 
which proves our assertion. 

If ipi is a linear endomorphism of % {i = 1 , 2 ), we set 

(piBu = ^262/ = 2f^i6/;e2i 

and we have 

(v»i X ¥?2)(eii X 62;) = ^kiakibiiCik X ^21 

If we set = eu x © 2 ;, we have 
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= 0 , 


with 

( 1 ) 


(<Pl X ^2)fr = 

(I_l) = Qikbii 


This leads to the following definition: 

Definition 3. Let a = (a,t) and 0 = ( 6 //) be matrices of degrees d\ 
and di respectively. We denote by ax 0 (and call Kronecker product of a 
and the matrix (c„) of degree dxd-, whose coefficients are given by 
formula (1). If and Pz are matricial representations of a group G, 
we call the Kronecker product of P, and Pz the representation Pi x P? 
which assigns to every aeO (he matrix Pi(ff) x P2(<J'). 

It follows immediately from our previous considerations that, if a 
and ^ are matrices of degree di and a' and matrices of degree dz, then 

(ap) X (oc'^') = (a X a')i0 x ^') 

On the other hand, we see immediately that ‘(a x /3) — x ‘0- 
Therefore, if a and /3 are regular matrices, we have (a x / 3 )* = a* x / 3 *. 
Since (a*)* = a, we also have (a x l3*)* = ct* x 0- 

Furthermore, we see easily that a x (0i + Pz) — axPi + ax P 2 . 

It follows that, if Pi, p 2 and Pj are abstract representations of a 
poup G, then (Pi x P2)* is equivalent to P* x P2*, and Pi x (P2 -f- Ps) 
is equivalent to Pi x P2 + Pi x Pi* Furthermore, Pi x P2 is changed 
into an equivalent representation if Pi and P 2 are changed into equiva¬ 
lent representations. 

Although we do not have axP = P xa, the representation Pi x P 2 
is nevertheless equivalent to P 2 x Pi* In fact, the representation 
spaces of these two representations are isomorphic under an isomor¬ 
phism which maps every element of the form ei x 62 (with e,e^„ 
I| 2 ) onto 62 X © 1 * It follows that (Pi -f- P 2 ) x Pi is equivalent to 

Pi X P, 4-P 2 X Pi. 

Another simple argument of the same kind shows that (Pi x P 2 ) 

X Pi is equivalent to Pi x (P 2 x Pi). 
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4. A remark on the representation Pi x P* 

Let Pi and P 2 be matricial representations, of degrees (/i and 
respective!}', of a group G. Let Q be the set of all rectangular matrices 
with (I I lines andd 2 columns; Q is a vector space of dimension Let 
us assign to every o-sG the endomorphism of O which maps any matrix 

aSC on \^a = Pi(o-)o:P 2 (o'“'). It is easy to verify that A„ = A, o At 
(<T, reG) and that A* is the identity mapping of O if e is the neutral 
element of G. Therefore, the mapping <t A„ is an abstract repre¬ 
sentation A of G. We assert that A is an abstract foim of the represen¬ 
tation Pi X p 2 ** 

Let us denote by the matrix in O which contains a 1 at 

the intersection of the f-th line and the j-th column and has zeros 
elsewhere. The f/i ^/2 elements (1 ^ z ^ di, I ^ j ^ d^) form 

a base of C. A simple computation gives 

Pi((r)a,>,/,-/_iT 2 ((r~‘) = '^kiGki{<T)hn{(j-^)ak 

where (ni,(<^)) iind ( 6 ;/(( 7 )) are the matrices Pi((r) and Pzic). If we set 

P 2 (<^) = (^-'>/(<^)), "'e have 6yi(o’) = 6/,(a"*), and we see that the matricial 

form of A corresponding to our choice of a base in O is Pi x P*> which 
proves our assertion. 

Let Pi be an abstract form of Py (z = 1, 2), and let (iP,, P.) be the 
representation space of P,. The space O. may be interpreted as the 
space of linear mappings of '’P 2 into ^ 1 . From this point of view, A, 
may be defined to be the endomorphism of O which assigns to every 
aeC the mapping A,(a) defined by 

Aff(a)(e 2 ) = (Pi(<r) o a o p 2 (ff“‘))e 2 ( 626 ^ 2 )- 

It is easy to extract from this fact a new proof of the equivalence of A 

with Pi X P*• 

^ §IV. ScHUR’s Lemma 

Proposition 1 (Schur’s Lemma). Let Pi and P2 be two irreducible 
matricial representations of a group G in a field K, of degrees di and dz 
respectively. A necessary and sufficient condition for the equivalence of 
Pi and p 2 is that there should exist a rectangular matrix a ^ 0 with 
coefficients in K, with di rows and dz columns, such that Pi{<r)a — aPzic) 
for every <rSG. 

If Pi is equivalent to P 2 , we have di = dz and there exists a regular 
matrix y such that Pz^c) — 7 “‘Pi(<t) 7 , whence Pi(<r )7 = yPiifr)- 

Conversely, let us assume that there exists a matrix a 0 such 
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Jls ^andVfoS H T representation 

« J n ^"k “"der this mapping^iLe 

once that Q. ,s mvanant. Since is irreducible, we have Q. = ^, 
Let Q, be the set of vectors in % which are mapped on 0 by « The 

s™ o ‘T •o” r°- “ ” ."tap. "e of *: 

bmce O, ^ %, we have Q, = |0). It follows that o is a univalent 
linear mapping of onto which proves that di = and that a 

l.n.m; ii tol,'p,.v “ "• 

Let P be an irreducible matricial representation of the group G 

aWbr„7: “r = f obwously^m" an 

gebra o (i.e,, if a, and are such matrices, then a, + aj, aia. and 

aa. a so have the property in question, where a is any element of K) 

follow^from the proof of Schur’s lemma (applied to the case where 

1 “ Tu “ ^ 0 in 0 has an inverse a-- it is 

" “• --- ‘^^t ■: 

which V ^ Of 0 

With cn^ffi ^ fooction 

“1 ° degree over K (because Z is contained in the ring of all 
m^r ces of a certain degree d with coefficients in K). It follows that, 

h f ^ "leans that y is of 

the form aE, aeK, E being a unit matrix. We have proved 

in \ ^’^’■^ducibh representation of a group G 

II I " r“ comrnute 

I f A and P be two representations of a group G in an 
Igebraically closed field K, and assume that P is irreducible. If A and 
Ax P arc semi-simple, the number of times that P is contained in A is 
eguaUo the number of times that the unit representation is contained in 

By the unit representation of a group G we mean of course the 

““f r n1 (considered 
as a matrix o degree 1). An abstract form of this representation has 

a representation space ® of dimension I and assigns to every S 
the identity mapping of g onto itself. ^ 
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Let M be any semi-simple representation of G in K, and let S[^ = 
-!-•••+ be a decomposition of its representation space into a 
direct sum of irreducible subspaces. We may assume that * * * , 

are all the terms (if any) which are isomorphic to the space (5- 
of the unit representation {n is an integer such that 0 ^ n ^ h). 
Then each with 1 ^ t ^ n is spanned by a vector 5*^ 0 such that 
M(o’)ei = e, for every asG. Conversely, let f be any vector such that 
M(o')f = f for every a. We may write f = f.-eiD?,-. We have by 

assumption 2fi = 2M(o’)f., the sum of the spaces ID?, being 

direct, we have = f» (1 ^ i $ h). If i > n, cannot con¬ 

tain any vector U 9 ^ 0 with this property. It follows that f is a linear 
combination of ei, ■ • • , e^. We conclude that the number of times 
that the unit representation is contained in M is equal to the maximal 
number of linearly independent vectors e in 9)2 such that M(<r)e = e 
for all 

We come now to the proof of Proposition 3. The representation A 
is equivalent to a sum Ai -j- ••■-}- A* of irreducible representations, 
and A*x P* is equivalent to ■ ■ ■ + A* x P*- This shows 

that it is sufficient to prove Proposition 3 in the case where A is itself 
irreducible. 

We may take as representation space of A x P* the space of all 
linear mappings A of the representation space ^ of P into the repre¬ 
sentation space C of A (cf. §III, p. 182). The representation A x P^__ 
then assigns to every ae(? the mapping A ^ — (A(£r))/l(P(o’)) ‘- 

If A' = A for all <t, we have A((r)A = AP(ff), and Schur’s lemma says 
that this can happen with an A 0 only in the case where A and P 
are equivalent. Assuming that this is the case, Proposition 2 shows 
that all elements A such that A' = A for all aSG are the scalar multiples 
of one of them. This shows that the unit representation is not con¬ 
tained in AxP* if A is not equivalent to P and is contained exactly 
once in A X P* if A is equivalent to P. Proposition 3 is thereby proved. 

§V. ORTHOGONALITY RELATIONS 

Let ® be a compact Lie group, and let M be a matricial representa¬ 
tion of ® in the field of complex numbers. We shall show how it is 
possible to compute the number of times the unit representation E is 

contained in M. 

We introduce the invariant integration process on normalized 
as usual by the condition that /@1 * do- = 1. We denote by Mo — 
/@M((r) dff the matrix whose coefficients are the integrals over @ of the 

coefficients of M(<y). 
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We may consider M as a matricial form of an abstract representa¬ 
tion, which we also denote by M. Let SDi be the representation space, 
and let jei, * * • , ej} be the base in 9)i by which the matricial form M 
is derived. If e is any v^ector in 9)?, we assert that M(o)Moe = Moe 
for every <re(?. In fact, we set M(T)e = 2f.,Wi(T)ei. We have 

Moe = 2,(J(ywi(T) dT)ei 
M(ff)Moe = dT)M(o-)ei 

= 2,;/(y(m;i(<T)»,(T) dT)e,- 

if M(or) = (wi,/((r)). But we have 

2,-,'m;i{ff)wi(T)ey = M((r)M(r)e = M(ffT)e 

= ZiUiiffT)ei 

and our assertion follows from the formulas 

dr = /©WiCr) dr 

Conversely, if f is any vector such that M(o’)f - f for every azG, 
we have clearly Mof = f. It follows that the vectors fe9)i such that 
M((7)f ~ f for all azG are exactly those vectors which are of the form 
Moe, ee9Ji. In other words, the number of times that the unit representa¬ 
tion is contained in M is equal to the rank of the matrix Mo* 

Now, let A and P be two irreducible representations of in the 
field of complex numbers. We set 

MCff) = A{c) X P*(^^) 

Mo = /©M(ff) d<T 

We know that the unit representation E is not contained in M if A 
is not equivalent to P and that E is contained exactly once in M if A is 
equivalent to P. Hence, Mo is the null matrix in the first case, and 
is a matrix of rank 1 in the second case. 

The coefficients of M(cr) are the products of the coefficients of 
A(<r) by the coefficients of P(a“‘)* It follows that, if A and P are not 
equivalent, we have 

/@a(<r)b(ff“*) dff = 0 

where a(c) and b(a) are arbitrary coefficients of A(<r) and P(<r) respec¬ 
tively. 

In order to investigate the case where A and P are equivalent, we 
shall assume that A = P and that A is a representation by unitary 
matrices (we know that, in any case, A is equivalent to a representation 
by unitary matrices). Let 8 be a representation space for A, and let 
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iei> • • • , ©dl be the base in ? which gives rise to the matricial 
representation A. We know that we may consider the space of 
linear mappings of ? into itself as a representation space for Ax A* 
= M. Let 0„ be the element of 91? which maps e, upon e* and e,- upon 
0 for j' 7^ j. Then we have 

M(o-)0,-; = A((r)0i/A(o'“‘) = 

if AW = (a.*(<7)). 

Let 01 be the identity mapping of ? into itself (i.e. 0i = 2,0,d. 
We know that the scalar multiples of 0i are the only mappings of ? 
into itself which commute with every A((r), aZG. It follows that MoO 
is a scalar multiple of 0i for every 0s9)?. We conclude that 

/0)ai,(<r)a;(((r”*) dc = hiCa 

where ca is a number which does not depend on k. We know that, 
/(y/(<r) dc — J(^/(<r“*) da for any continuous function / on (^. There¬ 
fore we have 

da = htCa 

Comparing our two formulas, we conclude easily that c,, = with 
some constant c. The value of c can be determined; in fact, we have 
clearly MWGi = 0i for every a, whence Mo0i = 0i, and it follows 
immediately that c = 

Let us now observe that, if A is a representation by unitary matrices, 
we have aji(a~^) = dij{a). 

Definition 1. Let & be a compact Lie group. Any Junction on 0 
which appears as coeficient of some irreducible representation of @ by 
unitary matrices is called a simple representative function on 0. Any 
linear combination of simple representative functions is called a repre¬ 
sentative function. 

We have proved 

Theorem 2. Let f and g be two simple representative functions on a 
compact Lie group If f and g appear as coefficients in two inequiva¬ 
lent irreducible representations, we have /©/W^W*) da = 0. If fandg 
are coefficients of the same irreducible representation of degree d, the 
integral S<^f{a)g{a) da is equal to d~^ if f ~ 9 ^ad to 0 if f 9^ 9- 

§VI. THE CHARACTERS 

Definition 1. Let P be a matricial representation of a group G. 
The trace of the matrix P{a), considered as a function of the element 
a^G, is called the character of the representation P. 
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Proposition 1. Two equivalent representations have the same 
character. If a and r are co?ijugate elements of G and ifxis the character 
of any representation of G, we have x(ff) = xi^)- 

Both assertions follow immediately from the formula Spa^a-'- 
~ where a and /3 are matrices, a having an inverse. 

It is clear that the relationship of equivalence between representa¬ 
tions defines a division of the set of all representations into classes of 
mutually equivalent representations. 

Definition 2. A class of representations of a group G is a set of 
representations which is composed of all representations equivalent to one 
of them. 

It follows from Proposition 1 that to every class of representations 
of the group G there is associated a function defined on G, the character 
of any representation of the class. This function is called the char¬ 
acter of the class. 

Let and be two classes of representations of a group G in a 
field K. From what has been said in §III, it follows that; 

1) the star representation P* of a representation Pe.fi'j belongs to a 
class ill which depends only on ili; 

2 ) the sum Pi -j- P 2 of a representation Pie.^i and a representation 
belongs to a class ili + ^2 which depends only on it‘i and il 2 ; 

moreover ila + = i?i + ^ 2 ; 

3) the Kronecker product Pi x P 2 belongs to a class ili x ^^2 which 
depends only on ili aftd Stz; moreover, il 2 x ili = ili x ^ 2 . 

Furthermore, the operations of addition and Kronecker multi¬ 
plication are associative in the domain of the classes of representations, 
and the Kronecker multiplication is distributive with respect to 
the addition. However, the classes of representations do not form a 
ring, because subtraction is generally impossible. 

Let us denote by x^ the character of a class of repre.sentations .il. 

Proposition 1. If St i and are two classes of representations, we 
have 

XK.+fi. = Xff. + Xs. 

In fact, if a and 0 are matrices, we see easily that Sp{a -j- /3) = Spa 
+ Sp0, Spa x0 — {Spa)(Sp0). 

If a class of representations contains an irreducible (a semi-simple) 
representation, every representation of the class is irreducible (semi¬ 
simple). We then say that the class itself is irreducible (semi-simple). 

Every semi-simple class ^ can be represented in the form 
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the x»’s being non negative integers and the ^i’s being irreducible 
classes. The number x,- is the number of times that a representation 
of the class is contained in a representation of the class This 
number depends only upon and it is called the number of times 
that is contained in 

Proposition 2. Let and ^2 be two irreducible classes of represen¬ 
tations of a compact Lie group ® in the field of complex numbers. The 
integral 

da 

is equal to 0 if ^2 and to 1 if = ^2. 

In fact, if Pi is a representation of the class (i — 1, 2), 

is the sum of the elements of the main diagonal of Pi(o-) and our 
statement follows immediately from Theorem 2, §V, p. 186. 

Corollary 1 . The number of times that an irreducible class of 
representations of a compact Lie group is contained in a class ^ is 
equal to 

/(S)Xjf((r)xfi,(<r) da 

In fact, if we write ^ we have our state¬ 

ment follows immediately from Proposition 2. 

Corollary 2. Two classes of representations of a compact Lie group 
coincide if and only if they have the same character. 

In fact, Corollary 1 shows that, if two classes ^ and have the 
same character, every irreducible class is contained the same number of 
times in and in 

§VII. The Representative Ring 

Definition 1. The representative ring of a compact Lie group © is 
the ring generated over the field of complex numbers by the coefficients of 
all representations of 

In other words, the elements of the representative ring are the 
complex valued functions on ® which may be expressed as poly¬ 
nomials in the coefficients of the representations of 

More generally, let 8 be any set of representations of We shall 
denote by 0(8) the ring generated by the coefficients of the representa¬ 
tions belonging to 8. 

If 81, 82 are two sets of representations, we shall now find under 
what condition it is true that 0(81) = 0(82). 

We shall say that the set 8 is closed if the following conditions are 

satisfied: 
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1 ) If PiSS, P26S, then also Pi + Pase, Pi x P268 

2 ) If an irreducible representation P is contained in a representa¬ 
tion belonging to e, then PsS. 

3 ) A representation which is equivalent to a representation belong¬ 
ing to S belongs to 8. 

Let £1 be any set of representations of 0 . Let us consider the set 
5 of all irreducible representations which are contained in representa¬ 
tions of the form A, x • • • x Aa, with A.S81 (1 ^ ^ h). If p, and P. 

belong to JF, then every irreducible representation which is contained 
m PixPa also belongs to Let 8 be the set of representations 
which are equivalent to representations of the form Pi -j- • • • -j- P* 

with PySSF (1 ^ ^ k). It is clear that 8 is closed and is the smallest 

closed set of representations which contains £1. 

Proposition 1 . Let 81 be a set of representations of © and let 8 be 
the smallest closed set of representations containing 81. The ring o(£,) 
coincides with the set A of all linear combinations with complex coefficients 
of coefficients of irreducible representations belonging to 8. 

Let P be any irreducible representation belonging to 8. Then 
there exist representations A,, • ■ • , A* in 81 such that P is contained 
in Ai X • • X Aa, i.e. there exists a regular matrix 7 such that 

t(Ai X • ■ ■ X Aa) 7-' = P -f N 

where N is some representation. Every coefficient of the representa¬ 
tion Ai X • • ■ X Aa is a product of coefficients of the representations 
Ai, ' • • . Aa and hence belongs to 0(81). It follows that the coeffi¬ 
cients of P 4 - N (and in particular those of P) belong to 0(81) whence 

A c o(ei). 

If A is any representation belonging to 8, the coefficients of A 
belong to A. In fact, we know that A = 5 (P, -j- • • • -j-P a) 5 -' 

where 5 is a regular matrix and where P,, , P* are irreducible 

and belong to 8. 

If P and P' are two irreducible representations belonging to 8, 
we have P x P'e8. It follows that the product of any coefficient of P 
by any coefficient of P' belongs to A, from which we deduce immedi¬ 
ately that A is a ring. Since A Q 0(81) and every coefficient of a 
representation of the set £1 belongs to A, it follows that A = 0(81). 

Proposition 2. Let 81 and 62 be two sets of representations of 
A necessary and sufficient condition for the equality 0(81) = 0(82) to 
hold is for the smallest closed sets of representations containing 81 and 
62 respectively to be equal. 
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Proposition 1 shows that the condition is sufficient. To prove 
the converse, let us assume that there exists an irreducible representa¬ 
tion P which belongs to the smallest closed set containing 62 but not 
to the smallest closed set containing £j. Let / be any coefficient ^ 0 
of P. If g is any coefficient of an irreducible representation belonging 
to the smallest closed set containing £1, we have, by the orthogonality 
relations, 

(1) do- = 0 

It follows that the same formula holds for any ff£o(£i). Since 

j0/(«r)/(v) do- > 0, 

the function/does not belong to 0(81), whence 0(81) 0(82). 

Definition 2 , We say that a set 8 of representations of <3 contains 
sufficiently many representations if the smallest closed set containing 6 
is the set of all representations of Cd. 

It follows from Proposition 2 that this will happen if and only if 
o(£) is the whole representative ring. Moreover, it follows from the 
proof of Proposition 2 that, if £ does not contain sufficiently many 
representations, there exists an irreducible representation P of @ 
such that (1) holds for every j/£o(6) and for every coefficient/of P. 

Proposition 3 . If © admits a faithful representation Po, the set 
{Po» Pol contains sufficiently many representations (Po denotes the 
the imaginary conjugate representation of Po). 

We denote by do the degree of Po and we set Po((r) = 

(1 ^ i,j ^ do). 

Lemma 1. Let f he any continuous function on © and let a be a 
number 9^ 0 . The ring generated by the 2 dl functions XiM, Xnia) 
contains a function fi such that \f{o) — f\{a)\ ^ a for all <re©. 

We denote by y,>d,(,_i)(i'), yi-H/,(;-i)+do*(i') the real and imaginary 
parts of the coefficients of a matrix f of degree do (1 ^ i, j $ do). 

The representation Po maps © in a continuous univalent way onto a 
subgroup ©1 of GL{dot C). Since © is compact, Po is a homeomorphism 
and ©1 is compact. To every o-S© let us assign the point 
whose coordinates are the numbers yi(Po(o-)), • • • , y2d,*(Po(<^))- We 
clearly obtain a homeomorphism ^ of © with a compact subset K of 
The function /2 = / o is a continuous function defined on 
K. From a well known theorem in topologj'^’ it follows that/2 may be 
extended to a continuous function defined on the whole of Z?^*^**; we 

* Cf. Tietze’s extension theorem, Lefschetz, Algebraic Topology, 34.2, p. 28. 
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still denote by U this extended function. Since K is compact, it is 
bounded; let M be an upper bound for the coordinates of the points 
of K. By the Weierstrass approximation theorem, we know that there 
exists a polynomial Q(i/,, • • ■ , = Q(y) such that the inequality 

My) - (?(»)! ^ a 

holds^for all points y = (j/,, • • • , y^i,-,) such that ^ M (1 ^ i 
^ 2 do). We define the function/i by the formula 

/i(ff) = Q(l/i(Po(<r)), • • • , y2<io>(Po((r))) 

Then we have - f,{c)\ ^ a for all aS®. Since 

yi-H/aC/-l>(r) = + jwCt)) 

i \/-l 

the function /i may be expressed as a polynomial in the functions 
Xi/((r), Xij{a). Lemma 1 is proved. 

Now, we can prove Proposition 3 . Assume for a moment that 
the set e does not contain sufiSciently many representations. From 
the remark which follows Proposition 2 , it follows that there exists a 
continuous function / 0 on @ such that ( 1 ) holds for every ffeo({Po, 

Pol). Let m be an upper bound for the absolute value of/. Since 
J®/(<^)/(o') d(r > 0 , we can find a number a > 0 such that 

am < /®/((r)/(ff) da 

By Lemma 1 , there exists a function /ieo((Po, Pol) such that \f{a) 
~~ /iWI ^ a for all ire®. It follows that 

l/(y/(0/W da\ = |/(y(/(ff) — fi{o))J{a) da\ ^ am 

which gives a contradiction. Proposition 3 is thereby proved. 

Remark. It follows from Lemma 1 that, if @ is a compact Lie 
group which admits at least one faithful representation, then every 
continuous function on ® may be approximated as closely as we 
wish by a function belonging to the representative ring of Later 
on, we shall prove that this result holds independently of any 
assumption on the existence of representations and we shall derive 
from it the existence of a faithful representation. 

Now, let $ be a closed subgroup of our compact Lie group ®. If 
P is a representation of ®, the contraction to ^ of the mapping tr —> Pfa) 
is a representation of which we shall call the contraction of P to 
Proposition 4. A^ssume that a compact Lie group ® admits at least 
one faithful representation, and let ^ he a closed subgroup of @. Then 
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every irreducible representation of § is contained in the contraction to § 
of some representation of 

Let Po be a faithful representation of @ and let Ao be the contraction 
of Po to J'hen Ao is a faithful representation of and therefore 
the set {Ao, Aol contains sufficiently many representations of It 
follows that every irreducible representation of § is contained in 
some representation of the form Ao x ■ • • x Ao x Ao x * * * x Ao- 
But any such representation is clearly the contraction to § of some 
representation of <3. 

Proposition 6 . Let & be a compact Lie group which admits at least 
one faithful representation and let ^ be a closed subgroup of If 
5 there exists at least one irreducible representation of distinct 
from the unit representation, whose contraction to ^ contains the unit 
representation of 

Let us select a representation P^ in each class ^ of equivalent 
representations of Denote by /(z‘, P^) the coefficients of P^. 

Every function / of the representative ring o of ® may be written in 
the form 

/= 2.-.y.^a(f,i;Ps)/(t,j;P^) 

where 5 ? runs over all classes of irreducible representations and the 
a(L i; Pi?) are constants of which only a finite number are 9^ 0 . 
Making use of the orthogonality relations, we obtain 

( 2 ) /@/W da = a(l, 1 ; E) 

where E is the unit representation. 

Let us assume for a moment that the contractions to $ of the 
representations P^ E never contain the unit representation of §. 
Then the contraction of each/(t, Pj?) to § will be a linear combina¬ 
tion of coefficients of irreducible representations of and, if P^j 9^ E, 
this expression will involvT only coefficients of irreducible representa¬ 
tions of ^ distinct from the unit representation. 

By the same argument which was used in proving ( 2 ), we see 
that we shall have 


/(/: = a(L 1 ;E) = i^f{a)da 

where /(*; is the invariant integral over the compact group 
normalized as usual in such a way that 7 ( 1 ; ^) = 1 . 

The equality /(/; §) — /©/(o-) dc, which holds for all functions 
/ of the representative ring 0, holds also for every continuous function 
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on ©, since such a function can be approximated as closely as we wish 
bv a function of o. 

Since § 5*^ there exists a continuous function / on which 
satisfies the following conditions: 1) / vanishes everywhere on 
2 ) / does not vanish identically on Then we have /(//; §) = 0 , 
J’(«/(o-)/(a) da 7 ^ 0 , which brings a contradiction. 

Let us now return to the study of an arbitrary compact Lie group 

without making the assumption that admits a faithful represen¬ 
tation. Let be the set of those elements which are represented 
by unit matrices in all representations of ©. It is clear that is a 
closed distinguished subgroup of We denote by the group 
Every representation of © maps ^ upon the unit matrix, and 
hence defines a representation of ®i. Conversely, every representa¬ 
tion of will correspond to a representation of It follows that 
the representative rings of and are isomorphic. 

Furthermore, if a is any element of (^i other than the neutral 
element, there exists a representation P of @i such that P(ff) is not 
the unit matrix. We shall deduce from this fact that admits a 
faithful representation. 

Since is a Lie group, there exists an open neighbourhood Vi 
of the neutral element <i in which does not contain any subgroup 
of we denote by F the complement of Vi in ®i. If P is any 
representation of ®i, we denote b}" 9 ?(P) the kernel of the representa¬ 
tion P. It is clear that iR(P) is a closed subgroup of and that the 
intersection of the groups 9 l(P) for all representations P is the set 
(«il. Hence we have 

Since F is compact, there exists a finite set jPi, • * • , Pt} of repre¬ 
sentations of such that flf-i (^(P') F) = 0. It follows that 

n?-i ^flCP.) C since the left side of this inclusion is a group, this 

group must be |€il. It follows immediately that Pi -j- * • ■ -f P* 
is a faithful representation of ®i. 

From this, we deduce easily. 

Proposition 6. Lei & he a compact Lie group. There exists a 
representation P o/ ® vnth the following properly: every element of the 
kernel of P is also mapped upon a unit matrix by any other representation 

»Let a be an element of © not contained in The function defined on 
^ l<r) as being equal to 0 on ^ and to 1 at <r may be extended to a continuous 
function on © (cf. l.c. note 1, p. 190). 

* This follows easily from Lemma 1, §X1II, Chapter IV, p. 127. 
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of ®. The coefficients of the representations P and P form a system of 
generators of the representative ring of ©. 

The last statement follows from Proposition 3 , applied to the group 

= ^/% where 91 is the kernel of P. 

§Vin. The Algebraic Structure of the Representative Ring 

We shall denote by a compact Lie group and by o the representa¬ 
tive ring of 

If P is any representation of Oi, we shall denote by d(P) the degree 
of P and by /(f, j; P) the (f, i)-coefficient of P (1 ^ i, j $ rf(P)); o is 
therefore the ring generated by all functions of the form f{i, j; P). 
We know that there exists a finite set of representations of © which 
contains sufficiently many representations; if |Pi, • ■ , Pa) is such 
a set, the functions/(i, j; P*) (l d{P,), ] h) form a set 

of generators of o. We wish to find the algebraic relations which 
hold among these generators. 

It \\ill be convenient to introduce new independent variables 
u{h j; P) (1 ^ j ^ d(P), p running over all representations of @). 
Let u be the ring of polynomials in the variables u{i, j; P) with coeffi¬ 
cients^ in C (there are infinitely many variables, but each polynomial 
contains only a finite number of them). There exists a homomorphism 
of u onto 0 which maps each u(i, j; P) upon the corresponding/(2, j; P). 
Let a be the kernel of this homomorphism. We propose to determine 
a by exhibiting a set of generators of this ideal. 

To every representation P let us assign the matrix U(P) of degree 
d(P) whose coefficients are the u{i, j; P). Among the polynomials 
belonging to a, we find in particular the following ones: 

1 ) The coefficients of the matrices C/(Pi -j- Pa) - (r/(Pi) -j- U(P2))» 
h^(Pi X P2) — f^(Pi) X I^(P2) for all possible choices of the representa¬ 
tions Pi, Pa; 

2 ) the coefficients of the matrices U(yPy~^) — yU{P)y~\ where y 
is any regular matrix of degree d(P); 

3 ) the polynomial w(l, 1 ; E) — 1 , where E stands for the unit rep¬ 
resentation of 

Proposition 1 , The polynomials listed under the headings 1), 2), 3 ) 
form a set of generators of the ideal a. 

Let Cl be the smallest ideal containing the polynomials listed in 
1 ), 2 ), 3 ). We have to prove that Oi = a. 

Let us select a representation in each class of equivalent irreducible 
representations; let {Pa}aeA be the set of representations obtained 
in this way (A being some set of indices). We assert that every 
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til nf ^ M to some finite linear combina- 

ZrovP ^ ^ rfCP.);ae* 4 ). It is sufficient 

to pro^ this for the constant 1 , for each variable u{i, j; P) and for the 

products of any two of these variables. We have 1 = u(l I F) 

(mo Oi), and E is certainly one of the representations P^. If P is any 

representation, there exists a matrix y such that P = ^(P^^ 4 - ■ ■ 

+ P«J 7 ' (ai, ■ • ■ , aneA); it follows that the coefficients'of U(P) 
^e congruent moduh) Qi to the corresponding coefficients of 7(I/(P„.) 

♦ u f^(P-Jh“‘, which are themselves linear combinations of 

the variables w(i, j; P^). Finally, we observe that u(f, j; P)u(i' f ■ pM 

.S a coefficient of U(P) x U(P') and is therefore cong;uent moduloa 
to a coefficient of t/{P x P'), i.e. also to a linear combination of the 
\anables u{t, j; P^). Our assertion is thereby proved. 

Let P be any polynomial in the ideal a. We have 


P = 2a(i, j; a)u{i j; P„) (mod Oi) 

where the ocYs are constants. It follows that 2 a(i, ?*■ a)u(i r P ) 
ea whence 2 a(i, j; a)f(i, j; P,) = 0. Multiplying by }{k /-'p”) 
and integrating over the group, we obtain (by the orthogonality 

relations) a(A, 1 ; a) = 0 for all combinations {k, 1 ; a). It follows that 
^SQi; Proposition 1 is proved. 

If we know any system of generators (z,, • • ■ , z^] o( the repre¬ 
sentative ring 0, we may obtain the algebraic relations among these 
generators in the following way: we express each/(f, j; P) as a poly¬ 
nomial in the quantities 2, and we substitute these expressions in the 
relations among functions / which result from 1 ), 2 ), 3 ). 

We shall now study the homomorphisms u of the representative 
ring 0 into the field of complex numbers. If zi, • • ■ , form a 
system of generators of o, a homomorphism w is uniquely determined 
when the numbers <;(c,) = a., • • • , are given. These 

numbers cannot be taken arbitrarily but must satisfy the relations 

’ u - 2") = 0 are the relations 

Which hold among zi, - • - , in o. It follows that the homo¬ 
morphism^ of a into C may be identified with the points of the alge¬ 
braic variety defined by the equations P = 0. 

De^ition 1. Let o be the representative nng of a compact Lie 

group The set of homomorphisms of o into the field C of complex 

numbers is called the algebraic variety associated with &. This variety 
vdll be denoted by SJn:(@). 

If a system of generators Ui, • • • , is given, the set of points 
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(a)( 2 i), • • ■ , w(2m))(wetJTl(®)) is called the of 3Tl(@) correspond¬ 
ing to the generators 2 i, • • • , z„. 

Definition 2, Let 9? be the set of all representations of a compact 
Lie group (^. By a representation of we understand a mapping ^ 
which assigns to every p£9? a regular matrix f(P) of degree equal to the 
degree d{P) of P, in such a way that the equalities 

( 1 ) r(Pi + P2) = f(Pi) + f(P2); i-(Pi X P2) = r(Pi) X r(P2); 

UyPy-^) = 7r(P)7-^ 


hold for any representations Pi, P 2 , Pc/® and any regular matrix y of 
degree d(P). 

Let a> be any homomorphism of the representative ring 0 into C. 
Let us assign to any representation P the matrix f:,(P) whose coefficients 
are the numbers j] P)) (1 ^ i, j ^ d(P)); we obtain a mapping 

which assigns a matrix to every element of 

Proposition 2. If the mapping is a representation of 

and the mapping 03 —* is a one-to-one mapping of £ni(®) onto the set 

of representations of 

The conditions (1) are obviously satisfied for In order to 
prove that is a representation of 9?, it will therefore be sufficient to 
prove that f^CP) is a regular matrix. We have P*(a-) • ‘PW = 1 (the 
unit matrix) for every <r£®. It follows that 

r, P*)/(fc, j; P) = (1 d(P)) 

Since w is a homomorphism, we have 

P)) = 5.* 

whence fi(P*) * Ti(P) = L which proves that ^^(P) is regular and that 

(2) f«(P*) = (ri(P))* 

If 0 ) 1 , 0)2 are distinct elements of 9Tl(®), there exists a representative 
function/(i, P) such that a>i(/(f,i; P)) ^ w 2 (/(f,y; P)); it follows that 

r«i(P) ^ i*w,(P)* , 

Finally, let f be any representation of 9?. To each vanable 
j) P) IgI- us assign the number j; P-)) which stands at the 

intersection of the i-th row and the j-th column of fCP). Since the 
variables j', P) are algebraically independent, w may be extended 
to a homomorphism (also denoted by w) of the ring of polynomials 
in the variables u. Since f is a representation of 9?, the polynomials 
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in the categories 1 ), 2 ) above are obviously mapped upon 0 . More¬ 
over, let E be the unit representation; then f(E) is a number ^ 0 
which is equal to its own square in virtue of the equality E x E = E. 
It follows that f(E) = 1 , whence w(u(l, 1 ; E) — 1) = 0 . 

By Proposition 1, the polynomials of the ideal a are all mapped 
on 0 by the homomorphism w. Since o may be identified with the 
factor ring of a in the polynomial ring, we see that w defines in a natural 
way a homomorphism w of o into C. It is clear that f = f;. Proposi¬ 
tion 2 is thereby proved. 

Remark. We have incidentally proved that, if f is any representa¬ 
tion of SR, then we have 

fCP*) = (r(P))* 

for any representation P of <^. 

Let fi, be any two representations of SR. We see immediately 
that the mapping P fi(P)r2‘’(P) is again a repre.sentation of 3 ?. It 
follows immediately that the representations of 3? form a group. 

Definition 3. Making use of the correspondence esiahlished by 
Proposition 2 between the elements of 3 R(@) and the representations o/$R, 
a group structure is defined in 9 Tl(®). The group obtained in this way 
IS called the algebraic group associated with 

We shall now introduce a topology in 9 Tl(@). To every set of 
generators (zi, • • • , of o there corresponds a model A/, of 
and the elements of 3 Il(®) are in a one-to-one correspondence with the 
points of this model. Since Ms Q C"*, Ms carries a natural topolog> 
(induced by the topology in C”); the one-to-one correspondence 
between Ms and £nx(®) therefore defines a topology in 9 Il(®). We shall 
see that this topology does not depend upon the choice of the model 
Ms. Let M,> be an other model, defined by a set of generators {z'l, 

* * • , Then each Zi can be expressed as a polynomial in z[, 

‘ • , 2^,', and each zj'can be expressed as a polynomial in zi, • • • , z„.. 
It follows immediately that the correspondence between points of M, 
and Ms> which correspond to the same element of 9 Tl( 0 ) is a homeo- 
morphism, which proves our assertion. 

Let {Pi, • • • , Pa} be a system of sufficiently many representations 

of @. We set Po = Pi -j- • • ■ 4 - Pk + Pi -f- * ■ ' 4 - Pa and we 

denote by do the degree of Po. We know that the dj functions/(f, j; Po) 

(I ^ i, j ^ d) form a set of generators of o. Let us assign to every 
«e 3 Tl(®) the matrix fi(Po), which we also denote by w(Po). It is 
clear that we obtain a representation of the group 31 l(@) by matrices 
of degree do. Since the functions /(i, j; Po) give rise to a model of 
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3TI(©), this representation is faithful and is a homeomorphism. It 
follows immediately that the topological structure and the group 
structure on 911(6)) combine to define 3Tl(@) as a topological group. 

More generally, if P is any representation of the mapping 

w ^ f;(P) is a representation of 3Tr(®). We shall denote this represen¬ 
tation bv P. 

Proposition 3. Let P be a representation of 6) whose coe^cienis 
form a system of generators of the representative nng of Then P maps 
91l((^) onto the set of all 7natrices (.r,-,) which have the following property: 
if P is any pohjnomial such that P{- • • /(f, j; p) . . .) = q identically, 
then P(- • • Xij • ■ •) = 0. 

In fact, if a)S91l(@), the coefficients of P(ai) = a>(P) are the numbers 
i; P))* Since w is a homomorphism, the equality P{- • • f{i, j; 
P) • ■ •) = 0 implies P(- ■ • w(/(f, P)) • • ■) = 0. 

Conversely, let (x,;) be any matrix which satisfies our condition. 
Since the elements/(f, j; P) form a system of generators of the repre¬ 
sentative ring 0 , our condition implies the existence of a homomorphism 
w of 0 into C such that w(/(f, j; P)) = xa (1 ^ i, j ^ d(P)). It follows 
that the matrix (x,y) is equal to a)(P), which completes the proof of 
Proposition 3. 

Remark. It can be proved that, if P is any representation whatso¬ 
ever of 6), then P maps 911(61) onto the set of those matrices which are 
regular and satisfy the condition stated in Proposition 3. We shall 
omit this proof, which is a little more difficult. 

Corollary. The algebraic group associated with 6) is a Lie group. 

In fact, this group is isomorphic (as a topological group) with a 
subgroup of GL{d] C) which is defined by algebraic relations between 
coefficients and is therefore closed in GL{d\ C). At the same time, it 
now becomes clear why we have called this group the algebraic group 
associated with G). 

§IX. Topological Structure of the Assocuted group 

Let ® be a compact Lie group, and let 91l(C!)) be its associated 
algebraic group. If / is any function belonging to the representative 
ring 0 of 6), then the imaginary conjugate / of / also belongs to o. 
The mapping / —♦/is an automorphism of o which changes every 
complex constant into its imaginary conjugate. Now, let w be any 
homomorphism of o into C; it is quite easy to verify that the mapping 

/ —> <L(/) is again a homomorphism of o into C. We shall denote this 
new homomorphism by 
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Let P be any representation of G). We have 

(1) P(ci‘) = <L‘(P) = ^ 

where P is the imaginary conjugate representation of P. It follows 
that (coiu) 2 )* = co'jWj. Since (d)‘)‘ = w, the operation ‘ appears as an 
automorphism of order 2 of the group mm. This automorphism is 
obviously also a homeomorphisih of OTl(Gl) with itself. 

It follows that the set of elements oj for which a» = w' is a closed 
subgroup Gil of SE)?(®). 

Let a be any element in Gi. The mapping/—>/(a)(/eo) is clearly 
a homomorphism d), of o into C. If P is any representation of we 
have P(d)j) - w,(P) = p(o-); it follows that the mapping o-—»is a 
continuous homomorphism of Gi into 3Tl(Gi). This homomorphism 

maps ® onto some compact subgroup ©2 of 3Tt(Gi). Since /(o-) = 7^, 
we have = w,, whence Gio C shall prove that G)i = © 2 . 

Proposition 1. Let d) be an element of 9Tl(Gi) such that di = d»*, 

* the automorphism defined by (1). Then there exists an element 

such that w(/) = /(cr) for every fBo. 

We fii'st prove 

Lemma 1, 7'he group ©i is compact. 

Let Po be a unitary representation of Gi whose coefficients form a 
sy.stem of generators of 0 . We have, for any d)SDTl(G>), 

^Po) = w(Po) - d-CPo*) = (d.(Po))* 

(cf. Uemark after Proposition 2, §VIII, p. 197). Therefore, if di = d>‘, 
the matrix d)(P(,) = Po(di) is unitary. On the other hand, Po is a 
faithful representation of 9Tl(Gi) and therefore maps @1 topologically 
onto a closed subgroup of GL(d(Po), C). Since this subgroup is con¬ 
tained in r/(d(Po)), it is compact, which proves Lemma 1 . 

Since and @2 are compact Lie groups, in order to prove that 
= ® 2 , we may apply the criterion of Proposition 5, §VII, p. 192. 
Let A be any representation of G)i; the contraction of A to ©2 is a 
representation P of @ 2 . Assuming that P contains the unit representa¬ 
tion of © 2 , we want to prove that A contains the unit representation of 
©i. There exists by assumption a regular matrix 7 such that 

1 0 .... 0 \ 

0 

• M(<r) 

I 

0 / 


7A(d»,)7 * 
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for all <re@. Let/u(a») be the coeflBcients of the representation 
of @1 (1 ^ k, I ^ cl{A)). Making use of the representation Po intro¬ 
duced in the proof of Lemma 1, we denote by x, 7 (w) the coefficients 
of the representation Po of 3Tl(©). The contraction of Po to Qdi being 
a faithful representation of ©i, we know that the functions x,;(w), 
xv;(J>) form a system of generators of the representative ring of 0i. 
It follows that we have, for a>e@i, 

/i/(w) = Fkt{- • • , Xo(w), x,;(aj), • • •) 

where each Fki is a, polynomial with complex coefficients. We have 

Fu{‘ ■ • , Xiy(a)»), ■ • •) = (ae®) 

On the other hand, we have =/(i, j; Po){a) for all ae® and 

== ^{fih j\ Po)) for all w£®i. Since w = w*, we have x„(ai) 
= “(/(b i: Po))* Since w is a homomorphism, the relations 

F\i{- ■ • Po),/(i,i; Po), ■ • •) = 

imply • • , x.vCoj), x„(w), • • ) = 5w, which proves that 

/I 0...0\ 

= ( * *...♦! 

and hence that A contains the unit representation of ®i. Proposition 1 
is thereby proved. 

In the case where @ has at least one faithful representation, the 
representation Po which was used in the proof is faithful. It then 
follows immediately from Proposition 1 that ®i is isomorphic with ® 
(as a topological group). 

Proposition 2. // the compact Lie group ® admits a faithful repre- 
sentation, the group W(G) is homeomorphic to the product of ® and /2", 
where n is the dimension of ®. 

We make use again of the representation Po of @ which was intro¬ 
duced in the proof of Lemma 1. Under our assumptions, Po is faith¬ 
ful. The corresponding representation Po of 2nfl(®) maps topologically 
this last group onto a linear group and maps the elements of ®i 
onto unitary matrices. Furthermore, the argument used in the proof 
of Lemma 1 shows immediately that the following statements hold 
true: if r is any matrix in then r* also belongs to if r is unitary, 
then r represents an element of ®i. On the other hand, it follows 
from Proposition 3, §VIII, p. 198 that ^ is an algebraic group. Propo¬ 
sition 2 will therefore follow from 
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LeiMa 2. Let ^ be an algebraic subgroup of GL(d- C) <tyrh fhnt 
the Mon implies // . ,, any mLi l 7^11 

iUhe represenlahon of r as the product of an unitary Ltrix [ and a 
positive definite hermitian matrix p, then we have p£§. The qrouv S 

ffl “ a matrix y such that p. = ppp-i is a diagonal matrix- 

We Tv writ? °“'"bers’ 

we may write pi = exp ai, with 


ai = 


Gl 

0 


0.0 

02 ... .0 


0 0 


Odj 


where Qi, * • • , are real numbers. 

^ also algebraic. We have 

V ) t 6^, whence PiS^^i and for everv integer k. 

which"dfin ' 'a ? the'algebraic equations 

from F bv th r ^ ' ' ' ’ polynomial deduced 

from F by the substitution x., 0 if i j, x,, x,. We have 

(1) r(e«-, • . . , 62*0.) =0 (A- = 0, +1, ±2, • • •) 

We shall deduce from (1) that F'(e'-, ■ • • , fo.) is identically zero, 
rn tact, we would otherwise have • • • , e*") = 26„e‘^" 

where each is a real exponent and 6„ 0. Aksuming that a[ 

^ A 2 > • • • , we should have 

for |A:| sufficiently large and k of the same sign as Ai.* this would be in 

contradiction with ( 1 ). 

In particular, we have F'{e“, • • • , e") = o, whence p.eS. 
peip, and p = rp 's$, which proves the first part of Lemma 2. 

bince V and p are continuous functions of r, $ is clearly homeo- 
morphic with the product of § ^ U{d) and of the set H of all positive 
definite hermitian matrices contained in $. The proof of the first 
part of Lemma 2 shows that a matrix pSH is of the form exp <x, where a 
S a hermitian matrix which has the property that exp tat^ for all 
real or ^plex t. The matrix \/- la is skew hermitian, whence 

^ ^nieans that a belongs 

n.Wl. f fi of ^ ^ U{d). Convei^ely, let 0 be any matrix 

uch that V-1 /Ssg; then, we have exp tfiz^ when t is purely imag- 
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inary. Let (?(■ • ■ xa • • ■) _ 0 be any one of the algebraic equations 
which define If w'e substitute for the Xi/fi the coefficients of 

exp//3, G(- • ■ Xii • ■ •) becomes an entire function of Mvhich vanishes 

identically w-hen t is purely imaginary. This function therefore van- 
is hes i dentically, whence exp The matrix 0 is hermitian because 

y/ ” ^ ^ belongs to the Lie algebra of U(d); it follows that exp 
is positive definite hermitian if t is real, whence exp tpsH. We know 
that the mapping \/ — 1 ^—»exp p maps g topologically onto H, 
which proves the second part of Lemma 2. 

It foUow's immediately from Proposition 2 that £fTr(®) is a group 

of dimension 27L _Moreover, it follows from the proof of Lemma 2 

that g and \/—1 g have no element 0 in common. Therefore, 

9 + 0 is a vector space of dimension 2n. Since it is obviously 

contained in the Lie algebra of it must coincide with it. This 


proves: 

Proposition'^ Let ® he 


a compact Lie group which admits a faithful 


representation, and let [Afi, ■ • • , M,,] be abase of the Lie algebra of 
Let li¥,, M,] = ^kCijkMk be the corresponding equations of structure. 
The Lie algebra of the associated algebraic group £nz(@) has a base 
* ' • , Mn, * * ■ , il/'l such that 


[Mi, Mi] = Z,Cii,M,, [M[, A/;i = - X,Cii,M,, 

[Mi, M[] = -LkCu.M'^ 

§X^dEfAMPLES 

We shall determine the associated algebraic groups of the linear 
groups which were introduced in Chapter 1. 

The associated algebraic group of V{n) is obviously GL(n, C). 

Let us now consider the group 5^(rt)r7rfiS^artlty mapping 
Po of SU{n) into GL{n, C) is a representation of SU{n). It follows 
from Proposition 3, §VII, p. 190 that the coefficients of Po + Po 
form a system of generators of the representative ring o of SU(n). 

If <TESJJ{n), we have Po(ff) = ('PoCo"))”* and Po(o-) = 1; it follows that 

the coefficients of Po(o-) can be expressed as polynomials in the coeffi¬ 
cients of Po(<r). Therefore, the coefficients of Po alone form a 
system of generators of o. Let Po be the representation of the associ¬ 
ated algebraic group of SV(n) which extends Po and let $ be the 
image of the associated group under Po. Since SV{n) Q SL(n, C), 
it follow's from Proposition 3, §VIII, p. 198 that ^ (] SL{n, C). We 
have dim ^ = 2 (dim SU{n)) — 2(n* — 1) = dim SL(n, C), which 
proves that ^ is the component of the unit matrix in SL{n, C). By 
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iitWSwJw f homeomorphic 

is a^faSn / therefore we have ^ = SL(n, C). Since Po 

S AS Is SLKCr 

“ f'^ithful representa- 

Zi 7 rnatrices. It follows that the coefficients of a 

matrix m O n) considered as functions on 0(n), form a system of 

generators of the representative ring of 0{n). It can then be seen 
e^ily that the ^sooiated algebraic group of 0(n) is 0(n, 0) and that 
the associated algebraic group of SO{n) is 0(n, C) ^ SL{n, C), which 
IS a subgroup of index 2 in 0(n, C). 

snr-WU 'u unitary matrices <r of degree 2n 

sucn tii&t uJc — J^ \vher6 


- ?) 


being the unit matrix of degree n. It follows that the condition 
^e5p(n) implies = 1 . On the other hand, we know that Spin) 
IS connected; it follows immediately that <reSp(n) implies H = I. 

Following the same procedure as in the case of SV{.n), we see that the 
ocfficients of a matrix of Sp{n), considered as functions on Sp(n) 
form a system of generators of the representative ring of Sp(n). The 
associated algebraic group of Sp(n) may therefore be identified with a 
subgioup of Sp(n, Cl If r is a matrix in Spin, C), we have ‘tjr = J, 
w enM (r) r - J* = J and iff) * = ‘(f»), whence f*eSp{n, 

). By Lemma 2, §IX, p. 201 we conclude that the associated 
algebraic group of Sp(n) is Sp(n, C). At the same time we prove 
that Sp(n, C) IS homeomorphic with Sp(n) X which proves, in 

particular, that Sp(n, C) is connected and simply connected. 

§XI. The Main Approximation Theorem 


We have already seen (Lemma 1, §VII, p. 190) that, if 0 is a 
compact group of matrices, then any continuous function on @ may 
be approximated as closely as we wish by a function belonging to the 
representative ring o of &. As we announced earlier, this result holds 
also for arbitrary compact Lie groups. We shall now prove this 
lundamental result, which is due to H. Peter and H. Weyl. 

Theorem 3 (Peter-Weyl). Lei & be a compact Lie group and let f 
be a continuous function on ©. If a is any number > 0, there exists 
in the representative ring of ® a function g such that IfU) - g(<T)\ ^ a 
for all<7Z<^. y\ ^ 
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We shall denote by the space of all complex valued continuous 
functions on Since @ is compact, every function /eg is bounded. 
We shall denote the maximum of the absolute value of / by M{f). 
We have clearly 

M(af) = |a|.l/(/) (aeC) 

MU^-g) ^ M{}) + M(g) 

We can make g a metric space in which the distance of two functions 
f and g is M{f — g). A subset of g is said to be bounded if there 
exists a number A such that M(f) ^ A for all /£$. 

The oscillation of a function /eg on a subset £' of 0 is the least 
upper bound of the numbers |/(<r) - /(r)| for all a, tzE. 

A subset $ of g is said to be a set of equicontinuous functions if, for 
every number a > 0, there exists a neighbourhood Ua of the neutral 
element in such that, / being any function in $ and a being any 
element of the oscillation of / on the set alia is ^ a. 

Lemma 1. Let ^ be a hounded set of equicontinuous functions, and 
let a be a number >0. If a subset of 4* is such that M{f — g) > a 
for all pairs (/, g) of distinct elements of <^ 1 , we may conclude that 4>i is 
finite. 

Let A be a number such that M{J) ^ A for all /e^. If (ro£@, the 
set of numbers /((to) (for all /e4>) is contained in the compact region 
of the complex 2 -pIane which is defined by the inequality \z\ ^ A. It 
follows immediately that there exists a finite subset of 4* with the 
following property: to every/e$ there corresponds a function /i 6 ^r, 
such that the inequality |/(o-o) — /i(o-o)| < a/6 holds true. Let o- 
be any point of caUa/s; we have 

-fM\ ^ |/(a) -fWo)\ + |/(ao) -/i(c7o)| + \fi{co) - M<r)\ < “ 

On the other hand, to every pair (/, gr) of functions of we may 
associate a point a = <r(/, g) such that |/(<r) — g{<r)\ ^ a. If 
contains m functions, there cannot exist more than pairs (/, ^)£4>i 
X such that <r(/, g)^<iUa/t, because otherwise there would exist 
one of these pairs, say (/, g), such that |/((r) — f\ ((r)| < a/ 2 , \g{ff) 

“ /!(<?■)I < fl /2 with the same/i#r„ and this would imply |/(o-) — g{c)\ 

< a. 

Since © is compact, it can be covered by a finite number of sets 
Vi, • ' • , Vff each of which is of the form troUa/s- Since there are 
only a finite number of pairs (/, J 7 )e^i X 4»i such that ff(/, ( 7 ) 6 ^, 

(1 ^ ^ N), we conclude that 4>i is finite. 



§xil THE MAIN THEOREM 205 

Lemma 2. If a sequence of functions beloyigs to a bounded set of 
equicontinuous functions, it is possible to extract from it a subsequence 
which converges uniformly on (^, 

In fact, let m be any integer > 0. We can construct a finite 
subset of ^ with the following properties: 1) if /, (7£4>4 j, we have 

^ 1/m; 2) if / is an}" function in <I>, there exists a function 
gS4>*, such that M{f — g) < 1/m * Let now (/„) be any sequence of 
functions in 4>. We denote by Mq the set of all integei*s > 0. We shall 
define by induction on ^ an infinite subset of Mo. Suppose that 
/i ^ 0 and that has already been defined. Then, since is finite, 
there exists a function such that the inequality Mif^ — g^+\) 

< l/{n -j- 1) holds for infinitely many integers ws.l/p; will be the 
set of these integers. We select in each an integer ^ Since 
M, Q for V > ^, we have — gf) < l//i, Mif^^ — ?»*) < 1/m, 

whence M{f„„ — fn^ < 2/m. It follows immediately that the sequence 
(/mp) converges uniformly on (^. 

We shall now introduce in 5 an operation which is a generalization 
of the scalar multiplication defined in Chapter 1, §III, p. 9. If f 
and g are any functions in 5, we set 

f-g = 

where the integral is the invariant integral defined in §VIII, Chapter V, 
p. 167, normalized by the condition /@1 da — 1. 

The following properties are obvious: 

1) For g fixed, / • is linear in /, i.e. we have {aji + azfz) * g 
— ®i{/i ’ g) + OaC/a ' g) (Qi, g^gC). 

2) We have g • f = f g 

3) If / 0, we have / • / > 0. 

We shall let ||/|| denote the number (/ /)* If a, b are any 
real numbers, we have (a/ + bg) • {af + bg) = a'^if-f) + 2a6SR(/- g) 
+ ^Hg ■ g), where 9? indicates the taking of the real part. Since this 
expression is ^ 0 for all real a, b, we have 

^ (/7)(ff-ff) Le. \m'g)\ ^ ll/ll-llffll 

Let be a real number such that exp i^/ — l d){f • g) = \f ■ g\. If 
we replace / by (exp \/^ d)f in our inequality, we get the Schwarz 

* Let /i be any function in 5‘- H /i, ‘ ‘ ‘ »A already defined, and if there 
exists a function / such that Mif - fi) ^ 1 /m for 1 ^ < r, we select such a 

function and call it /r+j. This inductive process cannot be continued indefinitely 
(because of Lemma 1). If it stops with/,, we may take « (/,, • • ♦ 
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inequality: 

l/’^K ll/ll IMI 

On the other hand, we have \\f + gW^ ^ f ■ f + 2in(f • g)g • g 

^ l!/ll^ + 2||/|| ll^ll -f- ||^||2 = (ll/ll + ||^||)2j which proves 
inequality: 

11/+ sil ^ ll/ll+ IMI. 

Now, let k((T, r) be a complex valued continuous function defined 
in 0 X which satisfies the condition 

k{<T, t) = k(T, a). 

If / is any function in g, we shall denote by Kf the function which is 
defined by the formula 

0/(0 dr 

We shall prove that Kf belongs to g. Let a be any number > 0. 
There exists a neighbourhood Ua of the neutral element < in @ such 
that the inequality \k{(rp, t) — k((r, t)| < a holds whenever peUa. In 
fact, there would otherwise extst three sequences (cm), (pO, (^m) of 
elements in © such that lim,«_,p„ = \k{c„p„, r„) - k{ff„, t„)| ^ a. 

Since is compact, the sequences (am) and (r„) would have subsequences 
converging respectively to elements ff, t and we would have \k{ff€, r) 

— k{a, t)| ^ a, which is impossible. If p belongs to Ua, we have 

(1) \KSicp) - Kf{a)\ ^ aMf{r)\dr = a(l • !/|) ^ a||/|| 

which proves the continuity of the function Kf. Moreover, if A 
denotes an upper bound for the values taken by A: on ® X we also 
have 

(2) \Kf{<r)\ ^ ^/®|/(r)|dT ^ ^ll/ll 
These two inequalities prove 

Lemma 3. The operator K maps the set of all functions /eg such 
that ll/ll ^ 1 onto a hounded set of equicontinuous functions. 

Another property of the operator K is expressed in the formula 

(3) Kf-g^f-Kg 

which is entirely similar to the formula which expresses the hermitian 
character of a matrix. In order to prove (3), we observe that 

Kf • g = }&{{<3k{<T, r)/(T) dT)g{<T) da = !(^x&k(a, r)/(r)^(<r) da dr 

- /©/(’■)(/(»^(’’. - f ' 
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We shall say that a number c is an '^eigenvalue" of the function k 
if there exists in g a function ip ^ 0 such that K<p = op. Any such 
function is called an eigenfunction belonging to the value c. Our 
next step will be to prove the existence of eigenvalues. 

It follows immediately from (2) that ||if/|| ^ A||/||. Hence the 
numbers ||iC/|| remain bounded when / varies in the set of functions 

!!'^!! "" denote by \\k\\ the least upper bound 

of ||iC/|| for ll/ll = 1. It is clear that \\Kf\\ ^ ||fc|| ||/|| for any function 

/eg. 

Lemma 4. The number ||A'|| is the least upper bound of the values 
taken by Kf ^ f when WfW = 1 . 

If ll/ll = 1, we have \Kf-fl ^ ||if/|| ||/|| ^ ||A-||. !„ order to 

prove the converse, let c be the least upper bound of |/r/-/I for I I/I I = 1 

It follows immediately that \Kf ■ f\ < c||/|p for any f. Let / and g 
be two functions such that l|/ii = 1, ||g|| = 1. We have 


^(f+S) (f+g) = Kff+Kg-g + Kf g + Kgf 

=}</■/ +Kg-g+ 2m{Kf g) ^ cl|/+o||i* 
(K(f - g)) ■ if - g) = Kf f+Kg g - 2mKf-g) ^ -c\\S - g\\^ 


whence 49?(if/■ j,) ^ c(||/ + + ||/ - = 2c(||/||2 + || 3 || 2 ) = 4 c 

If we assume Kf 0 and take g = \\Kf\[-'Kf, we obtain ||if/|| ^ c 

This last inequality holds also if Kf = 0. We have therefore proved 
that ||A:|| =: c. 


Lemma 6. One at least of the numbers ||A:||, -||fc|| is an eigenvalue 
of the function k. 


We can find a sequence (/„,) of functiona in g such that ||/,n|| == 1 
and such that Kj„ ■ f„ tends towards one of the numbers 1[A:||. -||A:|( 

Replacing if necessary the sequence (/«) by a subsequence, we may 
assume without loss of generality that the sequence (Kf^) converges 
uniformly on ® to a function <p, which clearly belongs to g (cf. Lemmas 
2, 3). We therefore have lim,.,^ , M{tp ~ KU) = 0. 

We observe now that the operation f • g is continuous with respect 
to the metric defined by M. In fact, we have ll/j|2 ^ (cAfMfM 

ta -" ■ <•' - ■’•<1«I - 2i < 

^(/i - f2)M{gi - gz). 

Since Kf„, • /„ is real, we have 


ll-K/m - C/„1|2 = ||iir/,„||2 -f. C2||/J|2 _ 2c{Kf^-f^) 

and the right side tends to \\<p\\^ — as m increases indefinitely. It 
follows that 11^11 > Id, whence (p ^ 0 provided c 9 ^ 0. On the other 
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hand, ue have ^ ^ c^, and therefore the right side 

of our formula is ^ 2c2 - 2c(X/„ •/„), a quantity which tends to 
0 with 1/m. We conclude that lim„^„ \\Kf^ - cf„\\ = 0 and there¬ 
fore also lim^_„ \\K(Kf^) - cKU\\ = 0. Since Iim,„^. ||A/„ - ,p\\ 
= 0 we have lim,„^„ M{K{Kf,^) - K^p) = 0, whence 

\\Kip - Cifll = \\^(Kf„) - cKf„\\ = 0 

which proves that Ktp ~ op. Lemma 5 is therefore proved if c 0. 

If c = 0, we have \\k\\ = 0, Kf = 0 for every/ and Lemma 5 is then 
trivial. 

We shall say that two functions <p and ^ belonging to 5 s-re orthog¬ 
onal to each other if ^ ^ is equal to 0. 

Let $ be the set of eigenfunctions of k which belong to eigen¬ 
values 0. We can find a subset of ^ with the following proper¬ 
ties; a) if tp and \k are in and tp 9^ 4't then <p ’ \k — O’, b) we have 
I v>ll = 1 for every ipz^*] c) 4»* is maximal with respect to the proper¬ 
ties a), b) (i.e. it is impossible to imbed in a properly larger subset 
of ^ for which a), b) hold).* 

Lemma 6. Let a be a number > 0. There are only a finite number of 
functions in which belong to eigenvalues greater than a in absolute 
value. 

In fact, let <p\, • • • , (ph be functions of such that Kipi — Ci<pi, 

|c,| > a (1 $ f ^ h). We have K{<pi — <pj) = dp, — Cjpj whence 
— ^y)||2 = c\ -(- c) > 2 a 2 . We know that M{K{pi — pj)) ^ 
\\K{pi — ^;)|| > a y/2. Lemma 6 then follows from Lemmas 1 
and 3. 

Lemma 7. Any function f in O is a linear combination of a finite 
number of functions in 4>*. 

Let c be the eigenvalue to which / belongs, and let * ’ • , 
be the functions of belonging to c. We set/' = / — 2j-i(/' <Pi)¥>i- 
Since Kf = cf, Kpi = cpi, we have also Kf' = cf'. Moreover, /' is 
orthogonal to ^i, • • • , ph> Let \f/ be any function of distinct from 
fPif ' ' ' , ph] then rf/ belongs to an eigenvalue d 9 ^ c. We have 
/' • ^ = l/d{f' ■ K^p) = l/diKf' = c/d(f' ’ whence /' • ^ = 0. 
We see that /' is orthogonal to every function in 4>*. If we had 
/' 0, the set composed of 4»* and of the function ||/'lh*/' would still 

have the properties a), b) above, which is impossible. Therefore 
/' = 0, which proves Lemma 7. 

It follows from Lemma 6 that is a countable set. We arrange 
the elements of 4»* in a sequence (^j^) 

* This follows immediately from Zorn’s lemma. 
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according as to whether «J>* is infinite or finite), and we denote by c, 
the eigenvalue to which belongs. We observe that, if is a 

finite linear combination of functions of we have ||2c,.^„|| = 

Lemma 8 (BesseRs Inequality). If f is any function in g, “the 
series 2„|/- is convergent, and its sum is ^ ||/||2. 

We set gi = f ~ v’Jv?,., where i is any positive integer if 

is infinite, and is at most equal to the number of elements of 4»* 

if is finite. We have = 0 (1 ^ ^ ^ i), from which it follows 

easily that 

M\^+ 2 .^( 1 /- 

which proves Lemma 8. 

Lemma 9. ///eg, the series S„(iC/ • ^„)^„ converges uniformly on ® 
to the function Kf. 

We have 


2:(-K’/ • = xi^KS • " = 2;:(/ • ^ 


whence, making use of (2), 


2!'(/* — A"(2J(/* 


and it follows from Lemma 8 that the right side tends to 0 as i and J 

increase indefinitely (in the case where is infinite). Therefore 

the given series does converge uniformly. There remains to prove 
that Its sum is Kf, 

We set r) = k{a, r) - 2:.,c,^,(a)^,(r). Since each c, is 
real, we have kr,{a, t) - a). If ^ is any function in g, we have 

= Kip - Z\c^,{p ■ (where K^ is defined for A:„ as iC was 

defined for k). It follows that K^p ■ - c,{p . 

Y ■ Av’p c„(iA ■ ^P>.) - 0 if 1 ^ /I ^ n. In particular, if p is an 
eigenfunction of A„ belonging to an eigenvalue d ^ 0, we have 

^ ^ ^ ^ ~ ^ eigenfunction 

of K belonging to d. It follows that ^ is a linear combination of the 
functions <p, for which c. = d. We have p = and h, == p ■ 

whence 6, = 0 if /x ^ n. Let a be a number > 0; if n is ehoosen to be 
larger than all indices n for which |c„| ^ a (there are only a finite 
number of these indices), we may conclude that \d\ < a, whence by 
Lemma 5, ||A„|| ^ a. It follows that lim„_»« liA,J|| = 0 (if 4>* is 
infinite; if 4»* is finite, K^ = 0 if n is the number of elements in 4>*). 
But K4= Kf - 2;_i(A/- whence \\Kf - 2,.(A/• ^„)^,,|| = o, 
which completes the proof of Lemma 9. 



210 


COMPACT LIE GROUPS 


(Chap VI 


Lemma 10. If the function k{a, t) is of the form x(<^ where 
X is a continuous function on QJ such that xCo-^) = xC^), then every 

eigenfunction of k belonging to an eigenvalue c 0 is a representative 
function on 

If / is any function in g and pe@, we denote by the function 
defined by /'’(c) — f{p(T), Assume that / is an eigenfunction of k 
belonging to an eigenvalue c 0. We have 

cff>{(T) = !@x{(r~'p~h)f(T) dr 

= S(^x(<T-'r')f{pr') dr' = /@x(ff~ V)/^(t') dr' 

in virtue of the invariant character of our integration process. Hence 
f^ is again an eigenfunction belonging to c. We may assume that the 
functions of the set which belong to c are <Pi, • • ‘ , tpn. By Lemma 
7, we have 

*Pi = Quip) = ipi ■ ipi 

Let P(p) be the matrix (guip)). Since = (v?;*)'’* we have P(piP2) 
“ P(pi)P(p2). On the other hand, since each <pi is continuous on the 
compact group it is also uniformly continuous on it follows that, 
for every a > 0, there exists a neighbourhood Ua of the neutral 
element t in ® such that M{<pi — v^i) < a whenever peUa- It follows 
that limp_. Qaip) — Iimp_*, = 5,7 = g^ie). The mapping p 

—* P(p) of Qi into the set of matrices of degree h is therefore a con¬ 
tinuous representation of and the functions </,■, are representative 
functions. But wq have <pi{p) = which shows 

that each <pi is like\\'ise a representative function. Lemma 10 is 
thereby proved. 

Lemma 11. Let x be a continuous function on @ such that x(<f“') 

~ o,^d let a be a number > 0. Then there exists a representative 

function g of (3 such that M{x — g) < a. 

Let K be the operator associated with the function k{<r, t) = x(o'”b'). 
We determine a neighbourhood V of the neutral element such that the 
inequality IxCo-"*^) — x(o'“‘)| < a/2 holds for all rSV. We can 
construct a continuous function fi with real non negative values such 
that /i(e) 0, /i(ff) = 0 if O' does not belong to V. The number 

= J@/iW dr is 5*^ 0; we set / = whence /@/(r) dr = 1. We 
have 

|x(<r) - Kf(e)l = |x(a-‘) - Kf(<r)l = |/@(x(a->) - x(<^-W))f(r) dr| < ^ 
Making uses of Lemmas 9 and 10, we see that there exists a representa- 
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tive function g such that .U(A7 — ^) < a/2. It follows that J/(x — g) 
< a, which proves Lemma 11. 

Let now / be an arbitrary continuous function on CL We set xi((^) 
=/(<r) +/(tr), X 2 (o-) = V-1 (/(g) - Jjc)), whence Xi(o^"‘) = 

{i = 1, 2) and / = ^(xi — \/ —1 X 2 ). Since xi X 2 may be 
approximated as closely as we want by representative fiuictions, the 
same holds for/. Theorem 3 is thereby proved. 

§XII. First Applications of the Main Approximation 

THEOREM 

Theorem 4. .4 compact Lie group admits at least one faithful 
representation. 

Let CS be a compact Lie group. Making use of Proposition 6, §\T1, 
p. 193, we see that, in order to prove that ty admits a faithful represen¬ 
tation, it is sufficient to prove that, if a is any element of distinct 
from the neutral element «, there exists a representation P of sucli 
that P(ff) is not a unit matrix. Let / be a continuous function on C) 
such that/(ff) ?^/(e). Since / can be approximated as closely as we 
want by representative functions, we see that there exists a representa¬ 
tive function which takes distinct values at a and e, and our a-ssertion 
follows immediately from this fact. 

Proposition 1. If ^ is a closed subgroup of a compact Lie group ©, 
any irreducible representation of § is contained in the trace on § of some 
representation of 

This follows at once from Theorem 4 above and from Proposition 4, 
§VII, p. 191. 

Theorem 6 (Theorem of Tannaka). Let 9? be the set of all repre¬ 
sentations of a compact Lie group ©. Let be the set of all representa¬ 
tions f 0 / which satisfy the supplementary conditions f(P) = J'(P), 
where P is any element of and where P is the imaginary conjugate 
representation of P. If we define a multiplitation in by the formula 
fif 2 (P) = fi(P)i‘ 2 (P), @1 becomes a group. Let a be any element of @ 
and define the representation U of by f,(P) = P{<r) . Then the mapping 
a is an isomorphism of © vnth © 1 . 

This follows immediately from Proposition 1, §IX, p. 199 and from 
Theorem 4 above. 

Corollary. Let © 6e a compact Lie group of dimension n. Then the 
associaUd algebraic group of © is homeomorphic to the product of © 
and A". 

This follows immediately from Proposition 2, §IX, p. 200 and 
from Theorem 4 above. 
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Proposition 2. Let f be a continuous function on a compact Lie 
group © such that f{a) = /(rffr”*) for any a, tS®. If a is any number 
> 0, there exists a function fi which is a linear combination of char¬ 
acters of irreducible representations of ® such that \f{<T) -/,((r)| ^ a 
for all o-e®. 

Let P be any irreducible unitary representation of ®; denote by 
guia) the coefficients of P(tr). We have 

gairar-^) = Xkigik{T)gki{<T)gii{T-^) 

and gii{T-^) = gair). Making use of the orthogonality relations, we 
obtain 

dr = 0 if i ^ j 
dr = d“'x(<r) 

where d and x are respectively the degree and the character of the 
representation P. 

We know from the general approximation theorem that there exists 

a function /2 of the representative ring of® such that |/(a) -/ 2 (ff)[ ^ a 

for all aS®. It follows that dr - f(^fi{TaT-') d^l ^ a. 

Since f{a) = /(rffr'*), we have /©/(t^t-*) dr = /(ff). On the other 
hand, fz is a linear combination of coefficients of irreducible unitary 
representations of ® and therefore the function /i(< 7 ) = /©/zCrffT"*) dr 
is a linear combination of characters of irreducible representations of 
®. Proposition 2 is thereby proved. 


§Xin. Compact Abelian Groups 

Proposition 1. A compact connected abelian Lie group ® of dimen-^ 
sion n is isomorphic (as a topological group) with the n-dimensional 
torus T". 

In fact, let g be the Lie algebra of ®. Since ® is abelian, we have 
[X, y] = 0 for any elements X and Y of g. It follows that g coincides 
with the Lie algebra of R’*. Since R’* is simply connected, the universal 
covering group of ® is R’*. But it is well known that a compact connected 
group which is locally isomorphic with R^ is isomorphic with T’'. 

Let y be a real number modulo 1 (i.e. a residue class of the additive 
group of real numbers modulo the group of integers), and let ar be a 
real number whose residue class modulo 1 is y. Since the value of 
exp (27r •%/ — 1 x) depends only upon y, we may set 


exp (27r \/ — 1 y) = exp (2ir y/ — 1 x) 
The mapping y —♦ exp (2 
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Any element may be represented in the form (fi, • • • , 
with XiST^ (1 ^ r ^ n). If we set P,((t) = exp (27r y,), each 

Pi is a representation of T". Moreover, p = pj -f ■ ■ • + P™ is a 
faithful representation of If mi, • • • , are any integers, the 
mapping tr —+ exp { 2 t \/ —1 Sim.x,) is a representation of ^T’* which 
we shall denote by P^* ■ P;;*". We have P.'* = P, (1 ^ i ^ ii); if 

mi, • • • , are all positive, Pr* ■ • • P”" is the Kronecker product 
of mi times the representation Pi, ■ * , m^ times the representation 

We have P = P7I + ■ ■ • -j- p-^; by Proposition 3, §VII, p. 190, 
the set IP, P} contains sufficiently many representations of T". It 
follows that every irreducible representation of T" is contained in 
some representation obtained by Kronecker multiplication of P and 
P, each taken a suitable number of times. It follows immediately 
that every irreducible representation of T" is of the form P”‘ • • • P"*- 
with suitable integers m,, * • • , m„. 

In the case of T", the irreducible representations are of degree 1. 
therefore, the Kronecker product of two irreducible representations 
is likewise irreducible. It follows that the irreducible representations 
form a group under the operation of Kronecker multiplication, the 
inverse operation in this group being the passage to the imaginary 
conjugate representation. This group is the product of n times the 
additive group of integers by itself. It is easy to see directly that T” 
is isomorphic with the group of all irreducible unitary representa¬ 
tions of SR: this is a particular case of the famous duality theorem of 
Pontrjagin. This fact can also be deduced from Theorem 5, §XII, 
p. 211; the latter theorem is therefore a far reaching generalization 
of Pontrjagin’s theorem. 

Let us finally observe that the application to T'* of the theorem 
of Peter-Weyl yields the following well known approximation theorem: 

Letfixi, • ■ ■ , Xn) be a continuous function of n real variables which 

is periodic of period 1 with respect to each variable. Given any number 
a > 0, there exists a trigonometric polynomial (i.e. a function of the form 
9 (xi, • ■ • , T„) = 2c(m,, • • • , m„) exp (27r \/~l S.-miX.-)) such that 
|/(xi, • • , x„) — g{xi, • ■ • , x„)| ^ a for all values of xi, ■ • • , x„. 
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